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A private ownership economy & is a tuple (X, =i, w" )%, (Vj)}_y, (9;);211’,’;2), as described

in my notes on the Arrow-Debreu model. The following is a typical theorem for the existence
of a Walrasian equilibrium, based on Debreu [13, pp. 83-84]. I have rewritten some of the
conditions to make them independent of each other. Weaker conditions can be imposed to
obtain the same result, at the expense of simplicity.

Theorem 1 The private ownership economy & has a Walrasian equilibrium if all of the follow-
ing conditions are satisfied.

1. Conditions on consumption sets.

(a) Fach X; is closed.
(b) Each X; is convex.
(¢) Each X; is bounded below.

2. Conditions on preferences.

(a) Fach =; is nonsatiated.
(b) Each i=; is continuous.

(c) Preferences are convex. That is, if x =y, then for every X € (0,1) we have Az + (1 —
(2
Ny =y (provided Az + (1 — Ny € X;).!
7

3. Condition on endowments:

For each i there exists * € X; such that w' > .
4. Conditions on production.

(a) There is a possibility of inaction. That is, 0 € Y; for each j.

(b) The aggregate production setY = 37" Y is closed.

(¢c) The aggregate production set’Y =374 Y} is conver.

(d) Production is irreversible. That is, Y N (=Y) C {0}.

(¢) There is free disposability. That is, if y € Y, then {y} — R} C V.2

T thank Gabor Uhrin for pointing out typos in an earlier draft.
!The provision is explicit so that violations of condition 1b do not imply a violation of 2c.

2This condition is usually written as —Rﬁ_ C Y. This formulation makes it easier to construct economies
satisfying free disposability and irreversibility, yet violating the possibility of inaction.
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1 Why do we need the assumptions?

I claim that each of the following examples satisfies all but one of the conditions of Theorem 1
and Walrasian equilibrium fails to exist. This does not of course imply that each condition is
necessary for the existence of equilibrium. Indeed some of these conditions can be replaced by
weaker assumptions, albeit at the cost of a more difficult proof. Each example is designed to
show the sort of phenomenon that must be addressed. The examples are intended to be simple
rather than realistic. Also, they make use of straight lines whenever possible, since they are
easy to draw and specify exactly.

To simplify the description of an economy, let us agree that a pure exchange economy
hasn = 1land Y = Y] = —Rﬂ. A pure exchange economy satisfies all the assumptions
on production. A pure exchange economy with two consumers and two commodities, where
X=X, = Ri, will be called an Edgeworth box economy.

Many of these examples are easy visualize. In the following diagrams, indifference curves for
consumer 1 will be and his offer curve will be red. Consumer 2 will have green indifference
curves and blue offer curve. Let us hope you have a color printer. Where convenient I shall
replace preference relations by utility functions.

Note that in a pure exchange economy as I have just defined it, if there is a Walrasian
equilibrium, then the equilibrium price vector must be nonnegative, otherwise the producer
will have no profit maximum. This means we only need consider nonnegative price vectors.
Also note that if someone has a locally nonsatiated preference, then an equilibrium price vector
cannot be zero, for demand will be unbounded. Note that nonsatiation, together with convexity
of preference and convexity of the consumption set imply local nonsatiation.

Assumption 1la: Closed consumption sets

When consumption sets are not closed, the problem is that a preference maximum might not
exist. Consider the trivial case of a one person, one commodity, pure exchange economy, where

X=101), w=1, uz)==x.

Assumption 1b: Convex consumption sets

In this two person example there are two locations, Los Angeles and St. Louis, and one com-
modity, football. It is impossible to consume football in both Los Angeles and St. Louis—a
choice must be made. Thus the consumption set for each consumer is

X ={(z,y) € RZ : 2 =0or y =0},
where z is football in L.A. and y is football in St.L.. Assume preferences on X are given by
u(z,y) =20+,

Let the endowment be
wh =w? =(1,1).

