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These notes have accreted piecemeal from courses in econometrics, statistics, and microeco-
nomics I have taught over the last forty-something years, so the notation, hyphenation, and
terminology may vary from section to section. I originally compiled them to be my personal
centralized reference for finite-dimensional real vector spaces, but over the years I have added
more expository material. While the notes concentrate on finite-dimensional real vector spaces,
I occasionally mention complex or infinite-dimensional spaces. If you too find them useful, so
much the better. There is a sketchy index, which I think is better than none.

For a thorough course on linear algebra I now recommend Axler [7]. My favorite reference for
infinite-dimensional vector spaces is the Hitchhiker’s Guide [2], but it needn’t be your favorite.
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1 Scalar fields

A field is a set of mathematical entities that we shall call scalars. There are two binary
operations defined on scalars, addition and multiplication. We denote the sum of o« and
by a + 3, and the product simply by a3, or by occasionally « - 8. These operations satisfy
the following familiar properties:

F.1 (Commutativity of Addition and Multiplication) a + 8 = 5+ a, a8 = Ba.

F.2 (Associativity of Addition and Multiplication) (af) +v=a+ (8+7), (aB)y = a(B87).
F.3 (Distributive Law) (8 + ) = (af8) + ().
Fd(

Existence of Additive and Multiplicative Identities) There are two distinct scalars, zero,
0, and 1, such that for every scalar «, we have o + 0 = « and la = a.

F.5 (Existence of Additive Inverse) For each scalar « there exists a scalar —a such that o +
(—a) = 0. We usually write a — 3 for a + (—f).

F.5 (Existence of Multiplicative Inverse) For each nonzero scalar « there exists a scalar a~!

such that aa™! = 1. We often write o/ for a3~

There are many elementary theorems that point out many things that you probably take
for granted. For instance,

1

e —a and o~ are unique. This justifies the notation, by the way.

e —a=(—1)-a. (Here —1 is the scalar § that satisfies 1 + 8 = 0.)
e at =0+ &= a=p.

e 0-a=0.

e af=0 = [a=0o0r f=0 or both |.

There are many more. See, for instance, Apostol [5, p. 18].

The most important scalar fields are the real numbers R, the rational numbers Q, and
the field of complex numbers C. Computer scientists, e.g., Klein [15], are fond of the {0,1}
field sometimes known as GF(2) or the Boolean field.

These notes are mostly concerned with the field of real numbers. This is not because the
other fields are unimportant—it’s because I myself have limited use for the others, which is
probably a personal shortcoming.

2 Vector spaces

Let K be a field of scalars—usually either the real numbers R or the complex numbers C, or
occasionally the rationals Q.

v. 2020.03.29::12.55
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1 Definition A vector space over K is a nonempty set V of vectors equipped with two
operations, vector addition (x,y) — « + y, and scalar multiplication (o, x) — «x, where
x,y € V and o € K. The operations satisfy:

V.1 (Commutativity of Vector Addition) x +y =y +
V.2 (Associativity of Vector Addition) (x +y)+z=x+ (y + 2)

V.3 (Existence of Zero Vector) There is a vector Oy, often denoted simply 0, satisfying x+0 =
x for every vector x.

V.4 (Additive Inverse) x + (—1)z =0

V.5 (Associativity of Scalar Multiplication) a(fx) = (af)x
V.6 (Scalar Multiplication by 1) lx = x

V.7 (Distributive Law) a(z + y) = (ax) + (ay)

V.8 (Distributive Law) (o + B)x = (o) + (Bx)

The term real vector space refers to a vector space over the field of real numbers, and a
complex vector space is a vector space over the field of complex numbers. The term linear
space is a synonym for vector space.

2.1 The vector space R™

By far the most important example of a vector space, and indeed the mother of all vector
spaces, is the space R™ of ordered lists of m real numbers. Given ordered lists = (£1,...,&m)
and y = (n1,...,7m) the vector sum x + y is the ordered list (&1 +m1,...,&mn +7m). The scalar
product is given by the ordered list ax = (afi,...,a&y,). The zero of this vector space is the
ordered list 0 = (0,...,0). It is a trivial matter to verify that the axioms above are satisfied
by these operations. As a special case, the set of real numbers R is a real vector space.

In R™ we identify several special vectors, the unit coordinate vectors. These are the
ordered lists e; that consist of zeroes except for a single 1 in the i*" position. We use the
notation e; to denote this vector regardless of the dimension of the list.

2.2 Other examples of vector spaces

The following are also vector spaces. The definition of the vector operations is usually obvious.

o {0} is a vector space, called the trivial vector space. A nontrivial vector space contains
at least one nonzero vector.

e The field K is a vector space over itself.
o The set Li(I) of integrable real-valued functions on an interval I of the real line,
{f:I— R:€tr|f(z)| de < oo}
is a real vector space under the pointwise operations: (f + g)(z) = f(z) + g(z) and

(af)(x) = af(z) for all z € 1.

v. 2020.03.29::12.55
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Attempted notational conventions

As of the Great Social Distancing, in order to make these notes more compatible with other
course notes, I have edited them to try to adhere to the following notational conventions.
My guess is that it will take several iterations before they are really consistent.

Scalars will traditionally be denoted by lower case Greek letters. But there are certain
notations, such as integrals, where € t} f(x) dz seems much more readable than € ¢} f(£) d¢.

Vectors are typically denoted by bold lower case Latin letters, such as . When I need to
refer to a coordinate of & I may simply write x;. Note the awkward difference between a
vector of coordinates = (z1,...,%,) and a finite sequence 1, ..., &, of vectors. I hope
this is not too confusing. When I frequently need to refer to the coordinates of a vector
in R™, I will try to make them explicit, and use Greek letters corresponding to the Latin
letter of the vector. For instance, = (&1,...,&m), ¥ = My y0m), 2 = (C1y- -+, Cm)."
But it is awkward to be consistent when referring to the coordinate vectors with respect
to different bases.

Since many of my econometrics and statistics texts use bold upper case Latin letters to
denote matrices, I will try to do likewise. Their entries will be denoted by the corresponding
lower case Greek letters. But I (for now) am using non-bold upper case Latin Letters to
denote linear transformations.

That said, these notes come from many different courses, and I may not have standardized
everything. I'm sorry.

“The correspondence between Greek and Latin letters is somewhat arbitrary. For instance, one could
make the case that Latin y corresponds to Greek v, and not to Greek 7. I should write out a guide.

o The set Ly(P) of square-integrable random variables,
EX?<x
on the probability space (S, &, P) is a real vector space.

o The set of solutions to a homogeneous linear differential equation, e.g., f"+af +5f =0,
is a real vector space.

« The sequence spaces £p,

(0.)
Kp:{x:(m,@,...)eRN:Z\xn\p<oo}, 0<p< o

n=1
loo = {a: = (21,x2,...) 1 sup |z,| < oo}
n

are real vector spaces.

'This is another example of where it seems inappropriate to use Greek letters for scalars.

v. 2020.03.29::12.55
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o The set M(m,n) of m x n real matrices is a real vector space.

e The set of linear transformations from one vector space into another is a linear space. See
Proposition 12 below.

o We can even consider the set R of real numbers as an (infinite-dimensional, see below)
vector space over the field Q of rational numbers. This leads to some very interesting
(counter-)examples.

3 Some elementary consequences

Here are some simple consequences of the axioms that we shall use repeatedly without further
comment.

1. 0 is unique.

2. —x = (—1)x is the unique vector z satisfying & + z = 0. Suppose

r+y=0
—rT+T+ty=-—x
O+y=—=x
Yy=—x.

3. OKac = 0\/:
Oy =0gax + (—1)(0[(113) = (OK — OK):IZ =0gx.

r+zx=le+le=(1+1)z =2z
rtrxtr=(x+zx)+tx=2zcx+z=2zx+1lz=2+1)x=3x

etc.

3.1 Linear combinations and subspaces

A linear combination of the vectors x1,...,x,, is any sum of scalar multiples of vectors of
the form ayxy + -+ + apmxn,, ; € K, x; € V. A linear subspace M of V is a nonempty
subset of V that is closed under linear combinations. A linear subspace of a vector space is a
vector space in its own right. A linear subspace may also be called a vector subspace.

Let E C V. The span of E, denoted span FE, is the set of all linear combinations from FE.
That is,

m
span B = {Zaiwi o, € Ky, € E,m € N}.
i=1

v. 2020.03.29::12.55
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2 Exercise Prove the following.

1. {0} is a linear subspace.
2. If M is a linear subspace, then 0 € M.
3. The intersection of a family of linear subspaces is a linear subspace.

4. The set span E is the smallest (with respect to inclusion) linear subspace that includes E.

O
3.2 Linear independence
3 Definition A set E of vectors is linearly dependent if there are distinct vectors x1, ..., Tm
belonging to E, and nonzero scalars aq, ..., am, such that ayxy + -+ + amx, = 0. A set of
vectors is linearly independent if it is not dependent. That is, F is independent if for every
set x1,..., &y, of distinct vectors in E, Y 1" a;x; = 0 implies a1 = -+ = ay, = 0. We also
say that the vectors xy, ..., x,, are independent instead of saying that the set {x1,..., &y} is
independent.
4 Exercise Prove the following.
1. The empty set is independent.
2. If F is independent and A C E, then A is independent.
3. If 0 € F, then F is dependent.
O

5 Proposition (Uniqueness of linear combinations) If E is a linearly independent set
of vectors and z belongs to span E/, then z is a unique linear combination of elements of E.

Proof: If z is zero, the conclusion follows by definition of independence. If z is nonzero, suppose
m n
s =Y aw =3 o,
i=1 j=1

where the x;’s are distinct elements of E, the y,’s are distinct are distinct elements of £ (but
may overlap with the x;’s), and «;,3; # 0 for ¢ = 1,...,m and j = 1,...,n. Enumerate
A={z;:i=1,....myU{y;:j=1,...,nfas A={zp:k=1,...,p}. (If z; = y; for some i
and j, then p is strictly less than m + n.) Then we can rewrite z = >0_, Gpzr = > h_; Bizi,
where

o; if zp = x; o iifzp =y
OAék _ 7 k ' 7 and ,Bk _ ﬁj k 'yj
0 otherwise 0  otherwise.
Then
p
Zak—ﬁkzkjak—ﬁk—o k=1,...,p
since F is independent. Therefore & = Bk, k=1,...,p, which in turn implies m = n = p and
{xiri=1,...,m} ={y,;:j=1,...,n}, and the proposition is proved. |

v. 2020.03.29::12.55
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The coefficients of this linear combination are called the coordinates of  with respect
to the set E.
3.3 Bases and dimension

6 Definition A Hamel basis, or more succinctly, a basis for the linear space V is a linearly
independent set B such that span B = V. The plural of basis is bases.

The next result is immediate from Proposition 5.

7 Proposition Every element of the vector space V is a unique linear combination of basis
vectors.

8 Example (The standard basis for R™) The set of unit coordinate vectors ey, ..., ey, in
R™ is a basis for R™, called the standard basis.
Observe that the vector @ = (£1,..., &) can be written uniquely as 37 {;e;. O

The fundamental facts about bases are these. For a proof of the first assertion, see the
Hitchhiker’s Guide [2, Theorem 1.8, p. 15].

9 Fact Every nontrivial vector space has a basis. Any two bases have the same cardinality,
called the dimension of V.

Mostly these notes deal with finite-dimensional vector spaces. The next result summarizes
Theorems 1.5, 1.6, and 1.7 in Apostol [6, pp. 10-12]]

10 Theorem In an n-dimensional space, every set of more than n vectors is dependent. Con-
sequently, any independent set of n vectors is a basis.
3.4 Linear transformations

11 Definition Let V, W be vector spaces. A functionT: V — W is a linear transformation
or linear operator or homomorphism if

T(aw + By) = oI (x) + ST (y).
The set of linear transformations from the vector space V into the vector space W is denoted
L(V,W).

If T is a linear transformation from a vector space into the reals R, then it is customary to
call T a linear functional.

The set L(V, R) of linear functionals on V' is called the dual space of V, and is denoted
V'. When there is a notion of continuity, we shall let V* denote the vector space of continuous
linear functionals on V.

The set V' is often called the algebraic dual of V and V* is the topological dual of V.

v. 2020.03.29::12.55
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Note that if T is linear, then 70y, = Oyy. We shall use this fact without any special mention.
It is traditional to write a linear transformation without parentheses, that is, to write Tx rather
than T'(x).

12 Proposition L(V, W) is itself a vector space under the usual pointwise addition and scalar
multiplication of functions.

3.5 The coordinate mapping

In an m-dimensional space V, if we fix a basis in some particular order, we have an ordered
basis or frame. Given this ordered basis the coordinates of a vector comprise an ordered list,
and so correspond to an element in R™. This mapping from vectors to their coordinates is
called the coordinate mapping for the ordered basis. The coordinate mapping preserves all
the vector operations. The mathematicians’ term for this is isomorphism. If two vector spaces
are isomorphic, then for many purposes we can think of them as being the same space, the only
difference being that the names of the points have been changed.

13 Definition An isomorphism between vector spaces is a bijective linear transformation.
That is, a function @: V — W between vector spaces is an isomorphism if ¢ is one-to-one and
onto, and

plx+y) =) +e(y) and plax)=ap(z).

In this case we say that V and W are isomorphic.

We have just argued the following.

14 Proposition Given an ordered basis x1, ..., x,, for an m-dimensional vector space V', the
coordinate mapping is an isomorphism from V to R™.

If any n-dimensional vector space is isomorphic to R™, is there any reason to consider n-
dimensional vector spaces other than R™? The answer, I believe, is yes. Sometimes there is no
“natural” ordered basis for a vector space, so there is no “natural” way to treat it as R™. For
instance, let V' be the set of vectors @ = (z1,...,x3) in R3, such that z; + z2 + 23 = 0. This
is a 2-dimensional vector space, and there are infinitely many isomorphisms of V onto RZ?, but
I assert that there is no unique obvious, natural way to identify points in V with points in RZ.

4 Metrics and Norms

A metric on a vector space can be used to define convergence, open, and closed sets. That is,
it turns the vector space into a topological vector space.

15 Definition A metric d on a set V' is a nonnegative real function on V x V that satisfies:
M.1 d(z,y) > 0.

M2 d(z,y) =0 = xz=uy.

M.3 d(x,y) = d(y,x).

v. 2020.03.29::12.55
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M.4 (Triangle inequality) d(x,y) < d(x, z) + d(z,y).

