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1 Definition Let X be a subset of R". A function f: X — R is homoge-
neous of degree k if for all t € X and all A > 0 with Az € X,

FOx) = N f ().

e Note that if 0 € X and f is homogeneous of degree & # 0, then
f(0) = £(X0) = M*£(0), so setting A = 2, we see f(0) = 2¥£(0), which
implies f(0) = 0.

e A constant function is homogeneous of degree 0.

e If a function is homogeneous of degree 0, then it is constant on rays
from the the origin.

e Linear functions are homogenous of degree one.

e The economists’ favorite homogeneous function is the weighted geo-
metric mean with domain R}, which they know as the Cobb-Douglas
function [3],

f(z1,...,xp) = 2] 252 - - xp,

where each «; > 0. It is homogeneous of degree o = a1 + - -+ + .

o If f1,..., fm are homogeneous of degree k and g is homogeneous of
degree ¢, then h(z) = g(fi(x),..., fm(z)) is homogeneous of degree
k+£.

2 Remark Usually the domain of f will be taken to be a cone, that is, a
set in R" closed under multiplication by positive scalars. Indeed, we often
take the domain to be the set R of vectors with nonnegative components,
or the set RY, of vectors with strictly positive components. Apostol [2,
Exercises 8, 9, p. 287] proves the following theorem for any open domain.
The proof is the same as the one used here.
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3 Euler’s theorem Let f: R} — R be continuous and also differentiable
on RY . Then f is homogeneous of degree k if and only if for all x € R |,

ZDif({L‘)SL'i =kf(z). (*)
i=1

Proof: (=) Assume f is homogeneous of degree k. Let x € R . Define
the function g: [0,00) — R (depending on z) by
9(\) = F(Ax) = A f(x),

and note that for all A > 0,
Therefore

for all A > 0. But by the chain rule,

n

g(N) = Dif(Ax)w; — kA" f(2).

i=1
Evaluate this at A = 1 to obtain (x).
(<=) Suppose

kf(@) =3 Dif (2)z:
=1

for all z € R . Fix any such x and again define g: I — R (depending on
) by

g(N) = f(a) = A f(x)
and note that g(1) = 0. Then for A > 0,

n

g\ = > Dif(Az)w; — kX f ()

=1

_ A (Z Difuxmi) — X (@)

=1
= Ak f(Az) — kAR f (),

SO

A (A) = k(f(Az) = X f(x))
= kEg(N).
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Since A is arbitrary, g satisfies the following differential equation:

)~ g =0

and the initial condition ¢g(1) = 0. By Theorem 7 below,

A
g(A) = 04N 4 =AW / 0-et®dr=0
1

where, irrelevantly, A(\) = — fl)‘ kdt = —kInX. This implies g is identi-
cally zero, so f is homogeneous on R ,. Continuity guarantees that f is
homogeneous on X. |

4 Corollary Let f: R} — R be continuous and differentiable on R . If
[ is homogeneous of degree k, then D; f(x) is homogeneous of degree k — 1.

Proof if f is twice differentiable: By the first half of Euler’s theorem,

so differentiating both sides with respect to the ;' variable,

D; (i Dif($)$i> =kD;f(r)
=1
S Dy, f(a)es + D f(x) = kD, £(x)
=1

>_Dijf(x)a; = (k —1)D; f(x). (1)
=1

Thus D, f(x) is homogeneous of degree (k — 1) by second half of Euler’s
theorem. ]

Proof without twice differentiability: The difference quotients satisfy

FAz 4+ Ah) — fOa) _ Nef(a+h) = M) \h-1f(@ 1) — f(z)
[ AR]| AllR]l IR

whenever A > 0. Thus f is differentiable at Az if and only if it is differen-
tiable at = and D;f(\x) = A*"1D; f(x) for all i = 1,...,n.
|
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5 Corollary If f is homogeneous of degree k, then

Dif(Ar) _ Dif(x)
D;f(rz)  Djf(z)

for \>0andz € R .
Proof: By Corollary 4 each f; satisfies D; f(Ax) = A\*"1D; f(x), so

Dif(Ax) AID;f () _ Dif(z)
Djf()\x) )\kleJf(x) D]f(:l/‘)

6 Corollary If f is homogeneous of degree 1 and twice differentiable, then
the Hessian matrix [D;; f(x)] is singular for all x € RY .

Proof: By (1), .
> Dijf(z)x; = (k—1)D;f(x).
=1

When k = 1 this becomes [D;; f(x)]z = 0 in matrix terms, so for z # 0 we
conclude that [D;; f(x)] is singular. |

7 Theorem (Solution of first order linear differential equations)
Assume P, () are continuous on the open interval I. Let a € I, b € R.

Then there is one and only one function y = f(x) that satisfies the initial
value problem

y' + P(z)y = Q(x)
with f(a) =b. It is given by

where

For a proof see [1, Theorems 8.2 and 8.3, pp. 309-310].
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