Let the aggregate production set Y be the negative orthant —Rf_, so that there is free disposal.

v. 2017.10.23::12.17
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You might ask how one could be endowed with football in both locations. Think of the
endowment as tickets—you could have title to tickets in both locations, but can attend games
in only one.

Since preferences are monotonic, prices must be nonnegative. If p, > 2p,, both consumers
will wish to sell their £ endowment and consume only y, so this cannot be an equilibrium. If
Pz < 2py, both consumers will wish to sell their y endowment and consume only x, so this
cannot be an equilibrium. If p, = 2p,, each consumer is indifferent to (0,3) and (2,0). No
combination of these adds up to the endowment (2,2), so this cannot be an equilibrium. See
Figure 1.

A

.

Y

Figure 1. Offer curves for location-specific football.

Assumption 1c: Consumption sets bounded below

Modify an Edgeworth box economy so that X; = {(z,y) : y > 0}. That is, consumer 1 can
supply unboundedly large amounts of z. Set uy(z,y) = y, uz(z,y) = z+y, and w! = w? = (1,1).
Since X7 is unbounded below in z, if p, > 0, then consumer 1 will have unbounded income
to spend on ¥, so an equilibrium price must have p, = 0, but then consumer 2, will have an
unbounded demand for z, so no equilibrium exists.

Assumption 2a: Nonsatiation

It is clear that if there is a satiation point, then monotonicity must be violated, so why don’t
we go all the way and give consumer 1 antimonotonic preferences. Specifically, suppose we have
an Kdgeworth box economy with

ui(z,y) = —(v+y) wz,y)=r+y

v. 2017.10.23::12.17
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and w! = w? = (1,1). Note that consumer 1 always demands (0, 0) when prices are nonnegative,
but consumer 2 cannot afford to consume (2, 2), so no nonnegative price vector clears the market.

Assumption 2b: Continuous preferences

To see what can happen when preferences are not continuous consider the following Edgeworth
box economy. The preferences of both consumers are given by

(z,y) = («',y) <= az4+y>2'+yor(w+y=2"+y &z>2a).

That is, the preferences are lexicographically increasing, first in the sum, and then in z (see
Figure 2a). If endowments are w! = w? = (1,1), then the offer curve for each consumer is
shown in Figure 2b. If p, > p,, then no one demands x, but if p, < py, then no one demands
y. The offer curves leap over each other at p, = p, (Figure 2c).

Assumption 2c: Convex preferences

Consider the following Edgeworth box economy. The endowments are
wh=(1,1), w?=(1,1).
Consumers have preferences represented by the utility functions

ui(z,y) = max{min{z, Sy}, min{3z,y}} wus(z,y) = min{z,y}.

Sample indifference curves for consumer 1’s preferences are shown in Figure 3a. Consumer 2
always demands his endowment, unless a price is zero. See Figure 3b. The box is shown in
Figure 3c, and it is clear that no equilibrium exists.

Assumption 3: Endowments

To see what can happen when the endowment condition is violated consider the following
Edgeworth box economy. The utility functions are

u'(z,y) =z +y, u(r,y)=min{z,y},

and the endowments are
wh=(1,0), w?=(2,1).

The Edgeworth box diagram for this economy is shown in Figure 4a.

To see that there is no equilibrium, notice that consumer 1’s preferences are strictly mono-
tonic, so in equilibrium both prices must be strictly positive. When both prices are strictly
positive, the offer curves are shown in Figure 4b. Since these do not intersect, there is no
Walrasian equilibrium. Note however that the endowment is a quasi-equilibrium.

Note also that consumer 2’s preferences are not strictly monotonic. This is necessary for this
example. Indeed McKenzie [29, 30] offers an alternative to the endowment condition, called
irreducibility, that is automatically satisfied if preferences are strictly monotonic and every
consumer is endowed with at least one good.

v. 2017.10.23::12.17
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x @
(a) Preferences are lexicographic in sum, then (b) An offer curve.
x.

(c) Offer curves miss each other.