On vector spaces, a metric is usually defined in terms of a norm, which can be interpreted
as the length of a vector.

16 Definition A norm ||x|| is a nonnegative real function on a vector space that satisfies:
N.1 ||0]| =0.
N.2 ||z|| > 0 if x # 0.
N.3 |laz|| = |af ||z
NA4 ||z + y| < ||z|| + ||y|| with equality if and only if £ =0 or y =0 or y = az, a > 0.
17 Proposition If ||-|| is a norm, then
d(z,y) = llz -yl
is a metric.

There are several commonly used norms on R™.

18 Definition The function defined by

Iz, = (é )

is a norm on R™ called the p-norm. The function

3=

Il oo = max|a]

is a norm on R™ called the oo-norm.

This definition also includes elements of a lemma, since it asserts that the functions so
defined are norms. The 2-norm |||, is the usual Euclidean norm. The 1-norm is sometimes
called the “taxicab” norm, since taxis are confined to rectangular street grids. The oco-norm is
also called the max-norm or the sup-norm.

5 Inner product

An inner product is related to angles between vectors, see Section 5.3.

19 Definition A real linear space V has an inner product if for each pair of vectors x and y
there is a real number, traditionally denoted (x,y), satisfying the following properties.

IP.1 (z,y) = (y,x).

IP.2 (x,y + 2) = (z,y) + (x, 2).

v. 2020.03.29::12.55
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IP.3 a(z,y) = (az,y) = (z,0y).
IP4 (x,x) >0 ifx # 0.

A vector space V equipped with an inner product is called an inner product space.

For a complex vector space, the inner product is complex-valued, and property (1) is replaced
by (x,y) = (y, x), where the bar denotes complex conjugation, and (3) is replaced by a(x,y) =
(ax,y) = (z,ay).

The next results are straightforward and will be used without any explicit mention.

20 Lemma For any x, we have (xz,x) > 0, and (0,x) = (x,0) = 0. Consequently, (x,y) =0
for all y if and only if x = 0.

21 Proposition In a real inner product space, the inner product is bilinear. That is,
(o + By, 2) = a(@,2) + By, 2) and (z,az + fy) = al(z,@) + Az, y)
22 Lemma If (x,z) = (y, z) for all z, then x = y.
Proof: Bilinearity implies ((x — y),2) = 0 for all z, Lemma 20  — y = 0. |

Another simple consequence for real inner product spaces is the following identity that we
shall use often.

(x+y,z+ty) =(z,z)+2zy) + (y9)

For complex inner product spaces, this becomes

(x+y,z+y) =(z,z)+ (z,y) + (y,2) + (¥,9) = (z,2) + (z,9) + (z,9) + (¥,y)

23 Example The dot product of two vectors = (@1, ..., Zy,) and y = (y1,...,y,,) in R™

is defined by
m
T-Yy= leyz
=1

The dot product is an inner product, and Euclidean m-space is R™ equipped with this inner
product. The dot product of two vectors is zero if they meet at a right angle. (|

24 Cauchy—Schwartz Inequality In a real inner product space,
(z,y)" < (z,2)(y,y) (1)
with = if and only if * and y are dependent.

Proof: (Cf. MacLane and Birkhoff [17, p. 353] or van der Waerden [22, p. 161]) If « or y is
zero, then we have equality, so assume «,y are nonzero. Define the quadratic @: R — R by

Q) =z +y e +y) = (z,2)\ +2(x,y)\ + (y,9).

v. 2020.03.29::12.55
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By Property IP.4 of inner products (Definition 19), Q(\) > 0 for each A € R. Therefore the
discriminant of @ is nonpositive, % that is, 4(x, y)? —4(z, z)(y,y) < 0, or (z,y)? < (z,z)(y,y).
Equality in (1) can occur only if the discriminant is zero, in which case @ has a real root. That
is, there is some A for which Q(\) = (A 4+ y, Az + y) = 0. But this implies that A\x +y = 0,
which means the vectors & and y are linearly dependent. |

25 Proposition If (-,-) is an inner product, then ||x| = (:c,m)% is a norm.

Proof: The only nontrivial part is showing Property N.4: ||z + y|| < ||| + |ly|| with equality
ifand only if ¢ =0 or y =0or y = ax, a > 0.

So observe that the Cauchy-Schwartz Inequality 24, (x,y)? < (z,)(y,y), is equivalent to

(x,y) < \/(z,2)(y,y)-

Multiply by 2 and add (x,z) + (y,y) to both sides to get

(x,x) +2(z,y) + (y,y) < (z,2) + 2¢/(z, 2)(y,y) + (y,y)

=(z+y.z+y)=|z-+y|

2
=(llell + l1y1l)
Taking square roots of both sides gives

l +yll < [zl +lyl-

Now equality holds in Cauchy—Schwartz if and only « and y are linearly dependent. So to finish
the proof of N.4, we still have to show that if y and & are both nonzero, y = ax and we have
equality above if and only if a > 0. But equality reduces to |1 + a| = 1 + |a, which reduces to
a = 0, and the case o = 0 is ruled out by y # 0. |

If the norm induced by the inner product gives rise to a complete metric space,® then the
inner product space is called a Hilbert space or complete inner product space.

5.1 The Parallelogram Law

The next result asserts that in an inner product space, the sum of the rT+y
squares of the lengths of the diagonals of a parallelogram is equal to the sum T
of the squares of the lengths of the sides. Consider the parallelogram with
vertices 0, x, y, x +y. Its diagonals are the segments [0, z + y] and [z, y|, and ]

their lengths are ||z + y|| and ||« — y||. It has two sides of length ||| and two
of length ||y||. So the claim is:

2In case you have forgotten how you derived the quadratic formula in Algebra I, rewrite the polynomial as
flz)= az’ + Bz4+~ = é(az + 2)2 — (62 —day)/4a,

and note that the only way to guarantee that f(z) > 0 for all z is to have a > 0 and % — 4ay < 0.
3 A metric space is complete if every Cauchy sequence has a limit point in the space. A sequence @1, 2, ...
is a Cauchy sequence if lim ||z, — z»|| = 0 as n,m — occ.

v. 2020.03.29::12.55
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26 The Parallelogram Law In an inner product space,
2 2 2 2
lz +yl”+llz —ylI” = 2|[]” +2[y[”

Proof: Note that

Add these two to get
(z+y), (x+y)+(@-y),(x-y) =2=2)+2yy),
and the desired result is restated in terms of norms. |
On a related note, we have the following.
27 Proposition In an inner product space.
lz + yll* = |1z - y[|* = 4(z, y).
Proof: In the proof above, instead of adding the two equations, subtract them.

lz+y|* =z -yl = (x+y), (@+y) — (x—y),(x—y))
= (z,z) +2(z,y) + (y,9) — (=, ) - 2(z,y) + (y,9))
= 4(z,y).

As an aside, a norm on a vector space is induced by an inner product if and only if it satisfies
the Parallelogram Law; see for instance [3, Problem 32.10, p. 303].

5.2 Orthogonality

28 Definition Vectors « and y are orthogonal if (x,y) = 0, written
zluy.

A set of vectors EE C V is orthogonal if it is pairwise orthogonal. That is, for all x,y € FE
with & # y we have (x,y) = 0. A set E is orthonormal if E is orthogonal and (x,x) = 1 for
allz € E.

29 Lemma If a set of nonzero vectors is pairwise orthogonal, then the set is independent.

Proof: Suppose Y i a;x; = 0, where the x;’s are pairwise orthogonal. Then for each k,

0= (x,0) = (mkazaimi) =) i(@k, @) = @k, ).
i=1

=1

But @y # 0, so (xg, xr) > 0, so ap = 0. That is, the vectors x; are linearly independent. |

v. 2020.03.29::12.55
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5.3 The Pythagorean Theorem and the geometry of the Euclidean inner
product

The Pythagorean Theorem is usually stated in terms of right triangles in the plane. Two vectors
meet at a right angle if they are orthogonal in the Euclidean inner product. See Figure 1. The
theorem has a generalization to arbitrary inner product spaces.

Yy Tty

Figure 1. Pythagorean Theorem: x L vy if and only the triangle with vertices 0, @, and
y + @ is a right triangle with hypotenuse & + y, in which case, ||z + y||* = || + ||y|/*.

30 Pythagorean Theorem In an inner product space
lz +yl* = [lz|* + lyl|* if and only if x Ly.
Proof: Bilinearity implies
Iz +yl* = (@+y,z+y) = (=,2) +2x) + (v,9) = |=|* +ly|* +2(=, v),
and the conclusion follows. |

The triangle with vertices 0, x, and z is a right triangle with hypotenuse zif & 1 y = z—.
But even if x and z — « are not orthogonal, as long as & and z are not collinear and nonzero,
then there is a scalar multiple of & that will make a right triangle. To see this, write z = ax+y
and find « to make y = z — ax satisfy y - * = 0. In other words we want the following lemma.

31 Lemma In an inner product space,

(z—ax) Lz, where a=

Proof: We have

This leads to the following geometric interpretation of the Euclidean inner product.
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32 Proposition For nonzero vectors * and z in a FEuclidean space,
22 = ||| |2]| coso,

where 0 is the angle between x and z.

Proof: Let a = Em’z). Referring to Figure 2 we see that

T,r)
cosg— o2l _ =y ,
lyll Nzl lyll
This works even when o < 0, which means 6 is an obtuse angle. |
z
Y
0 - -
ax >
Figure 2. Dot product and angles: cosf = il - Tz
Izl ]l =]

33 Definition In a real inner product space, the angle / xy between two nonzero vectors x
and y is defined to be
(z,y)

Vie,z) (y,y)

5.4 Orthogonal projection and orthogonal complements

/ XY = arccos

34 Definition The orthogonal complement of M in V is the set
{zeV:(vyeM) [z Lyl}

denoted M | .

35 Lemma Ifx | y and x +y =0, then x =y = 0.

Proof: Now (x+y,z+y) = (z,z)+2(x,y) + (y,y), so (x,y) = 0 implies (x, x) + (y,y) = 0.
Since (z,x) > 0 and (y,y) > 0 we have x =y = 0. |

The next lemma is left as an exercise.
36 Lemma For any set M, the set M is a linear subspace. If M is a subspace, then

MQML:{O}.

v. 2020.03.29::12.55
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The fact that M is a subspace is not by itself very useful. It might be the trivial subspace
{0}. We shall see below in Corollary 41 that for finite dimensional spaces, the dimensions of
M and M, add up to the dimension of the entire space.

The next result may be found, for instance, in Apostol [6, Theorem 1.14, p. 24], and the
proof is known as the Gram—Schmidt procedure. It can be viewed as a generalization of
Lemma 31.

37 Proposition Let 1, x2,... be a sequence (finite or infinite) of vectors in an inner product
space. Then there exists a sequence yy,Ys, ... such that for each m, the span of y,,...,y,, is
the same as the span of x1, ..., %n,, and the y,’s are orthogonal.

Proof: Set y; = 1. For m > 1 recursively define

(xTrL?ym—l) (wmaym—2> (wmayl)
Yn=Lm — 77— Y1~ 7 Ym—2—""""" 7 Y1
" " (Ym—1Ym—1) " (Ym—2:Ym—2) " (Y1,91)
Use induction on m to prove that the vectors y,...,vy,, are orthogonal and span the same
space as the x;’s. Observe that y, is orthogonal to y; = x1:
(W2 91) = () = (1) — 225 (0, ) =
(x1,21)

Furthermore any linear combination of @; and x5 can be replicated with y; and ys,.
For m > 2, let yy,...,y,,—1 be orthogonal and span the same space as x1,...,Zm,—1. Now
compute (y,,,y;) for k <m

m—1 y
(ymvyk) wmayk ( — wyk>

= \ (¥ 95)
m— 1 y
m7 \ms Ja)
(®m, yy) Yir Yr)
ms ; y’“ yz) z7
(mm7 yk)
(@m, yi) — (Y1 Yr)
" (yk7 Yi)
SO v,, is orthogonal to each yy,...,vy,, 1. As an exercise verify that the span of y,...,vy,, is
the same as the span of @1, ..., x:. |

38 Corollary Every nontrivial finite-dimensional subspace of an inner product space has an
orthonormal basis.

Proof: Apply the Gram—Schmidt procedure to a basis. To obtain an orthonormal basis, simply
normalize each y,, by dividing it by its norm (y,,,y,)"/2. |

39 Orthogonal Projection Theorem Let M be a linear subspace of the finite-dimensional

real inner product space V. For each x € V we can write & in a unique way as & = T + T,
where xpy € M and x| € M| .

v. 2020.03.29::12.55
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Proof: Let yq,...,y,, be an orthonormal basis for M. Put z; = (x,y,)y, fori =1,...,m. Put
xy =y zi,andx] =x—xy. Letye M, y=>7", oyy;. Then

m m

(1) = (P iy - Z:(w,yj)yj)

i=1

7j=1
m m
= Zai(yia T — Z(%%)%’)
j=1
m

Y, T y“Z(w,yj)yj)}

i=1 { j=1
{(

m
Y, T Z T y] ywy])}

=1 7=1

— iai{(yi,m) — (z,9,)}

Uniqueness: Let € = xpr+ o) = zpr + 2. Then 0 = (xp — zp7) + (1 — 21 ). Rewriting

eM eM |
this yields @y — zpr = 0— (21 — 2,1 ), so @y — zps also lies in M . Similarly @, — 2z, also lies
in M. Thus xpy —zyy e MNM; ={0}and ¢, — 2, € M N M, ={0}. |

40 Definition The vector xj; given by the theorem above is called the orthogonal projec-
tion of x onto M.

41 Corollary For a finite-dimensional space V and any subspace M of V, dim M +dim M| =
dim V.

There is another important characterization of orthogonal projection.

42 Proposition (Orthogonal projection minimizes the norm of the “residual”) Let
M be a linear subspace of the real inner product space V. Let € V. Then

|l — x| < ||lx— 2| forall z€ M.

Proof: This is really just the Pythagorean Theorem: Note that if z € M, then the points «x,
x)yr, and z are the vertexes of a right triangle, where the sides Z@); and T ;& meet at a right
angle, and £z is the hypotenuse. See Figure 3. (To prove that ZZy; and T3 T meet at a right
angle, note that z — s also belongs to M, so it is orthogonal to ; = & — xj;.) So by
Pythagoras

2 2 2
[ — 2] = [J& — 2z + |2 — 2|

> 2 —am’.

That is, z = @) minimizes | — z|| over M. |

v. 2020.03.29::12.55
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Figure 3. Orthogonal projection onto M = span{bi, ba} minimizes ||z — z|| for z € M.

43 Proposition (Linearity of Projection) Orthogonal projection satisfies

(x+2z)y=xy+2zy and (ax)y = axyy.

Proof: Let by,...,b; be an orthonormal basis for M. Use x); = Z?zl(:v,bj)bj and zp) =
E?Zl(z, bj)bj. Then
k
(x+2)p = Z(m + z,b;)b;.
j=1
Use linearity of (-, ). |

5.5 Orthogonality and alternatives

We now present a lemma about linear functions that is true in quite general linear spaces,
see the Hitchhiker’s Guide [2, Theorem 5.91, p. 212], but we will prove it using some of the
special properties of inner products.

44 Lemma Let V be an inner product space. Then vy is a linear combination of &1, ..., Ty, if
and only if

6{$ih C{y}1- (2)

Proof: If y is a linear combination of @1, ..., &y, say y = > v, a;x;, then
m
(Z, y) = Z Oéi(Z, mi)?
i=1

so (2) holds.

v. 2020.03.29::12.55
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For the converse, suppose (2) holds. Let M = span{xi,..., &} and orthogonally project
y onto M to get y = y; +y,, where y,; € M and y;, L M. In particular, (xz;,y,) = 0,
i =1,...,m. Consequently, by hypothesis, (y,y,) =0 too. But

0=(y,91)=Wmv)+WLYy)=0+(y,,y.)

Thus y, = 0,80 y =1y, € M. That is, y is a linear combination of x1, ..., Ty,. |
We can rephrase the above result as an alternative.

45 Corollary (Fredholm alternative)  Either there exist real numbers ai, ..., o, such

that
m
Y= Z 04T
i=1
or else there exists a vector z satisfying

(z,2;)=0,i=1,...,m and (z,y)=1.

6 The dual of an inner product space

Recall that the topological dual V* of a vector space V is the vector subspace of L(V, R) =V’
consisting of continuous real linear functionals on V. When V' is an inner product space, V* has
a particularly nice structure. It is clear from the bilinearity of the inner product (Proposition 21)
that for every y in the real inner product space V', the function ¢ on V defined by

l(z) = (y, x)
is linear. Moreover, it is continuous with respect to the norm induced by the inner product.

46 Proposition The inner product is jointly norm-continuous. That is, if ||y, — y|| — 0 and
Hwn - $|| — 07 then (yrwwn) - (y,a:)

Proof: By bilinearity and the Cauchy—Schwartz Inequality 24,

|(Yn,n) — (¥, 2)| = [(y, ~y + Y, Zp —x + ) — (y, )|

=Y~y o —2)+ (Y, —y,x) + (Y, 2z — ) + (y,2) — (y, )|

<\l = yll [0 — 2l + /g — ol Il +/Iyll [, — =]

— 0.

n—0o0

v. 2020.03.29::12.55
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The converse is true if the inner product space is complete as a metric space, that is, if
it is a Hilbert space. Every continuous linear functional on a real Hilbert space has the form
of an inner product with some vector. The question is, which vector? If ¢(x) = (y,x), then
Section 5.3 suggests that £ is maximized on the unit sphere when the angle between x and y
maximizes the cosine. The maximum value of the cosine is one, which occurs when the angle
is zero, that is, when @« is a positive multiple of y. Thus to find y given ¢, we need to find the
maximizer of £ on the unit ball. But first we need to know that such a maximizer exists.

47 Theorem Let V be a Hilbert space, and let U be its unit ball:
U={xecV:(z,z) <1}

Let ¢ be a continuous linear functional on V. Then £ has a maximizer in U. If £ is nonzero, the
maximizer is unique and has norm 1.

Note that if V' is finite dimensional, then U is compact, and the result follows from the
Weierstrass Theorem. When V is infinite dimensional, the unit ball is not compact, so another
technique is needed.

Proof: (Cf. Murray [19, pp. 12-13]) The case where ¢ is the zero functional is obvious, so restrict
attention to the case where ¢ is not identically zero.

First observe that if ¢ is continuous, then it is bounded on U. To see this, consider the
standard e-0 definition of continuity at 0, where ¢ = 1. Then there is some § > 0 such that if
llz|| = || — 0|| < 0, then |¢(z)| = |¢(x) — £(0)| < 1. Thus ¢ is bounded by |1/d] on U.

So let p = sup,cyy ¢(x), and note that 0 < p < oo. Since ¢ € U implies —x € U we also
have that —pu =€ freul(x). The scalar p is called the operator norm of ¢. It has the property
that for any x € V,

[6(z)| < gl - (3)

To see this for nonzero «, observe that =/ ||z| € U so |[l(x/ |x|/)| < p, and the result follows
by multiplying by both sides by ||z||.
Pick a sequence x,, in U with ¢(x,) approaching the supremum g that satisfies

U(z,) = Ly (4)

We shall show that the sequence x,, is a Cauchy sequence, and so has a limit. This limit is
the maximizer. To see that we have a Cauchy sequence, we use the Parallelogram Law 26 to
write

1z = 2ml® = 2l|2all* +2 |12l = |20 + 2l (5)

Now observe that by (3) and (4),
il > 16| = an) > =1,

Dividing by p > 0 and recalling that 1 > ||z, | we see that ||| — 1 as n — oco. (This makes
sense. If a nonzero linear functional is going to achieve a maximum over the unit ball, it should
happen on the boundary.)

v. 2020.03.29::12.55
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Similarly we have

n

T + Tl = 6Ty + )| = ) + U(T0) > (L—l X m;l) .

Dividing by p > 0 gives
Square both sides and substitute in (5) to get
2
[0 = @l < 2 [l@nl® +2|mm® - (252 + 251)"

n m

Since ||z, ||, |m|| — 1, the right-hand side tends to 2 +2 — (1 4+ 1)? = 0 as n,m — o0, so the
sequence is indeed a Cauchy sequence.
Thus there is a limit point € U, with ||z|| = 1, and which by continuity satisfies

lx)=p= glg&(f(m)

To see that the maximizer is unique, suppose ¢(x) = ¢(y) = p > 0. (Note that this rules
out y = —x.) Then by the Cauchy—Schwartz Inequality ||(x + y)/2|| < 1 (unless y and x are
dependent, which in this case means y = x), so {((z +y)/|[(x + y)||) > p, a contradiction. B

48 Theorem Let V be a Hilbert space. For every continuous linear functional £ on V', there
is a vector y in V such that for every x € V,

The correspondence ¢ <+ y is a homomorphism between V* and V.

Proof: (Cf. Murray [19, p. 13]) If £ is the zero functional, let y = 0. Otherwise, let § be the
unique maximizer of ¢ over the unit ball (so ||g|| = 1), and let u = £(y). Set

A

Yy=Hy.
Then
(v.9) = (19.9) = w(@.9) = p=L4(7),
so we are off to a good start. We need to show that for every x, we have (y,x) = ¢(x).

We start by showing that if ¢(x) = 0, then (y,z) = 0. So assume that ¢(z) = 0. Then
Uy £ x) = {(y) = p for every X\. But by (3) above,

p=L0g+Ax) < pllg £ Az,

SO
19+ Azl| > 1 =[]

Squaring both sides gives
191> £27(8, @) + X [l]|* > || 9]

or
Ae|? > F2(9,2)
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for all A > 0. Letting A\ — 0 implies (g,x) =0, so (y,x) = 0.
For an arbitrary x, let

Then

This completes the proof. |

7* Linear functionals on infinite dimensional spaces

If ¢ is a linear functional on the finite dimensional vector space R™, then by Theorem 48, there
is a vector y = (y1,. .., Ym) such that for any x = (z1,...,x,,) we have

l(z) = Zyz‘ﬂii,
=1

so that £ is a continuous function. However, for infinite dimensional normed spaces there are
always linear functionals that are discontinuous! Lots of them in fact.

49 Proposition FEvery infinite dimensional normed space has a discontinuous linear functional.

Proof: If X is an infinite dimensional normed space, then it has an infinite Hamel basis B. We
may normalize each basis vector to have norm one. Let S = {x1, ®2, ...} be a countable subset
of the basis B. Define the function ¢ on the basis B by ¢(x,) = n for x,, € S, and {(v) = 0 for
v € B\ S. Every z € X has a unique representation as

T = E Qy,

veEB

where only finitely many «,, are nonzero. Extend ¢ from B to X by

lx) = Z apl(v).

veEB

Then /¢ is a linear functional, but it is not bounded on the unit ball (as ¢(x,) = n). The same
argument used in the proof of Theorem 47 shows that in order for ¢ to be continuous, it must
be bounded on the unit ball, so it is not continuous. |
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8 Linear transformations

Recall (Definition 11) that a linear transformation is a function 7': V' — W between vector
spaces satisfying
T(ax + Py) = aTx + BTy.

There are three special classes of linear transformations from a space into itself.

o The first is just a rescaling along various dimensions. The identity function is of this class,
where the scale factor is one in each dimension. These transformations are symmetric,
see Definition 70 and Theorem 78 below.

e Another important class is orthogonal projection onto a linear subspace, see Proposi-
tion 43.

¢ And another important class is rotation about an axis. Rotations are a kind of orthogonal
transformation, see Definition 67 below.

These classes do not include all the linear transformation, since, for instance, the composition
of two of these kinds of transformations need not belong to any of these groups.

50 Definition For a linear transformation T: V — W, the null space or kernel of T' is the
inverse image of 0, that is, {x € V : Tx = 0}.

51 Proposition The null space of T, {x : Tx = 0}, is a linear subspace of V, and the range
of T, {Tx :x €V}, is a linear subspace of W.

52 Proposition A linear transformation T is one-to-one if and only if its null space is {0}. In
other words, T' is one-to-one if and only if Tx = 0 implies = 0.

The dimension of the range of T is called the rank of 7. The dimension of the null space
of T is called the nullity of T. The next result may be found in [6, Theorem 2.3, p. 34]. You
can prove it using Corollary 41 applied to the null space of T

53 Nullity Plus Rank Theorem Let T:V — W, where V and W are finite-dimensional
inner product spaces. Then
rank 7'+ nullity 7' = dim V.

Proof: Let N denote the null space of T'. For « in V', decompose it orthogonally as ® = xny+x |,
where £y € N and @, € N;. Then Te = Tx,, so the range of T is just T(IN.). Now
let 'zq,...,) 2} be a basis for N|. I claim that Txq,...,Tx; are independent and therefore
constitute a basis for the range of T'. For suppose some linear combination Zle a; Tx; is zero.
By linearity of T" we have T (Zle a,;:ci) = 0. Which implies Ele a;x; belongs to the null
space N. But this combination also lies in N, so it must be zero. But since the x;’s are
independent, it follows that ay = --- = a, = 0. |

54 Corollary LetT:V — W be a linear transformation between m-dimensional spaces. Then
T is one-to-one if and only if T  is onto.
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Proof: (=) Assume T is one-to-one. If T = 0 = 70, x = 0 by one-to-oneness. In other
words, the null space of T is just {0}. Then by the Nullity Plus Rank Theorem 53 the rank of
T is m, but this mean the image under T" of V is all of W.

(<=) Assume T maps V onto W. Then the rank of T" is m, so by the Nullity Plus Rank
Theorem 53 its null space of T' contains only 0. Suppose Tt = Ty. Then T(x — y) = 0, so
x —y = 0, which implies T is one-to-one. |

8.1 Inverse of a linear transformation

Let T: V — W be a linear transformation between two vector spaces. A left inverse for T
is a function L: rangeT — V such that for all x € V, we have LTx = x. Observe that this
implies that range L = V. It also implies that T" must be one-to-one. For suppose Tx = Ty.
Then # = LTx = LTy = y. A right inverse for T is a function R: rangeT — V such that
for all y € rangeT', we have TRy = y.

55 Lemma (Left vs. right inverses) Let T: V — W be a linear transformation. If T has a
left inverse, then it is unique, and also a right inverse.

Proof: (Cf. Apostol [6, Theorem 2.8, pp. 39-40].) Let L and M be left inverses for T. Let
y € range T, say y = Tx. Then

Ly=ILTr=x=MTx = My.

That is L = M on rangeT.
Now we show that L is also a right inverse. Let

y=Tx
belong to rangeT'. Then applying T'L to both sides gives
TLy=TLTx =T(LT)x=Tx =y.
That is, L is a right inverse. |

Is it the case that if T has a right inverse, then it also has left inverse? The answer is no.
Here is an example.

56 Example (A right inverse need not be a left inverse) Define T: R?> — R? via
T(xz,y) = (z,0).

(That is, T is the projection onto the z-axis.) Define R: rangeT — R? via
R(z,0) = («,0).

Then
TR(z,0) =T(x,0) = (z,0),

so R is a right inverse of T'. But it is clear that T has no left inverse since T is not one-to-one.
O
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57 Proposition Let T: V — W be linear, one-to-one, and onto, where V and W are finite-
dimensional vector spaces. Then dimV = dim W, and T~ is linear.

Proof: First we show that 7! is linear: Let @; = T~ !(u;), i = 1,2. Now
T(axy + Bxs) = aTxy + fTT = auy + fus.
So taking 7! of both sides gives

aT Hup) +6T Hug) = T Howuy + Bus)
——— ———
Tl T2
Next we show that dimW < dimV: Let yq,...,y,, be a basis for V. Then Ty,,...,Ty
span W since T is linear and onto. Therefore dim W < n =dim V.
On the other hand, Ty, ...,Ty,, are linearly independent, so dim W > dim V. To see this,
suppose

n

n n
0=> Ty, =T (Z Oéz'!li)
=1 i=1

But T is one-to-one and 70 = 0, so Y i* ; a;y; = 0. But this implies oy = --- = a,, = 0.
This shows that dim V' = dim W' |

8.2 Adjoint of a transformation

58 Definition Let T: V — W be linear where V- and W are Hilbert spaces. The transpose,
or adjoint,* of T, denoted T", is the linear transformation T': W — V such that for every x
inV and every y in W.

(T'y, ) = (y,Tx). (6)

The first question is, does such a linear transformation 7" exist?

59 Proposition The adjoint of T exists, and is uniquely determined by (6).

Proof: By bilinearity of the inner product (Proposition 21) on W, for each v T w
y € W, the mapping ¢,: z — (y, z) from W to R is linear, so the composition
lyoT:V — R is linear. By Theorem 48 on the representation of linear Uy, by
functionals on Hilbert spaces, there is a unique vector, call it "y, in V' so that R
(y,Tx) = (ly o T)(x) = (T"y, x), holds for each € V. The correspondence
y — T’y defines the transformation 77: W — V.
Let y and z belong to W. Then again by bilinearity,

Loy 0T = alyoT + L, oT.