Figure 2. Example where prefereng¢es are not continuous.

v. 2017.10.23::12.17
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/]

(a) u(z,y) = (b) u(z,y) = min{z, y}.
max{min{x, 1y}, min{iz, y}}

(c) Offer qurves do not intersect.

Figure 3. Failure of equilibrium with non-convex preferences.
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(a) Endowment and indifference curves (b) Offer curves for p > 0.

Figure 4. Example with endowment on boundary.

The endowment condition has other implications. For instance, it is the only condition that
guarantees that the consumption set is nonempty! (Nonsatiation does not guarantee it, since
the empty set has no satiation points.) Even if we explicitly assume that consumption sets
are nonempty, there may still be no feasible allocations if the endowment condition is violated.
For instance, consider the one person, one commodity pure exchange economy with endowment
zero, and consumption set X = [1, 00).

Assumption 4a: Possibility of inaction

For the examples on production, for simplicity let there be only one consumer with consumption
set X = Ri, endowment w = (1, 1), and utility u(z,y) =z + y.
For a counterexample without the possibility of inaction, let there be one producer with
production possibility set
Y ={(z,y) 1z < -2, y<—-2}.

Then note that X N (Y +w) = @. That is, there are no feasible allocations, and hence no
equilibria.

For an even cheaper example, let Y = @. Then no allocations exist. Note that free
disposability as I have defined it is still satisfied.

Assumption 4b: Closure of production set

Again let there be only one consumer with consumption set X = R2, endowment w = (1,1),
and utility u(z,y) =  + y. Let there be one producer with production possibility set

Y ={(z,y) 1y < (—:U)%, x < 0}.

That is, y is produced from z, and the production function is almost y = z3. But in fact, o3
is an upper bound that can never be attained. As long as p, > 0, there is no profit maximizer.

v. 2017.10.23::12.17
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When p, = 0, then (0,0) is a profit maximizer, but demand for y is unbounded. Therefore no
equilibrium exists.

Assumption 4c: Convexity of production set

Again let there be only one consumer with consumption set X = Ri, endowment w = (1,1),
and utility u(z,y) = = + y. Instead of an indivisible commodity, we shall examine an example
with increasing returns to scale. In such an example, as long as the price of output is positive,
profit is increasing in output, so no maximum can exist. Almost any production function with
globally increasing returns to scale will do, but in keeping with the use of straight lines, for
n=20,1,2,..., set

oo
n=0

See Figure 5. Then profit is unbounded for any nonnegative price vector with p, > 0. But
py = 0 leads to unbounded demand for good y, so it cannot yield an equilibrium either.

Assumption 4d: Irreversibility

The assumptions of irreversibility and free disposability together imply that no production
vector is nonnegative. That is, it takes inputs to produce output. There are other assumptions
that guarantee this, and Debreu [14] shows that irreversibility can be replaced by another
condition, namely that the recession cones of the production and consumption sets are positively
semi-independent, but let’s not go into that here. Moreover, Bergstrom [6] shows how to discard
‘free disposability’—at no cost. As a result, the examples given here are what my son would
call “cheap,” that is, they are easily ruled out by alternative assumptions that may be even
more plausible.

Let there be only one consumer with consumption set X = Ri, endowment w = (1,1), and
utility u(z,y) =  +y. There is one producer with Y = {(z,y) : # < 0}. The only price vectors
for which a profit maximizer exists must have p, = 0, and they lead to unbounded demand for

Y.
Assumption 4e: Free disposability

Let there be only one consumer with consumption set X = R2, endowment w = (1,1), and
utility u(z,y) = x +y. There is one producer with Y = Ri. The only price vectors p for which
a profit maximizer exists must have p < 0, and they lead to unbounded demands.

2 An outline of a proof

Here is a sketch of one method of proof, leaving out the details. I call this the excess demand
approach. There are other approaches. A key ingredient in all the methods I know is the
following theorem. See Border [9, Theorem 12.1] or my on-line notes for a proof.

v. 2017.10.23::12.17
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Figure 5. Increasing returns to scale.
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Berge Maximum Theorem Let P, X be metric spaces and let ¢: P — X be a correspon-
dence with nonempty compact values. Let f: X x P — R be continuous. Define the “argmaz”
correspondence ji: P — X by

pu(p) = {z € (p) : © mazimizes f(-,p) on ¢(p)},

and the value function V: P — R by

Vip) = f(z,p)  for any x € pu(p).