That is, the mapping 7" is linear.
Finally, Lemma 22 implies that 7"y is uniquely determined by (6). |

v. 2020.03.29::12.55



KC Border Quick Review of Matrix and Real Linear Algebra 24

60 Proposition Let S,T:V — W and U: W — X. Then
orn) =1’
(@S +BT) = aS" + BT’
Ty =T

61 Theorem Let T:V — W, where V and W are inner product spaces, soT': W — V. Then
T'y=0iffy L rangeT. In other words,

null space T’ = (rangeT') | .
Proof: (= ) If T"y =0, then (T"y,x) = (0,x) =0 for all  in V. But (T"y,x) = (y,Tx), so
(y,Tx) =0 for all  in V. That is, y L rangeT.

(<) If y L rangeT, then (y,Tx) = 0 for all  in V. Therefore (T"y,x) = 0 for all x in
V,so T'y = 0. |

62 Corollary Let T: V — W, where V and W are inner product spaces. Then rangeT'T =
range T”. Consequently, rank T" = rank T"T.

Proof: Clearly range T'T C rangeT".

Let x belong to the range of T”, so * = T'y for some y in W. Let M denote the range of
T and consider the orthogonal decomposition y = y,; +y,. Then Ty = T'y,; + T’y |, but
T'y, = 0 by Theorem 61. Now y,; = Tz some z € W. Then x = T'Tz, so x belongs to the
range of T'T. |

63 Corollary Let T:V — W, where V and W are finite-dimensional inner product spaces.
Then rank T’ = rank T

Proof: By Theorem 61, null space T’ = (rangeT') | C W. Therefore
dim W — rank 7" = nullity 7" = dim(range T') | = dim W — rank T},

where the first equality follows from the Nullity Plus Rank Theorem 53, the second from
Theorem 61, and the third from Corollary 41. Therefore, rank T' = rank 7. |

64 Corollary Let T: R" — R™. Then null spaceT = null space T'T.

Proof: Clearly null spaceT C null spaceT'T, since Tx =0 =— T'Tx =T1'0 = 0.
Now suppose T'T'x = 0. Then (x, T'Tx) = (x,0) = 0. But

(x, T'Tx) = (T'Tz,x) = (Tx, Tx),

where the first equality is IP.1 and the second is the definition of 77, so Tz = 0. |

“When dealing with complex vector spaces, the definition of the adjoint is modified to (y, Tx) = (T'y, ).
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We can even get a version of the Fredholm Alternative 45 as a corollary. I leave it to you
to unravel why I think this a version of the Fredholm Alternative.

65 Corollary (Fredholm Alternative II)  Let T: V — W, where V and W are inner
product spaces, and let z belong to W. Then either

there exists x € V with z = Tx,

or else
there exists y € W with (y,2z) #0 & T'y = 0.

Proof: The first alternative states that z € rangeT, or equivalently (by Theorem 61), that
z € (null spaceT”) . If this is not the case, that is, if z ¢ (null spaceT”), , then there must be
some y in null spaceT” that is not orthogonal to z. Such a y satisfies T’y = 0 and (y, z) # 0,
which is the second alternative.

To see that the two alternatives are inconsistent, suppose that & and y satisfy the alter-
natives. Then 0 # (y,z) = (y,Tx) = (T"'y,z) = (0,x) = 0, a contradiction. (The middle
equality is just the definition of the transpose.) |

66 Proposition (Summary)  For a linear transformation T between finite-dimensional
spaces, range T'T = range T’ and range TT" = range T, so

rank T = rank 7’ = rank T'T = rank TT".

8.3 Orthogonal transformations

67 Definition Let V' be a real inner product space, and let T: V — V be a linear transfor-
mation of V into itself. We say that T is an orthogonal transformation if its adjoint is its
inverse,

T/ — T—l

68 Proposition For a linear transformation T: V — V on an inner product space, the follow-
ing are equivalent.

1. T is orthogonal. That is, T' = T,

2. T preserves norms. That is, for all x,
(Tz,Tx) = (x,x). (7)
3. T preserves inner products, that is, for every x,y € V,
(Tz, Ty) = (z,y).
Proof: (1) = (2) Assume T is orthogonal. Fix x and let y = Tx. By the definition of 7"
we have

(T'y,x) = (y,Tx),
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(z,z) = (T'Tz,z) = (T'y,z) = (y,Tx) = (Tz,Tx).

(2) = (3) Assume T preserves norms. By Proposition 27,

_ [Tz +Ty| - [Tz - Ty||

(Tz,Ty) 1
_ T+ y)ll - [IT(x—y)|
4
_ =+ yll— [z -yl

4
= (z,y).

(3) = (1) Assume T preserves inner products. By the definition of 7", for all x,y,
(T'y, ) = (y, Tx).
Taking y = Tz, we have
(T'Tz,z) = (Ty,z) = (y,Tx) = (T2, Tz) = (2,),
so by Lemma 22, T'Tz — z = 0 for every z, which is equivalent to 7" = T~ |

A norm preserving mapping is also called an isometry. Since the composition of norm-
preserving mappings preserves norms we have the following.

69 Corollary The composition of orthogonal transformations is an orthogonal transformation.

An orthogonal transformation preserves angles (since it preserves inner products) and dis-
tances between vectors. Reflection and rotation are the basic orthogonal transformations in a
finite-dimensional Euclidean space.

8.4 Symmetric transformations

70 Definition A transformation T:V — V is symmetric or self-adjoint if T" = T. A
transformation T is skew-symmetric if T' = —T.

71 Proposition Let wp;: V' — V be the orthogonal projection onto the linear subspace M.
Then my; is symmetric.

Proof: To show (@, mp2) = (mya, z). Observe that

(T, z2m) = (xv + @1, 20) = (X0, 20) + (21, 20) = (@0, 20) +0.
Similarly,

(xpr, 2) = (xpr, 20 +21) = (@0, 20m) + (01,21 ) = (s, 207) + 0.

Therefore (x, zp) = (xar, 2) = (Tar, 201)- |
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In light of the following exercise, a linear transformation is an orthogonal projection if and
only if it is symmetric and idempotent. A transformation T is idempotent if 7?x = TTx = Tz
for all .

72 Exercise Let V be an inner product space, and let P: V — V be a linear transformation
satisfying
P'=P and P’z = Pz forall x € R™.

That is, P is idempotent and symmetric. Set M = I — P (where [ is the identity on V'). Prove
the following.

1. For any «, * = Mx + Px.
2. M?x = Mz for all z and M' = M.
3. null space P = (range P)| = range M and null space M = (range M) | = range P

4. P is the orthogonal projection onto its range. Likewise for M.

9 Eigenvalues and eigenvectors

73 Definition Let V' be a real vector space, and let T' be a linear transformation of V' into
itself, T: V — V. A real number X\ is an eigenvalue of T if there is a nonzero vector x in V
such that Tx = Ax. The vector x is called an eigenvector of T associated with A\. Note that
the vector 0 is by definition not an eigenvector of T.°

If T has an eigenvalue \ with eigenvector «, the transformation “stretches” the space by a
factor A in the direction .

While the vector 0 is never an eigenvector, the scalar 0 may be an eigenvalue. Indeed 0 is
the eigenvalue associated with any nonzero vector in the null space of T'.

There are linear transformations with no (real) eigenvalues. For instance, consider the
rotation of R? by ninety degrees. This is given by the transformation (x,y) — (—y,x). In
order to satisfy Tx = Ax we must have A& = —y and Ay = «. This cannot happen for any
nonzero real vector (zx,y) and real \.

On the other hand, the identity transformation has an eigenvalue 1, associated with every
nonzero vector.

Observe that there is a unique eigenvalue associated with each eigenvector: If Tx = Ax and
Tx = ax, then ax = Az, so a = A, since by definition @ is nonzero.

On the other hand, one eigenvalue must be associated with many eigenvectors, for if « is an
eigenvector associated with A, so is any nonzero scalar multiple of . More generally, a linear
combination of eigenvectors corresponding to an eigenvalue is also an eigenvector corresponding
to the same eigenvalue (provided the linear combination does not equal the zero vector). The
span of the set of eigenvectors associated with the eigenvalue A is called the eigenspace of T’

5For a linear transformation of a complex vector space, eigenvalues may be complex, but I shall only deal
with real vector spaces here.
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corresponding to A\. Every nonzero vector in the eigenspace is an eigenvector associated with A.
The dimension of the eigenspace is called the multiplicity of .

74 Proposition IfT:V — V is idempotent, then each of its eigenvalues is either 0 or 1.

Proof: Suppose Tx = Az with  # 0. Since T is idempotent, we have \x = Tz = T?z = \x.
Since & # 0, this implies A = A2, so A\=0or A = 1. |

For distinct eigenvalues we have the following, taken from [6, Theorem 4.1, p. 100].

75 Theorem Let x1,...,x, be eigenvectors associated with distinct eigenvalues A1, ..., Ay.
Then the vectors x1,...,x, are independent.

Proof: The proof is by induction n. The case n = 1 is trivial, since by definition eigenvectors
are nonzero. Now consider n > 1 and suppose that the result is true for n — 1. Now let

n
Z oG = 0. (8)
i=1
Applying the transformation T to both sides gives
n
Z ai/\iasi =0. (9)
i=1

Let us eliminate x,, from (9) by multiplying (8) by \,, and subtracting to get

n n—1
> aihi = A)mi =Y ai(Ai — Ap)x = 0.
=1 =1

But «1,...,x,_1 are linearly independent, so by the induction hypothesis a;(A; — A,) = 0 for
eachi=1,...,n—1. Since the eigenvalues are distinct, this implies each o; = 0,i =1,...,n—1.
So (8) reduces to aypx, = 0, which implies o, = 0. Thus @1,...,x, are independent. |

76 Corollary A linear transformation on an n-dimensional space has at most n distinct eigen-
values. If it has n, then the space has a basis made up of eigenvectors.

When T is a symmetric transformation of an inner product space into itself, not only are
eigenvectors associated with distinct eigenvalues independent, they are orthogonal.

77 Proposition Let V' be a real inner product space, and let T' be a symmetric linear trans-
formation of V' into itself. Let x and y be eigenvectors of T' corresponding to eigenvalues a and
A with o # A\. Then x 1 y.

Proof: We are given Tx = ax and Ty = \y. Thus (Txz,y) = (A\x,y) = AM(x,y) and (z,Ty) =
(x,ay) = a(x,y). Since T is symmetric, (Tx,y) = (x,Ty), so a(x,y) = A(x,y). Since X # «

we must then have (z,y) = 0. |

Also if T is symmetric, we are guaranteed that it has plenty of eigenvectors.
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78 Theorem Let T: V — V be symmetric, where V' is an n-dimensional inner product space.
Then V' has an orthonormal basis consisting of eigenvectors of T

Proof: This proof uses some well known results from topology and calculus that are beyond
the scope of these notes. Cf. Anderson [4, pp. 273-275], Carathéodory [10, § 195], Franklin [12,
Section 6.2, pp. 141-145], Rao [20, 1f.2.iii, p. 62].

Let S = {x € V : (x,x) = 1} denote the unit sphere in V. Set My = {0} and define
So = SN My, . Define the quadratic form QQ: V — R by

Q@) = (a, Tx).

It is easy to see that @ is continuous, so it has a maximizer on Sy, which is compact. (This
maximizer cannot be unique, since Q(—x) = Q(x), and indeed if T is the identity, then @ is
constant on S.) Fix a maximizer x; of @ over Sp.

Proceed recursively for kK = 1,...,n — 1. Let M} denote the span of x1,...,x, and set
Sk =8N Mg, . Let 41 maximize Q over Si. By construction, i1 € My, so the xy’s are
orthogonal, indeed orthonormal.

Since 1 maximizes @ on S = Sy, it maximizes @) subject to the constraint 1 — (x,x) = 0.
Now Q(x) = (x,Tx) is continuously differentiable and Q'(x) = 2Tx, and the gradient of
the constraint function is —2a, which is clearly nonzero (hence linearly independent) on S.
It is a nuisance to have these 2s popping up, so let us agree to maximize %(:B,Tm) subject
%(1 — (x,2)) = 0 instead. Therefore by the well known Lagrange Multiplier Theorem, there
exists A1 satisfying

T:El — )\15(31 =0.

This obviously implies that the Lagrange multiplier A\; is an eigenvalue of T" and @1 is a corre-
sponding eigenvector. Further, it is the value of the maximum:

Q(x1) = (z1,Tx1) = (1, \iT1) = A1,

since (x1,x1) = 1.

Let @®1,...,x, be defined as above and assume that for ¢ = 1,...,k < n, each x; is an
eigenvector of T' and that A\; = Q(x;) is its corresponding eigenvalue. We wish to show that
T4 is an eigenvector of T and Agy1 = Q(xp41) is its corresponding eigenvalue.

By construction, T4 maximizes %Q(w) subject to the k + 1 constraints

;1= (z,2)) =0, (z,z1)=0, ... (m,x) =0.
The gradients of these constraint functions are —x and 1, . . ., x respectively. By construction,
Ti,...,Tp+1 are orthonormal, so at @ = xp41 the gradients of the constraint are linearly
independent. Therefore there exist Lagrange multipliers Agy1 and pq, ..., ux satisfying
Txpy1 — A 1Tgs1 + 11 + - + ey = 0. (10)
Therefore
Qxk+1) = (Tht1, TTh41) = M1 (Thr1, Tor1) — pa(Try1, 1) — - — pe(@hr1, Th) = At
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since &1,..., Tk are orthonormal. That is, the multiplier A\gx1q is the maximum value of @
over Sy.
By hypothesis, Tx; = \jax; for i = 1,..., k. Then since T is symmetric,

(i, TTpt1) = (g1, Twi) = (Tpg1, i) =0, i=1,... k.
That is, Txg1 € Mgy, s0 Txgr1 — Agr1Tk+1 € My, so by Lemma 35 equation (10) implies

Txpyr — Aer1®e+1 =0 and  xnr + -+ + e, = 0.

eEMy | €M,

We conclude therefore that T'xp 1 = Agr1@r41, so that xx1 is an eigenvector of T" and Agy1
is the corresponding eigenvalue.
Since V' is n-dimensional, x1,..., 2, is an orthonormal basis of eigenvectors. |

10 Matrices

A matrix is merely a rectangular array of numbers, or equivalently, a doubly indexed ordered
list of real numbers. An m x n matrix has m rows and n columns. The entries in a matrix
are doubly indexed, with the first index denoting its row and the second its column. Here is a
generic matrix:
04171 . al,n
A=
am1 ... Qmn

The plural of matriz is matrices. Matrices are of interest for two separate but hopelessly

intertwined reasons. One is their relation to systems of linear equations and inequalities, and

the other is their connection to linear transformations between finite-dimensional vector spaces.
The set of m x n matrices is denoted

M(m,n).

Given a matrix A, let A; denote the i*" row of A and let A7 denote the j* column. The
ith row and j* column entry is generally denoted by a lower case Greek letter, e.g., a;j. We
can identify the rows or columns of a matrix with singly indexed lists of real numbers, that is,
elements of some R¥. If A is m x n, the column space of A is the subset of R™ spanned by
the n columns of A. Its row space is the subspace of R" spanned by its m rows.

10.1 Matrix operations
If both A and B are m X n matrices, the sum A + B is the m x n matrix C' defined by
Yig = g+ Bij-

The scalar multiple aA of a matrix A by a scalar « is the matrix M defined by m; ; = aq; ;.
Under these operations the set of m x n matrices becomes an mn-dimensional vector space.
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79 Proposition The set M(m,n) is a vector space under the operations of matrix addition
and scalar multiplication. It has dimension mn.

If Aism x pand B is p x n, the product of A and B is the m x n matrix whose i*" row,

7™ column entry is the dot product A; - B’ of the i*® row of A with the j* column of B.
(AB)i; = Ai- B’

The reason for this peculiar definition is explained in the next section.

Vectors in R™ may also be considered to be one-dimensional matrices. Let @’ be an m-
vector (a 1 X m row matrix), y be an n-vector (an n x 1 column matrix), and let A be an m xn
matrix. Then the matrix product &’ A considered as a vector in R" belongs to the row space
of A, and Ay as a vector in R™ belongs to the column space of A.

o’A=) 1;A; and Ay=> y; A
i=1 j=1

Note that the i** row of AB is given by

(AB); = (A:)B
and the j™ column of AB is given by

(AB)) = A(BY).

The main diagonal of a square matrix A = [oy ;] is the set of a; ; with 4 = j. A matrix is
called a diagonal matrix if it is square and all its nonzero entries are on the main diagonal.
A square matrix is upper triangular if the only nonzero elements are on or above the main
diagonal, that is, if i > j implies a; ; = 0. A square matrix is lower triangular if ¢ < j implies
Q5 = 0.

The n x n diagonal matrix I whose diagonal entries are all 1 and off-diagonal entries are all
0 has the property that

AI=TA=A

for any n x n matrix A. The matrix I is called the n X n identity matrix. The zero matrix
0 has all its entries zero, and satisfies A + 0 = A.

80 Fact (Summary) Direct computation reveals the following facts.

(AB)C = A(BC)
AB # BA (in general)
AB+C) = (AB)+ (AC)
(A+B)C = AC+ BC

81 Exercise Verify the following.
1. The product of upper triangular matrices is upper triangular.

2. The product of lower triangular matrices is lower triangular.
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3. The product of diagonal matrices is diagonal.
4. The inverse of an upper triangular matrix is upper triangular (if it exists).
5. The inverse of a lower triangular matrix is lower triangular (if it exists).

6. The inverse of a diagonal matrix is diagonal (if it exists).

10.2 Systems of linear equations

One of the main uses of matrices is the simplification of representing a system of linear equations.
For instance, consider the following system of equations.

31+ 229 =8

201+ 30 =7
It has align unique solution 1 = 2 and 2 = 1. One way to solve this is to take the second
equation and solve for x; = % - %xg and substitute this into the first equation to get 3(% -

%xg) 4+ 2x9 = 8,80 9 =1 and z1 = % — % = 2. However, there is a computationally efficient

way to attack these problems using elementary row operations. The first step is to write
down the so-called augmented coefficient matrix of the system, which is the 2 x 3 matrix of just
the numbers above:

3 2 8

2l

There are three elementary row operations, and they correspond to steps used to solve a system
of equations. One of these operations is to interchange two rows. We won’t use that here.
Another is to multiply a row by a nonzero scalar. This does not change the solution. The third
operation is to add one row to another. These last two operations can be combined, and we
can think of adding a scalar multiple of one row to another as an elementary row operation.
We apply these operations until we get a matrix of the form

1 0 a
0 1 b
which is the augmented matrix of the system

Tr1 =

To =0

and the system is solved. There is a simple algorithm for deciding which elementary row
operations to apply, namely, the Gaussian elimination algorithm. In a section below, we
shall go into this algorithm in detail, but let me just give you a hint here. First we multiply
the first row by %, to get a leading 1:

| — |
[N
O wIN

~J wlo
—_
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We want to eliminate z; from the second equation, so we add an appropriate multiple of the
first row to the second. In this case the multiple is —2, the result is:

wlTw|oo
| I

L — |
[\
|
o
—_
w
|
po It
Wi
\]
|
po wloo
wloo
—_
Il
L — |
O =
wlowIN

Now multiply the second row by % to get

2 8
13 3]
01 1
Finally to eliminate x5 from the first row we add —% times the second row to the first and get
2 2 2 8 _ 2
1-2.0 2-2.1 5-2.1] _[10 2
0 1 1 01 1}’

which accords with our earlier result.

10.3 Matrix representation of a linear transformation

Let T be a linear transformation from the n-dimensional space V into the m-dimensional space
W. Let x1,...,x, be an ordered basis for V and y,,...,y,, be an ordered basis for W. Then
there are scalars 7; ;, ¢ = 1,...,m, j = 1,...,n satisfying

m
T:El = Z Ti71yi
=1

m
Txy =Y Ti2y,
i=1

m
Tz, = Z TinY;-
i=1

The m x n array of numbers
Tl - Tin
M(T) =
Tm1 - OQmp
is the matrix representation of T' with respect to the ordered bases (x;), (y;). Note

that the j* column of this matrix is the coordinate vector of Tx; with respect to the ordered

basis Yi,. -, Y-
This representation provides an isomorphism between matrices and linear transformations.
The proof is left as an exercise.
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82 Proposition Let V be an n-dimensional vector space, and let W be an m-dimensional
vector space. Fix an ordered basis for each, and let M(T') = [Ti,]} be the matrix representation
a linear transformation T': V — W. Then the mapping

T — M(T)
is a linear isomorphism from L(V, W) to M(m,n).

Let 1,...,x, be an ordered basis for V and let y4,...,y,, be an ordered basis for W. Let
z belong to V and let (3,...,(, be the coordinates of z with respect to the basis x1,...,x,,.
That is,

n
z=Y (i
i=1

We can use matrix multiplication to compute the coordinates of Tz with respect to the basis
Y15+ Y- We have

= Z(j ZTi,jyi

= ZTi,jCj Y;
j=1

=1

The coordinates of T'z with respect to y,,...,y,, are given by Need better notation.

(Tz)i =Y 7i¢-

Jj=1

That is, the coordinate vector of Tz is M(T') times the column vector { = [(1,...,(,] of
coordinates of z.

The matrix representation can be thought of in the following terms. Let X denote the
coordinate mapping of V' onto R" with respect to the ordered basis x1,...,x,. Similarly Y
denotes the coordinate mapping from W onto R™. In order to compute the coordinates of
Tz, we first find the coordinate vector of Xz, and then multiply by the matrix M(T'), as the
following “commutative diagram” shows.

T
v w
X Y
M(T)
Rn Rm
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83 Example (The matrix of the coordinate mapping) Consider the case V' = R". That

is, elements of V are already thought of as ordered lists of real numbers. Let «1,...,x, be an
ordered basis, and let X denote the coordinate mapping from R"™ with this basis to R" with
the standard basis. Then M(X) is simply the matrix whose j'! column is «;. O

84 Example (Matrices as linear transformations from R" to R™) Let A = [a; ;] be
an m X n matrix and

T1
x=|:!|€R",
Tn
an n X 1 matrix. The matrix product Az is an m x 1 matrix whose i row is

n
E Q4 5T 5 1= 1,...,m.
j=1

Then T': & — Ax defines a linear transformation from R" to R™. The matrix M(T") of this
transformation with respect to the standard ordered bases (the bases of unit coordinate vectors)
is just A. a

85 Definition The rank of a matrix is the largest number of linearly independent columns.

It follows from Proposition 57 that:
86 Proposition An m x m matrix has an inverse if and only if it has rank m.

87 Example (The identity matrix) What is the matrix representation for the identity
mapping /: R™ — R™?

1 0

M(I) = :

0 1
is the m x m identity matrix I. If the transformation T is invertible, so that 77! = I, then
M(T)M(T!) = I. The matrix M(T~!) is naturally referred to as the inverse of the matrix
M(T). In general, if A defines an invertible transformation from R™ onto R™, the matrix

A~ satisfies
AA ' =A1A=T.

g
88 Example (The zero matrix) The matrix for the zero transformation 0: R" — R™, is

0 --- 0

the m X n zero matrix. O
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The transpose of a matrix is the matrix formed by interchanging rows and columns. The
transpose of a matrix is also sometimes called the adjoint matrix. This definition is justified
by the following lemma.

89 Lemma M(T); ; = M(T");,;

Proof:
M(T)i; = (e, Te;) = (T'ei, e5) = (ej, T'e;) = M(T")

10.4 Gershgorin’s Theorem

For a diagonal matrix, the diagonal elements of the matrix are the eigenvalues of the corre-
sponding linear transformation. Even if the matrix is not diagonal, its eigenvalues are “close”
to the diagonal elements.

90 Gershgorin’s Theorem Let A = {am} be an m x m real matriz. If X is an eigenvalue
of A, that is, if Ax = \x for some nonzero x, then for some 1,

A=l < D gl
JijFi
Proof: (Cf. Franklin [12, p. 162].) Let © = (&1, ..., &) be an eigenvector of A belonging to the
eigenvalue A\. Choose the index i so that

|&| = max{|&], ..., [&ml}
and note that since © # 0, we have |£;| > 0. Then by the definition of eigenvalue and eigenvector,
(M —-Ax=0
Now the i*! component of the vector (AI — A)x is just (A — a; ;)& — > i @i =0, 80

( — Qg gz = Z az,]f]
Jiy#i
so taking absolute values,
A —aial &1 = 1) a8l
Jij#e

<Y oyl 1]

JigFi

so dividing by |&| > 0,

all‘ Z| 17]||£’
%

Jij#i

<Y gl

J:gF#i
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A square matrix A has a dominant diagonal if for each 1,
laiil > Y il
JijFi
Note that any diagonal matrix with nonzero diagonal elements has a dominant diagonal. This
leads to the following corollary of Gershgorin’s Theorem.

91 Corollary If A is a nonnegative square matrix with a dominant diagonal, then every
eigenvalue of A is strictly positive.

Proof: Since A is nonnegative, if )\ is an eigenvalue, then Gershgorin’s theorem implies that
for some 1,

ai,i*)\ < Oé”| Z Qi 5y

Jig#
S0
0< QG — Z Qg <A,
Jig#
where the first inequality is the dominant diagonal property. |

For applications of this corollary and related results, see McKenzie [18].

10.5 Matrix representation of a composition

Let S take R® — R" be linear with matrix M(S) = [;, k] 1 “ne Let T take R" — R™ be
linear with matrix M(7') = [a”]f 11 " Then ToS: RP — Rm is linear. What is M(T'S)?
I
Let x = | : |. Then
Tp

=1 \j=1
Set
n
Vi = Bk
j=1
Then
mo /D
T(Sac) = Z <Z 'Yi,kl‘k) €;.
i=1 \k=1
Thus M(TS) = [ix]F=7F. This proves the following theorem.

92 Theorem M(TS) = M(T)M(S)

Thus multiplication of matrices corresponds to composition of linear transformations.
Let S,T: R* — R™ be linear transformations with matrices A, B. Then S + T is linear.
The matrix for S+ T is A+ B where (A + B);; = oy + bi ;-
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10.6 Change of basis

A linear transformation may have different matrix representations for different bases. Is there
some way to tell if two matrices represent the same transformation?

We shall answer this question for the important case where T' maps an m-dimensional vector
space V into itself, and we use the same basis for V as both the domain and the range. Let

A = |oy j] represent T with respect to the ordered basis x1, ..., @, and let B = [3; ;] represent
T with respect to the ordered basis y;,...,Y,,-
That is,

m m
Tx; =Y opizr and Ty, = Briyy.
k=1 k=1
Let X be the coordinate map from V into R™ with respect to the ordered basis x1,..., T,
and let Y be the coordinate map for the ordered basis y,,...,¥,,- Then X and Y have full

rank and so have inverses.
Consider the following commutative diagram.

B

R™ R™
Y Y
T
|4 |4
X X
A
R™ R™

The mapping XY ! from R™ onto R™ followed by A from R™ into R™, which maps the
upper left R™ into the lower right R™, is the same as B followed by XY ~!. Let C be the
matrix representation of XY ! with respect to the standard ordered basis of unit coordinate
vectors. Then

A=CBC'! and B=C'AC. (%)

93 Definition Two m x m matrices A and B are called similar if there is some nonsingular
matrix C such that (x) holds.

So we have already proved half of the following. The second half is left for you. (See
Apostol [6, Theorem 4.7, p. 110] if you get stuck.)

94 Theorem Two matrices are similar if and only if they represent the same linear transfor-
mation.

The following are corollaries, but have simple direct proofs.
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95 Proposition If A, B are similar with A = CBC™!, then X is an eigenvalue of A if it is
an eigenvalue of B. If  is an eigenvector of A, C~'x is an eigenvector of B.
Proof: Suppose x is an eigenvector of A, Ax = A\x. Let y = C~'x. Since A= CBC™!,

\x = Az = CBC 'z = CBy.

Premultiplying by C !,
Ay =AC 'z =C'CBy = By.