If ¢ is continuous at p, then p is closed and upper hemicontinuous at p and V' is continuous at
p. Furthermore, p is compact-valued.

Normalize prices so that E£:1 pr = 1. This can be done as long as we can restrict attention
to nonnegative prices, which we can by free disposability. Thus let

14

A={peR':pz0, > pe=1}
k=1

In order to use the Berge Maximum Theorem as stated, we need some compactness, so for the
time being, assume that each X; and each Yj is compact. (Later we shall see how to drop this
assumption, which is incompatible, for instance, with free disposability.)

Step 1: For each producer j, let

Wp)={yeYi:p-y=p y forally €Y},
be the supply correspondence of producer j, and let
w(p) = max{p-y:y € Y’}

be the profit function. The Berge Maximum Theorem implies that 7/ is an upper hemicontin-
uous correspondence and 7/ is a continuous function. Also, since 0 € Y7, we have 77 (p) > 0
for all p. Convexity of Y implies that Z?:l 7/ is convex-valued.

Step 2: Now for each consumer %, define

mi(p) =p-w' +>_ 0wl (p),
j=1

consumer 4’s income at price vector p. Since we have assumed w’ > 2%, we have p - ' < m*(p)
for p € A. Thus the budget correspondence

Bilp)={ze X' :p-z<m(p)}

is a continuous correspondence (this requires proof), so by the Berge Maximum Theorem, the
demand correspondence

&(p) ={z € B(p) : w3z 2 for all &’ € B (p)}

v. 2017.10.23::12.17
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is an upper hemicontinuous compact-valued correspondence. By convexity of preferences, it is
convex-valued.
Step 3: The excess demand correspondence

m n

SOEDAED U

i=1 j=1
is upper hemicontinuous and convex- and compact-valued. (This too requires proof.)
By local nonsatiation, the strong form of Walras’ Law,

p-z=0forall z € ((p),

is satisfied. Now use the following theorem due to Gale [19], Kuhn [24], Nikaid6 [37], and
Debreu [12]. See Border [9, Theorem 18.1] for a proof.

Gale-Debreu—Nikaidé Lemma LetC: A — R’ be an upper hemicontinuous correspondence
with nonempty compact convex values satisfying Walras’ Law, i.e., for all p € A, p-z <
0 for each z € {(p). Then there exists p € A and z € ((p) satisfying z < 0.

Step 4: Now we can deal with the compactness assumption. Let K, be an increasing
sequence of compact convex sets, each containing each w’ and each 4*, whose union is R Let
XﬁL = X'N K, and Yn]: =Y N K,, and let ¢, be the excess demand correspondence of this
truncated economy. By the lemma, we get a sequence (py, z,) with z, < 0 and z, € (,(pn).
Since A is compact there is a convergent subsequence, let’s also denote it p, — p € A.

An alternative to this is to prove that the set of allocations is compact (not easy) and work
within the interior of a single compact set.

By upper hemicontinuity, we can also show there is a further subsequence with z, — 2z < 0
and z € ((p). (This is harder than it looks.) That is, there exist (x!,... 2™, y' ... y") with
each x' € ¢(p) and 3/ € 1/ (p) and

m m n
in—Zwi—Zyj:z§0.

i=1 i=1 j=1

Step 5: By Walras’ Law, p - z = 0, and by free disposability z € Y. By the definition of 7/,

each 1/ maximizes p over Y7, so y = }’:1 v/ maximizes p over Y. ' Butp-y=p : (y + z), so
Y+ z maximizes p over Y, which means we can write y+ 2z = Z?:l 77, where each §7 maximizes
p over Y7, Thus (x!,... 2™, %, ..., 9% p) is a Walrasian equilibrium.
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