96 Proposition If A and B are similar, then rank A = rank B.

Proof: We prove rank B > rank A. Symmetry completes the argument. Let z1,...,2z; be
a basis for range A, and let y, satisfy z; = Ay,. Put w; = C ly,. Then the Bw;’s are
independent. To see this suppose

k k k k
0= Zai(Bwi) = ZaiC_lACC_lyi = Zaic_lzi =C! (Z aizi).
i=1 i=1 i=1 i=1
Since C~! is nonsingular, this implies Zle a;z; = 0, which in turn implies o; = 0,1 =1, ..., k.
|
10.7 The Principal Axis Theorem
The next result describes the diagonalization of a symmetric matrix.
97 Definition A square matrix X is orthogonal if X'X = I, or equivalently X' = X'
98 Principal Axis Theorem Let A: R™ — R™ be a symmetric matrixz. Let x1,...,Tm

be an orthonormal basis for R™ made up of eigenvectors of A, with corresponding eigenvalues
)\17-~-7)\m- Set

A1 0
A= . )
0 Am
and set X = [x1,...,&p).
Then
A=XAX"1
A=X"TAX,
and X s orthogonal, that is,
X=X

v. 2020.03.29::12.55



KC Border Quick Review of Matrix and Real Linear Algebra 40

Proof: Now X'X = I by orthonormality, so X ! = X’. Pick any z and set y = X 'z, so
z=Xy=>3",yjx; Then

AZ = ZyjAa:i = Z yj()\jmj)
j=1 i=1

= XAy
= XAX 2.

Since z is arbitrary A = XAX L. |

This result is called the principal axis theorem because in the case where A is positive
definite (see Definition 109 below), the columns of X are the principal axes of the ellipsoid
{z : ' Ax = 1}. See Franklin [12, § 4.6, pp. 80-83].

10.8 Simultaneous diagonalization

99 Theorem (Simultaneous Diagonalization) Let A, B be symmetric m x m matrices.

Then AB = BA if and only if there exists an orthonormal basis consisting of vectors that
are eigenvectors of both A and B. Then letting X be the orthogonal matrix whose columns
are the basis we have

A=XA, X!
B=XApX !

where A 4 and Ap are diagonal matrices of eigenvalues of A and B respectively.
Partial proof: (<)
AB = XA X 'XApX ' = XA AX ' = XAgA, X' = XApX ' XA4X = BA,

since diagonal matrices commute.
( = ) We shall prove the result for the special case where A has distinct eigenvalues. In this
case, the eigenvectors associated with any eigenvalue are distinct up to scalar multiplication.
Let & be an eigenvector of A corresponding to eigenvalue A\. Suppose A and B commute.
Then
A(Bx) = BAx = B(\x) = A\(Bx).

This means that Bx too is an eigenvector of A corresponding to A, provided Bx # 0. But as
remarked above, this implies that Ba is a scalar multiple of @, so x is an eigenvector of B too.
So let X be a matrix whose columns are a basis of orthonormal eigenvectors for both A and
B. Then it follows that A = XA, X !, where Ay is the diagonal matrix of eigenvalues, and
similarly B = XApX 1.

We now present a sketch of the proof for the general case. The crux of the proof is that
in general, the eigenspace M associated with A may be more than one-dimensional, so it is
harder to conclude that the eigenvectors of A and B are the same. To get around this problem
observe that B2A = BBA = BAB = ABB = AB?, and in general, B"A = AB", so that

v. 2020.03.29::12.55



KC Border Quick Review of Matrix and Real Linear Algebra 41

if Ax = Az, then A(B"x) = B"Ax = B"\x = \(B"x). That is, for every n, the vector
B"x is also an eigenvector of A corresponding to A. Since the eigenspace M associated with A
is finite-dimensional, for some minimal k, the vectors x, Bz, . .., B*x are dependent. That is,
there are ag, ..., ag, not all zero, with

apx + a1 Bx + Bz + - + Oszk.’,B =0.
Let pi1, ..., u; be the roots of the polynomial ag + oy + asy® + - - - + agy”®. Then
(B — i I)(B — poI) - (B — yu )]z = 0.

Set z = [(B — p2I)(B — psI) - - (B — I )|z

If k is minimal, then z # 0. (Even if coefficients are complex. Independence over the real
field implies independence over complex field. Just look at real and imaginary parts.) Therefore
(B - MlI )Z =0

Claim: py and z are real.

Proof of claim: Let 1 = a+if and z = x + iy
B(z +iy) = (a +if)(x + iy)

Therefore Bex = ax — fy and By = fx + ay (equate real and imaginary parts). Thus
y'Bx = ay'x — fy'y and by symmetry y'Bx = ' By = 2’z + ax'y.
Now,
a(y'z) - B(y'y) = B(x'z) + a(z'y),

sof=0o0rz=0,ie,xz=0and y=0. But 2# 0, so § =0 and p; is real. Similarly each p;
is real. O

Therefore z is a real linear combination of B"x (all eigenvectors of A) satisfying (B —
u1l)z = 0. In other words, Bz = p;2, so z is an eigenvector of both B and A!

We now consider the orthogonal complement of z in the eigenspace M to recursively con-
struct a basis for M composed of eigenvectors for both A and B.

We must do this for each eigenvalue A\ of A. More details are in Rao [20, Result (iii),
pp. 41-42]. |
10.9 Trace

100 Definition Let A be an m x m matrix. The trace of A, denoted tr A, is defined by

m
trA = Z (677D
=1

The trace is a linear functional on the set of m X m matrices.

101 Lemma Let A and B be m x m matrices. Then

tr(c A+ B) =atrA+ ftr B (11)
tr(AB) = tr(BA). (12)
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Proof: The proof of linearity (11) is straightforward. For the proof of (12), observe that

tr AB = i (i Oé@jﬂjﬂ') Z (i 5] 10 ]> =tr BA.

i=1 \j=1 j=1

Equation (11) says that the trace is a linear functional on the vector space M(m,m) of
m x m matrices. The next result says that up to a scale multiple it is the only linear functional
to satisfy (12).

102 Proposition If /¢ is a linear functional on M(m,m) satisfying
((AB)=/{¢(BA) forall A,B € M(m,m),
then there is a constant « such that for all A € M(m,m),
((A) = atr A.
Proof: To show uniqueness, let £: M(m,m) — R be a linear functional satisfying
((AB) =((BA) forall A,Bc M(m,m).

Now ¢ belongs to the space L(M(m,m), R). The ordered basis on V induces a matrix repre-
sentation for £ as an mm x 1 matrix, call it L so that

)
i=1j=1

We also know that /(AB — BA) = 0 for every A, B € M(m,m). That is,

m m m o m m

> Y Lij(AB-BA), =3 3" Lij{AuBy — ByAy} =0. (13)

i=1 j=1 i=1 j=1 k=1

Now consider the matrix A with all its entries zero except for the i*! row, which is all ones,
and B, which has all its entries zero, except for the j® column, which is all ones. If i # j, then
the i, j entry of AB is m and the rest are zero, whereas all the entries of BA are zero. In this
case, (13) implies L;; = 0.

Next consider the matrices A and B where the nonzero entries of A are rows ¢ and 7,
which consist of ones; and the nonzero entries of B are column ¢, which consists of ones,
and column j, which is column of minus ones. Then BA = 0 and AB is zero except for
(AB)ZJ = (AB)JZ = m and (AB)Z] = (AB)” = —m. Since Lij = 0 whenever 1 7é j,
equation (13) reduces to Ljm + L;;j(—m) = 0, which implies L;; = Lj;.

Let a be the common value of the elements of the diagonal matrix L. We have just shown
that ((A) = atr A. |
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103 Proposition The trace of a matrix depends only on the linear transformation of R™ into
R™ that it represents. In other words, if A and B are similar matrices, that is, if B = C~'AC,
then tr B = tr A.

Proof: Theorem 94 asserts that two matrices represent the same transformation if and only if
they are similar. By Lemma 101, equation (12),

trB=trC 'AC =tr ACC~! = tr A.
|

104 Corollary Let V be an m-dimensional inner product space. There is a unique linear
functional tr on L(V, V') satisfying

tr ST =trTS for all S,T € L(V,V),

and
trI = m.

105 Theorem If A is symmetric and idempotent, then tr A = rank A.

Proof: Since A is symmetric, A = X BX ! where X = [x1,..., 2] is an orthogonal matrix
whose columns are eigenvectors of A, and B is a diagonal matrix whose diagonal elements the
eigenvalues of A, which are either are 0 or 1.

Thus tr B is the number of nonzero eigenvalues of A. Also rank B is the number of nonzero
diagonal elements. Thus tr B = rank B, but since A and B are similar, tr A = tr B = rank B =
rank A. |

It also follows that on the space of symmetric matrices, the trace can be used to define an
inner product.

106 Proposition The function of two matrices
(A,B)=tr AB
is an inner product on the linear space of symmetric m X m real matrices.
Proof: Lemma 101, equation (12) shows that (A, B) = (B, A) so IP.1 is satisfied. Moreover
equation (11) implies
(AAB+C)=trA(B+C)=tr(AB+ AC)=trAB+trAC =(A,B)+ (A,C),
(¢A,B) =traAB = atr AB = o(A, B)
(A,aB) =trAaB = atr AB = a(A, B)
so IP.2 and IP.3 are satisfied.
To see that IP.4 is satisfied, observe that if A is a symmetric matrix, then (AA);; is just
the inner product of the the i row of A with itself, which is > 0 and equals zero only if the

row is zero. Thus (A, A) = trAA = > ;(AA);; > 0 and = 0 only if every row of A is zero,
that is, if A itself is zero. |

107 Exercise What does it mean for symmetric matrices A and B to be orthogonal under
this inner product? O
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10.10 Matrices and orthogonal projection

Section 5.4 discussed orthogonal projection as a linear transformation. In this section we discuss
matrix representations for orthogonal projection.

Let M be a k-dimensional subspace of R™, and let by,...,b; be a basis for M. Given a
vector y, the orthogonal projection y,; of y is the vector in M that minimizes the distance to
y (Proposition 42). The difference y | = y — y,, is orthogonal to M (Theorem 39).

The next result is crucial to the statistical analysis of linear regression models.

108 Least squares regression  Let B the m X k matrix with columns by,...,bx, which
constitute a basis for the k-dimensional subspace M. Given a vector y in R™, the orthogonal
projection Yy of y onto M satisfies

yy = B(B'B)"'B'y.

Proof: The first thing to note is that since {bi,...,by} is a basis for M, the matrix B has
rank k, so by Corollary 62, the k x k matrix B’B has rank k, so by Proposition 86 it is
invertible.

Next note that the m x 1 column vector B(B’'B)~' B’y belongs to M. In fact, setting

a=(B'B)"'By

(a is a k x 1 column matrix), we see that it is the linear combination

k
Ba = Z ajbj
7j=1

of basis vectors. Thus by the Orthogonal Projection Theorem 39, to show that y,, = Ba, it
suffices to show that y — Ba is orthogonal to M. This in turn is equivalent to y — Ba being
orthogonal to each basis vector b;. Now for any @, the k x 1 column matrix B’z has as its gt
(row) entry the dot product b; - . Thus all we need do is show that B'(y — Ba) = 0. To this
end, compute

B'(y — Ba)= B'y - BB(B'B)"'B'y=B'y— B'y=0.
|
A perhaps more familiar way to restate this result is that the vector a of coefficients that
minimizes the sum of squared residuals, (y — Ba) - (y — Ba), is given by a = (B'B)"'B'y.
11 Quadratic forms

We introduced quadratic forms in the proof of Theorem 78. We go a little deeper here. If you
want to know even more, I recommend my on-line notes [9].
Let A be an n X n symmetric matrix, and let  be an n-vector. Then « - Ax is a scalar,

and oo
x- Az = Z Z QLT (14)

i=1j=1
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(We may also write this as ' Az in matrix notation.)
The mapping Q: @ — x - Ax is the quadratic form defined by A.°

109 Definition A symmetric matrix A (or its associated quadratic form) is called
« positive definite if x'’ Ax > 0 for all nonzero x.
« negative definite if *'’ Ax < 0 for all nonzero x.
o positive semidefinite if x' Ax > 0 for all x.
e negative semidefinite if x’ Ax < 0 for all x.

We want all our (semi)definite matrices to be symmetric so that their eigenvectors generate

an orthonormal basis for R". (If A is not symmetric, then AJFTA/ is symmetric and '’ Az =

x (A%A/)a: for any @.) Some authors use the term quasi-(semi)definite when they do not

wish to impose symmetry.

11.1 Diagonalization of quadratic forms
By the Principal Axis Theorem 98 we may write

A=XAX/,

where X is an orthogonal matrix with columns that are eigenvectors of A, and A is a diagonal
matrix of eigenvalues of A. Then the quadratic form can be written in terms of the diagonal
matrix A:

n
z Arx =2 Az =2’ XAX'x = y'Ay = Z )\,-y?,
i=1
where
y=X'zx.

110 Proposition (Eigenvalues and definiteness) The symmetric matrix A is
1. positive definite if and only if all its eigenvalues are strictly positive.
2. negative definite if and only if all its eigenvalues are strictly negative.
3. positive semidefinite if and only if all its eigenvalues are nonnegative.

4. negative semidefinite if and only if all its eigenvalues are nonpositive.

5For decades I was baffled by the term form. I once asked Tom Apostol at a faculty cocktail party what it
meant. He professed not to know (it was a cocktail party, so that is excusable), but suggested that I should
ask John Todd. He hypothesized that mathematicians don’t know the difference between form and function, a
clever reference to modern architectural philosophy. I was too intimidated by Todd to ask, but I subsequently
learned (where, I can’t recall) that form refers to a polynomial function in several variables where each term in
the polynomial has the same degree. (The degree of the term is the sum of the exponents. For example, in the
expression zyz + 2y + xz + 2, the first two terms have degree three, the third term has degree two and the last
one has degree one. It is thus not a form.) This is most often encountered in the phrases linear form (each term
has degree one) or quadratic form (each term has degree two).
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Proof: As above, let y = X'z and write
n
' Ax = Z \iy2.
i=1

where the \;’s are the eigenvalues of A. All the statements above follow from this equation and
the fact that yi2 >0 for all k. [ |

111 Proposition (Definiteness of the inverse) If A is positive definite (negative definite),
then A~! exists and is also positive definite (negative definite).

Proof: First off, how do we know the inverse of A exists? Suppose Ax = 0. Then = - Ax =
x -0 = 0. Since A is positive definite, we see that & = 0. Therefore A is invertible. Here are
two proofs of the proposition.
First proof. Since (Ax = Ax) = (v =AA"'z) = (A 'z = 1), the eigenvalues of A
and A1 are reciprocals, so they must have the same sign. Apply Proposition 110.
Second proof.
A 'x =y’ Ay where y= A"l

12 Determinants

The main quick references here are Apostol [6, Chapter 3] and Dieudonné [11, Appendix A.6].
The main things to remember are:

e The determinant assigns a number to each square matrix A, denoted either det A or ’A‘
A matrix is singular if its determinant is zero, otherwise it is nonsingular. For an n xn
identity matrix, det I = 1.

o det (AB) = det A - det B.
e A square matrix has an inverse if and only if its determinant is nonzero.

e Multiplying a row or a column by a scalar multiplies the determinant by the same amount.
Consequently for an n X n matrix A,

det (—A) = (—1)"det A.
e Also consequently, the determinant of a diagonal matrix is the product of its diagonal
elements.
¢ Adding a multiple of one row to another does not change the determinant.

o Consequently, the determinant of an upper (or lower) triangular matrix is the product of
its diagonal.
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e Moreover if a square matrix A is block upper triangular, that is, of the form
B C

where B and D are square, then det A = det B-det D. Likewise for block lower triangular
matrices.

e det A=det A’.

o The determinant can be defined recursively in terms of minors (determinants of subma-
trices).

e The inverse of a matrix can be computed in terms of these minors. The inverse of A is
the transpose of its cofactor matrix divided by det A.

e Cramer’s Rule: If Ax = b for a nonsingular matrix A, then
Al AL b AL AR
Al '

Ty =

e The determinant is the “oriented volume” of the n-dimensional “cube” formed by its
columns.

 The determinant det (A\I — A), where A and I are n x n, is an n'" degree polynomial in
A, called the characteristic polynomial of A.

o A root (real or complex) of the characteristic polynomial of A is called a characteristic
root of A. Characteristic roots that are real are also eigenvalues. If nonzero & belongs
to the null space of AI — A, then it is an eigenvector corresponding to the eigenvalue A.

e The determinant of A is the product of its characteristic roots.
e If A is symmetric, then det A is the product of its eigenvalues.

e If A has rank k then every minor of size greater than k£ has zero determinant and there
is at least one minor of order k£ with nonzero determinant.

e The determinant of an orthogonal matrix is +1.

12.1 Determinants as multilinear forms

There are several ways to think about determinants. Perhaps the most useful is as an alternating
multilinear n-form:
A function p: R® x --- x R® — R is multilinear if it is linear in each variable separately.
~—_——

n copies
That is, for each i = 1,...,n,
(@1, ..., i1, + BY;, Tit1, .-, Tp)

= a(p(ajlw ey L1, Ly Ljp 1y e - - 7mn) +BSO($17 sy Li—1, Yy Litl, - - '7mn)-
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A consequence of this is that if any x; is the zero vector, then so is ¢. That is,
o(x1,. .., 2i-1,0,Tit1,...,2,) = 0.
The multilinear function ¢ is alternating if x; = x; = z for distinct 7 and j, then
O(x1y. 2y y 2y @) = 0.
The reason for this terminology is the following lemma.

112 Lemma The multilinear function ¢ is alternating if and only if interchanging x; and x;
changes the sign of ¢, that is,

(T, Ty Ty Ty) = —P(T1, e Xy Xy, X))

Proof: Suppose first that ¢ is alternating. Then

0=op(x1,...,ei+xj,...,¢; +x4,...,%p)
=p(@1,..., T ..., T+ Xy, ) FO(T1, T, X T, )
=p(@1,..., T .. T, X)) (X, T, T, X))
=0
+o(@1,...,xj, .., T, ) (X, X, Ty X))
=0
=o(T1,.. Ty Ty ) FO(X1, T Ty, ).
So (X1, . Xiy .., Tj, .. X)) = —@(XT1, .. Xy, Ty, X))

Now suppose interchanging x; and «; changes the sign of ¢. Then if x; = x; = z,

O(X1,y ey 2y 2y @) = —Q(T1, 0oy 2oy 2y, T,
which implies ¢(x1,...,2,...,2,...,x,) =0, so ¢ is alternating. |

There is an obvious identification of n xn square matrices with the elements of R" x---x R".
Namely A < (Al,..., A™), where you will recall A7 denotes the j® column of A interpreted
as a vector in R". (We could have used rows just as well.) Henceforth, for a multilinear form
@ and n x n matriz A, we write o(A) for p(Al,..., A™). The next fact is rather remarkable,
so pay close attention.

113 Proposition For every n x n matrix A, there is a number det A with the property that
for any alternating multilinear n-form ¢,

o(A) = det A - o(I). (*)

Proof: Before we demonstrate the proposition in general, let us start with a special case, n = 2.
Let

a1 oq
A= "0t T2
Q21 Q29
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Then

p(A) = p(A', A?)

= p(ar,1e1 + az1e2, 0121 + az2e2)
= aj1p(e1, a1 2e1 + app€2) + az1p(e2, a1 2e1 + a2 2€3)
= aj 10 09(e1,e1) + arjonp(er, e2) + ag 1o 20(e2, e1) + a1 20(e2, €2)
=0+ ar1002p(e1, e2) + az 101 2p(ea, €1) + 0
= 011,1042,290(61, €) — 042,1041,290(61, e2)
= (a1,1022 — az1a12)p(I),

so we see that det A = a1 1002 — ag112. Thus the whole of ¢ is determined by the single

number p(I).
This is true more generally. Write

n n n n
QO(A) =@ Z Oy ,1€4y, Z iy 2€45, vty Z OéijJeij, cey Z [ 7RY 7
11=1 i9=1 1;=1 in=1
Now expand this using linearity in the first component:
n n n n
p(A) = Z Qi1 ,1P | €iys Z Qip,2€in5 - - Z O, j€ijye vy Z Qi €ip,
11=1 19=1 1;=1 in=1

Repeating this for the other components leads to

n n n
p(A) = Y @12 iy (€0 i s €5
i1=lis=1  ip=1
Now consider ¢(e;,, €4, ..., €;,). Since ¢ is alternating, this term is zero unless i1, 72, . .., iy are

distinct. When these are distinct, then by switching pairs we get to £p(eq, es,...,e,) where
the sign on whether we need an odd or an even number of switches. It now pays to introduce
some new terminology and notation. A permutation ¢ is an ordered list ¢ = (i1,...,4,) of
the numbers 1,...,n. The signature sgn(z) of ¢ is 1 if ¢ can be put in numerical order by
switching terms an even number of times and is —1 if it requires an odd number. It follows
then that defining

det A = Z SgN(%) - iy 1®p 2 *  * Qi) s (15)
A
where the sum runs over all permutations ¢, satisfies the conclusion of the proposition. |
This result still leaves the following question: Are there any alternating multilinear n-forms
at all? The reason the result above does not settle this is that it would be vacuously true if

there were none. Fortunately, it is not hard to verify that det itself is such an n-form.

114 Proposition The function A — det A as defined in (15) is an alternating multilinear
n-form.
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Proof: Observe that in each product sgn(¢) - oy, 1y 2+ @, n in the sum in (15) there is
exactly one element from each row and each column of A. This makes it obvious that
det(Al,...,aA’,... , A") = adet A, and it is straightforward to verify that

det(Al,... . x+y,...,A") =det(A',... x,..., A") + det(A',...,y,..., A").

To see that det is alternating, suppose A® = A’ with ¢ # j. Then for any permutation g,
ij # ik, and there is exactly one permutation i’ satisfying i, = 7, for p ¢ {7, 7} and i = i and
it = i;. Now observe that sgn(z) = —sgn(¢’) as it requires an odd number of interchanges to
swap two elements in a list (why?). Thus we can rewrite (15) as

det A = Z Qg 106Gy 2 - - Qg g — QU

ih, 1900 20 Qs

i,
i:sgn(i)=1

but each aj, 10,2 vy — Q1 10y 9+ Qg = 0. (Why?) Therefore det A = 0, so det is
alternating. ]

To sum things up we have:

115 Corollary An alternating multilinear n-form is identically zero if and only if ¢(I) = 0.
The determinant is the unique alternating multilinear n-form ¢ that satisfies p(I) = 1. Any
other alternating multilinear n-form ¢ is of the form ¢ = ¢(I) - det.

12.2 Some simple consequences

116 Proposition If A’ is the transpose of A, then det A = det A’.

117 Proposition Adding a scalar multiple of one column of A to a different column leaves
the determinant unchanged. Likewise for rows.

Proof: By multilinearity,
det(Al,... AT 4+ oAk . AF .. A" =
det(A',... AT ... AF A" +adet(AL,... AF . AF A",

but
det(Al,... AF .. AF ... A" =0

since det is alternating. The conclusion for rows follows from that for columns and Proposi-
tion 116 on transposes. |

118 Proposition The determinant of an upper triangular matrix is the product of the diagonal
entries.

Proof: Recall that an upper triangular matrix is one for which ¢ > j implies a; ; = 0. (Diagonal
matrices are also upper triangular.) Now examine equation (15). The only summand that is
nonzero comes from the permutation (1,2,3,...,n), since for any other permutation there is
some j satisfying i; > j. (Why?) |
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By the way, the result also holds for lower triangular matrices.

119 Lemma If A isn xn and ¢ is an alternating multilinear n-form, so is the form y 4 defined
by
oa(xy, ..., @) = p(Axy, ..., Azy).

Furthermore

pa(I) = ¢(A) =det A - p(I). (16)

Proof: That ¢4 is an alternating multilinear n-form is straightforward. Therefore ¢4 is pro-
portional to ¢. To see that the coefficient of proportionality is det A, consider ¢ 4(I). Direct
computation shows that v 4(I) = p(A). |

As an aside, I mention that we could have defined the determinant directly for linear transformations
as follows. For a linear transformation T: R" — R" it follows that ¢r defined by pr(xy,...,2,) =
o(Tx1,...,Tx,) is an alternating n-form whenever ¢ is. It also follows that we could use (16) to define
det T to be the scalar satisfying o (@1,...,x,) = detT - o(x1,...,x,). This is precisely Dieudonné’s
approach. It has the drawback that minors and cofactors are awkward to describe in his framework.

120 Theorem Let A and B be n X n matrices. Then

det AB = det A - det B.

Proof: Let ¢ be an alternating multilinear n-form. Applying (16) and (%), we see
pap(I) = p(AB) = det AB - o(I).
On the other hand
vaB(I) = pa(B) =det B-ps(I) =det B-det A- p(I).
Therefore det AB = det A - det B. |

121 Corollary Ifdet A =0, then A has no inverse.

Proof: Observe that if A has an inverse, then
l=detI=detA-det A"
so det A # 0. ]

122 Corollary The determinant of an orthogonal matrix is £1.

Proof: Recall that the matrix A is orthogonal if A’A = I (Definition 97). So by Theorem 120,
det(A’) det(A) = 1, but by Proposition 116, det(A’) = det A, so (det A)? = 1. i
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12.3 Minors and cofactors

Different authors assign different meanings to the term minor. Given a square n X n matrix

Oz171 e Oan
A=

Qn1 ... Qpn

Apostol [6, p. 87] defines the 4, j minor of A to be the (n—1) X (n—1) submatriz obtained from
A by deleting the i*® row and j* column, and denotes it A; ;. Gantmacher [13, p. 2] defines a
minor of a (not necessarily square) matrix A to be the determinant of a square submatrix of
A, and uses the following notation for minors in terms of the remaining rows and columns:

Qiyg1 -0 Qg

A(?l,...,ip) — . .
J15--5]p

ain7j1 cte aimjp

Here we require that 1 < i1 <ip < --- <ip <nand 1 < j; < j2 < -+ < jp <n. If the
deleted (and hence remaining) rows and columns are the same, that is, if iy = j1, i2 = jo, ..,
ip = Jp, then A(ﬁ::;’; ) is called a principal minor of order p. I think the following hybrid
terminology is useful: a minor submatrix is any square submatrix of A (regardless of whether
A is square) and a minor of A is the determinant of a minor submatrix (same as Gantmacher).
To be on the safe side, I may use the redundant term minor determinant to mean minor.

Given a square n X n matrix

Oz171 e Oan
A=

Qn1 ... Qpn

the cofactor cof o; ; of ; ; is the determinant obtained by replacing the 4 column of A with
the i*" unit coordinate vector e;. That is,

cofa; j = det(A',..., AT e, ATTL . A™).
By multilinearity we have for any column j,
n
det A = Z a; jcof oy j.
i=1
123 Lemma (Cofactors and minors) For any square matrix A,
COfOéiJ' = (—1)i+j det AiJ,

where A, ; is the minor submatrix obtained by deleting the i*" row and j*® column from A.
Consequently

det A = Z(—l)i—i—jai’j det Ai,j-
=1
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Similarly (interchanging the roles of rows and columns), for any row i,

det A = Z(—l)i—’—jOZZ'J det Ai,j~
7j=1

Proof: Cf. Apostol [6, Theorem 3.9, p. 87]. By definition

o1 arj—1 0 a4
aji-11 .- 11 0 a1
cofa j = | i aij-1 1 a
Qit11 - Q11 0 Qg4
Qn 1 Qn -1 0 Qn 41

Adding —o; re; to column k does not change the determinant

1,1 arj—1 0 ag 41
ai-11 - @im15-1 0 @154
cofa; ;=] O 0 1 0
7]
Q411 - Q11 0 Qg4
Qi 1 anj-1 0 apjt

a1n

Qi—1,n
Q5 n

Qit1n

Qnn

a1n

Qi—1,n

Qit1n

Qnn

Now by repeatedly interchanging columns a total of j — 1 times we obtain

0 al,l
|0 i1
COfOéiyj = (—1)]_1 1 0
0 ait11
0 Qn, 1

Interchanging rows ¢ — 1 times yields

1 0
0 04171

cofa; j = (-=1)™7 |0 Q1,1

0 ajy11

0 Oén71
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Qi—1,5—1
0
Qjt1,5—1

Qn,j—1

0

1,51

QG—1,5—1
Q1,51

anzjil

Q1 j+1

Qi—1,5+1
0

Q1,541

On,j+1

a1,5+1

Q1,541
Qit1,5+1

O, jit1

a1n

Qi—1.n

Qi41.n

Qnon

a1n

Qj—1n|-

Qi+1.n

Qnon

93

. Doing this for all k£ # j yields
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(Recall that (—1)/~17=1 = (—1)"*J.) This last determinant is block diagonal, so we see that it
is just ‘Ai’j , which completes the proof.
The conclusion for rows follows from that for columns and Proposition 116 on transposes.

By repeatedly applying this result, we can express det A in terms of 1 x 1 determinants.
If we take the cofactors from an alien column or row, we have:

124 Lemma (Expansion by alien cofactors) Let A be a square n X n matrix. For any
column j and any k # j,

n
Z a;jcofoyp, = 0.

i=1

Likewise for any row i and any k # 1,

n
Z QG 5 COfOtk’j =0.

j=1
Proof: Consider the matrix A; = [@&; ;] obtained from A by replacing the k™ column with
another copy of column j. Then the i, k cofactors, i = 1,...,n, of A and A; are the same. (The

cofactors don’t depend on the column they belong to, since it is replaced by a unit coordinate

vector.) So by Lemma 123, A1’ =Y i1 qipcofay =300 a5 cofay . But ‘Al‘ = 0 since it
has two identical columns.

The conclusion for rows follows from that for columns and Proposition 116 on transposes.

The transpose of the cofactor matrix is also called the adjugate matrix of A. Combining
the previous two lemmas yields the following on the adjugate.

125 Theorem (Cofactors and the inverse matrix) For a square matrix

11 ... QO1np
A= ,
An,1 ... QOnn
we have
a1l ... aiy] [cofary ... cofoy ‘A’ 0
ap1 ... Qppl lcofar, ... cofayp, 0 ’A‘

That is, the product of A and its adjugate is (det A)I,,. Consequently, if det A # 0, then

cofary ... cofap
-1 _
~detA

cofar, ... cofapy
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Combining this with Corollary 121 yields the following.

126 Corollary (Determinants and invertibility) A square matrix is invertible if and
only if its determinant is nonzero.

Similar reasoning leads to the following theorem due to Jacobi. It expresses a p' order minor
of the adjugate in terms of the corresponding complementary minor of A. The complement
of the ptP-order minor A(ﬁ;’; ) is the n — p'i-order minor obtained by deleting rows i1, .. . , i,
and columns ji,...,j, from A.

127 Theorem (Jacobi) For a square matrix

a11 ... Q1n
A= ,
Qn1 ... Qpn
we have for any 1 < p < n,
cofa ... cofayq Qpiiptl --- Qpiin
p
4 | =14 ‘
cofar, ... cofapy, Qpprl -+ Qpp

Proof: Observe, recalling Theorem 124 on alien cofactors, that

a1l .. o lpr1 - Qip [ cofary ... cofoypr [0 ... 0]
Qp1 ... Qpp Qpptl - Opg cofay, ... cofap, |0 ... 0
Qpt+11 -+ Opylyp | Qptlp+l --- Opin cofaypr1 ... cofappir |1 0

| Q1 .. Qpp Qpptl - Qpp | cofay, ... cofay, |0 1 |
’A‘ 0 | a1py1 a1n
_ 0 ‘A‘ Qpptl  ---  Opy

0 e 0 Ckp+17p+1 oo O[p+17n

i o ... 0 Qnptl  ---  Ongp |
and take determinants on both sides. |

12.4 Characteristic polynomials

The characteristic polynomial f of a square matrix A is defined by f(\) = det (AI — A).
Roots of this polynomial are called characteristic roots of A.
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128 Lemma FEvery eigenvalue of a matrix is a characteristic root, and every real characteristic
root is an eigenvalue.

Proof: To see this note that if \ is an eigenvalue with eigenvector & # 0, then (A\I — A)x =
Ax — Ax = 0, so (A — A) is singular, so det (A\I — A) = 0. That is, A is a characteristic root
of A.

Conversely, if det(\I — A) = 0, then there is some nonzero x with (A\I — A)xz = 0, or
Ax = \z. |

129 Lemma The determinant of a square matrix is the product of its characteristic roots.

Proof: (Cf. [6, p. 106]) Let A be an n x n square matrix and let f be its characteristic polyno-
mial. Then f(0) =det (—A) = (—1)"det A. On the other hand, we can factor f as

F)=A=A) (A= An)
where Aj,...,\, are its characteristic roots. Thus f(0) = (—=1)"A; - A\p. |

130 Corollary The determinant of a symmetric matrix is the product of its eigenvalues.

12.5 The determinant as an “oriented volume”

There is another interpretation of the determinant of an n x n matrix A. The unit coordinate
vectors ey, ..., e, determine a hypercube [0,1]” in R" of n-dimensional volume 1. The matrix
A maps the j™ unit coordinate vector to the j™ column A’ of A. These columns define a
parallelotope and det A is the volume of the parallelotope, perhaps multiplied by —1, depending
on the orientation of the columns. In any event, the area of the parallelotope is equal to |det A|.
So |det A| measures the effect that A has on volumes. (That is why the absolute value of
Jacobian determinants show up in change of variables formulas for integrals.) I don’t want to
go into detail on the notion of orientation, but I shall present enough so that you can get a
glimmer of what the assertion is.

First, what is a parallelotope? It is a polytope with parallel faces, for Tty
example, a cube. The parallelotope generated by the vectors x1, ..., x, is the 4
convex hull of zero and the vectors of the form x;, + x;, + --- + =;,, where Y
1 < k < nandiy,...,i, are distinct. For instance, in R? the parallelotope y T

generated by  and vy is the plane parallelogram with vertexes 0, =, y, and  (
T +vy.

The notion of n-dimensional volume is straightforward. For n = 1, it is length, for n = 2, it
is area, etc. Oriented volume is more complicated. It distinguishes parallelotopes based on the
order that the vectors are presented. For instance, in the boxedfigure above the angle swept out
from x to y counterclockwise is positive, while from y to « is clockwise. The oriented volume
is positive in the first case and negative in the second.

Let’s start with a simple case, with vectors  and y in R2. To simply further, assume that
rr N
0
consider the parallelogram generated by ® and y. See Figure 4. As drawn, the base of the

@ lies on the horizontal axis, that is, @ = (21,0). Then det(x,y) = det = z1y2. Now
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Yy Tty

\\

0 T
Figure 4. The area of the parallelogram determined by « and y.

parallelogram has length x; and its altitude is g2, so the area is z1y2. More generally, depending
on the quadrant that y lies in, the area is |z1y2|. If yo > 0, then the area is equal to det A,
and if y9 < 0, then the area is —det A. The first case is where y lies counterclockwise from ,
and the second case is where y lies clockwise from x. So the oriented area in R? depends on
the clockwise-counterclockwise notion of orientation. Higher dimensional orientation is more
complicated.

For more general vectors  in R?, we make us of the linear transformation of rotation.
There is an orthogonal matrix C' such that Cx lies on the positive horizontal axis. Since
orthogonal matrices preserve distance and angles the area of the parallelogram generated by @
and y is the same as the area of the parallelogram generated by Cx and C. But the latter is
det(Czx,Cy) = det CA. But det CA = det C-det A, and since C is orthogonal its determinant
is 1. Thus the area of the parallelogram generated by x and y is |det(x, y)|.

12.6 Computing inverses and determinants by Gauss’ method

This section describes how to use the method of Gaussian elimination to find the inverse of a
matrix and to compute its determinant. Let A be an n X n invertible matrix, so that

AA =T

To find the j™ column & = A~ of A™!, recall from the definition of matrix multiplication
that « satisfies Az = I/, where I’ is the j* column of the identity matrix. Indeed if A is
invertible, then « is the unique vector with this property. Thus we can form the n x (n + 1)
augmented coefficient matrix (A|I7) and use elementary row operations of Gaussian elimination
to transform it to (I|z) = (I|A~"). The same sequence of row operations is employed to
transform A into I regardless of which column I/ we use to augment with. So we can solve
for all the columns simultaneously by augmenting with all the columns of I. That is, form the
n x 2n augmented matrix (A[I', I? ... I") = (A|I). If we can transform this by elementary
row operations into (I|X), it must be that X = A~!. Furthermore, if we cannot make the
transformation, then A is not invertible.

You may ask, how can we tell if we cannot transform A into I7 Perhaps it is possible, but
we are not clever enough. To attack this question we must write down a specific algorithm.
So here is one version of an algorithm for inverting a matrix by Gaussian elimination, or else
showing that it is not invertible.

Let A° = A. At each stage t we apply an elementary operation to transform
A" !into A? in such a way that

det A" #£0 <= det A # 0.

v. 2020.03.29::12.55



KC Border Quick Review of Matrix and Real Linear Algebra 58

The rules for selecting the elementary row operation are described below. By stage
t = n, either A® = I or else we shall have shown that det A = 0, so A is not
invertible.

Stage t: At stage t, assume that all the columns j = 1,...,t — 1 of A'"! have
been transformed into the corresponding columns of I, and that det A # 0 <—
det A1 £ 0.

Step 1: Normalize the diagonal to 1.

Case 1: ai;l is nonzero. Divide row 1 by ai;l to set aﬁ,t = 1. This has the side
effect of setting det A* = ai;l det AL,

Case 2: ai;l = 0, but there is row ¢ with ¢ > t for which aﬁ;l # 0. Divide row ¢
by a;;l and add it to row 1. This sets af, = 1, and leaves det Al = det AL

Case 3: If ai;l = 0, but there is no row ¢ with ¢« > ¢ for which aﬁ;l # 0. In
this case, the first ¢ columns of A'~! must be dependent. This is because there are
t column vectors whose only nonzero components are in the first ¢ — 1 rows. This
implies det A*™! = 0, and hence det A = 0. This shows that A is not invertible.

If Case 3 occurs stop. We already know that A is not invertible. In cases 1 and
2 proceed to:

Step 2: Eliminate the off diagonal elements. Since ai’t = 1, for i # t multiply
row 1 by af;l and subtract it from row 7. This sets ait =0, for ¢ # t, and does not
change det A?.

This completes the construction of A? from A*~!. Proceed to stage t+1, and note

that all the columns j = 1,...,t of A? have been transformed into the corresponding
columns of I, and that det A #0 <= det A® # 0.

Now observe how this also can be used to calculate the determinant. Suppose the process
runs to completion so that A™ = I. Every time a row was divided by its diagonal element ai’;l

to normalize it, we had det A? = atl,l det A*™!. Thus we have
t,t

1
1:detI:detAn: H FdetA
t:ai;lio ¢t

or
det A = H ai;l.
t:ai;l;éo

One of the virtues of this approach is that it is extremely easy to program, and reasonably
efficient. Each elementary row operation has at most 2n multiplications and 2n additions, and
at most n? elementary row operations are required, so the number of steps grows no faster than
An3.

Here are two illustrative examples, which, by the way, were produced (text and all) by a
475-line program written in perl of all things.

131 Example (Matrix inversion by Gaussian elimination) Invert the following 3 x 3
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matrix using Gaussian elimination and compute its determinant as a byproduct.

A=

= o O
S = O
o O =

We use only two elementary row operations: dividing a row by a scalar, which also divides the
determinant, and adding a multiple of one row to a different row, which leaves the determinant
unchanged. Thus the determinant of A is just the product of all the scalars used to divide the
rows of A to normalize its diagonal elements to ones. We shall keep track of this product in the
variable u as we go along. At any given stage, u times the determinant of the left hand block
is equal to the determinant of A. Before each step, we put a box around the target entry to be
transformed.
o1,1 1S zero,

0] o 1 00
w=1 0 1 0/0 1 0
1 0 0[0 O
so add row 3 to row 1. To eliminate a3 =1,
1 0 0
w=1 0 1 10
0 0[0 0 1
subtract row 1 from row 3. To normalize a33 = —1,
1 0 1 1 01
uw=1 01 O 0 10
00 -1 0 0

divide row 3 (and multiply p) by —1. To eliminate a3 = 1,

10 1 01
uw=-1 01 00 1 0
0 0 1{1 00
subtract row 3 from row 1. This gives us
10 0/{0 0 1
w=-1 01 0/0 10
001|100
To summarize:
0 0 1 0 01
A=101 0 Al'=1010
100 100
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And the determinant of A is —1. We could have gotten this result faster by interchanging
rows 1 and 3, but it is hard (for me) to program an algorithm to recognize when to do this. [

132 Example (Gaussian elimination on a singular matrix) Consider the following 3 x3
matrix.

11 2
A= 2 4 4
3 6 6

We shall use the method of Gaussian elimination to attempt transform the augmented block
matrix (A|I) into (I|A™'). To eliminate ag; = 2,

p=1

w o] —
[ I N
S N
o O =
o = O
_ o O

multiply row 1 by 2 and subtract it from row 2. To eliminate a3 = 3,
211 0 0
0|—-2 1 0
3] 6 6/ 0 0 1

multiply row 1 by 3 and subtract it from row 3. To normalize ag 2 = 2,

[
N =

p=1

1 1 21 00
p=1 0 200/-210
0 3 0/-3 0 1

divide row 2 (and multiply p) by 2. To eliminate a2 =1,

1 1] 21 00
=2 01 0[-1 3 0
0 3 0[{-3 0
subtract row 2 from row 1. To eliminate a3 o = 3,
10 202 -5 0
=2 01 0[-1 % 0
03 0/]-3 0 1

multiply row 2 by 3 and subtract it from row 3. Now notice that the first 3 columns of A
are dependent, as each column has at most its first 2 entries nonzero, and any 3 vectors in a
2-dimensional space are dependent.

p=2

o|lo =
ol o
o|lo
|
—_

v. 2020.03.29::12.55



KC Border Quick Review of Matrix and Real Linear Algebra 61

Therefore A has no inverse, and the determinant of A is zero. (If we had interchanged columns 1
and 3, we would have arrived at this result sooner, but hindsight is hard to program.) O

133 Exercise Using the language of your choice, write a program to accept a square matrix
and invert it by Gaussian elimination, or stop when you find it is not invertible. (]
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M(m,n), 4, 30
multilinear form, 47
alternating, 48
multiplication
of scalars, 1

norm, 8
null space, 21
nullity, 21

operator norm, 18

ordered basis, 7

orthogonal complement, 13

orthogonal matrix, 39
determinant of, 51

orthogonal projection, 15

orthogonal transformation, 25
is norm-preserving, 25
preserves inner products, 25

orthogonality, 11

orthonormality, 11

p-norm, 8
parallelogram law, 10
permutation, 49

signature, 49
Principal Axis Theorem, 39
principal minor of order p, 52
product, 1

quadratic form, 45
and eigenvalues, 45
definite, semidefinite, 45

R™, 2

rank, 21

rational numbers, 1
real numbers, 1
real vector space, 2
right inverse, 22
row space, 30

scalar, 1

scalar addition, 1

scalars, 1

self-adjoint transformation, 26
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signature of a permutation, 49
similar matrices, 38, 43
skew-symmetric transformation, 26
span, 4

standard basis, 6

sum, 1

symmetric transformation, 26

Todd, John, 45n
topological dual, 6
topological vector space, 7
trace, 41

transpose, 23

unit coordinate vectors, 2

V', 6

V* 6

vector, 2

vector space, 2
trivial, 2

vector subspace, 4
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