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If £ and F are subsets of R™, define the sum

E+F={x+y:x€k; yeF}.

More generally the sum E; +- - -+ F, is the set of vectors of the form z;+- - -+ x,,, where
each x; € F;.
The next result may be found for instance in [1]. It relies on the simple fact that

1 Lemma Let F1,...,E, be sets in R™, and put E = E1 + ---+ E,. Let x; € E;,
t1=1,...,n,andx =21+ ---+ x,. Then

xr maximizes p over £ <= (x; maximizes p over E; for eachi=1,...,n).

Proof: ( =) Suppose by way of contradiction that for some j, z € E; and p-2z > p-z;.
Then 2’ =21+ -+ 21 +2+xj1+ -+, € E,and p- 2’ > p- z, a contradiction.
(<) Let z € E. Then z = z;+- - -+z,, where each z; € F;. By hypothesis, p-z; < p-x;
for each i, so summing we have p-z2=p-(21+---+2,) <p-(x1+---+x,) =p-z,80x
maximizes p over E. |

1 Is a sum of closed sets closed?

An important question is whether the sum of closed sets is itself closed. The next example
shows that it is not automatic.

2 Example The sum E + F may fail to be closed even if E and F are closed. For
instance, set

E={(z,y) € R?:y>1/zandz >0} and F={(v,y) € R’:y> —1/zand z <0}

*These notes are largely based on Border [1], and provide some proofs omitted from Debreu [2].
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Then E and F' are closed, but
E+F={(v,y) € R?*:y >0}

is not closed. U

To state sufficient conditions for the sum of closed sets to be closed we must make a
fairly long digression.

2 Asymptotic cones

A cone is a nonempty subset of R™ closed under multiplication by nonnegative scalars.
That is, C' is a cone if whenever z € C' and A € R, then Ax € C'. A cone is nontrivial
if it contains a point other than zero.

3 Definition Let ¥ C R™. The asymptotic cone of E, denoted AFE is the set of all
possible limits z of sequences of the form (\,x,),, where each z,, € F, each \,, > 0, and
An — 0. Let us call such a sequence a defining sequence for z.

This definition is equivalent to that in Debreu [2], and generalizes the notion of the
recession cone of a convex set. This form of the definition was chosen because it makes
most properties of asymptotic cones trivial consequences of the definition.

The recession cone 07 F of a closed convex set F' is the set of all directions in which
F' is unbounded, that is, 0TF = {z € R™ : (Vm € F) (Va > O) {x%—az € F]} (See
Rockafellar [5, Theorem 8.2].)

4 Lemma (a) AFE is indeed a cone.
(b) IfE C F, then AE C AF.

(c) A(E +1x)= AF for any v € R™.
(cc) 0FE C AE.

(d) AE, C A(E, + E»).

(e) Allic; Ei C Il AE:.

(f) AE is closed.

(g) If E is convex, then AFE is convex.

(h) If E is closed and convex, then AE = 0TE. (The asymptotic cone really is a
generalization of the recession cone.)

(i) If C is a cone, then AC = C.
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(3) ANicr Ei € Nier AE;. The reverse inclusion need not hold.
(k) If E+ F is convex, then AE + AF C A(E+ F).

(1) A set E C R™ is bounded if and only if AE = {0}.

Proof: Here are proofs of selected parts. The others are easy, and should be treated as
an exercise.

(cc) 0TE C AE.

Let z € 0YE. Then for any n > 0 and any z € F, we have z + nz € E. But
L(x+nz) = 2,50 z € AE.

(d) AE, C A(E, + E).

For zy € E», by definition E; +xo C E4 + E5, so by (b), A(El +$2) C A(El +E2),
so by (c), AE, C A(Ey + E»).

(f) AE is closed.

Let x,, be a sequence in AE with x,, — x. For each m there is a sequence \,, ,, Ty, m,
with lim,, Ay, m@Tnm = Tn, Ay — 0 as m — oo, z,,, € E, and each A, ,, > 0.
Then for each k there is Ny, such that for all n > Ny, ||z, —z|| < 1/k, and M}, such
that for all m > My, || AN, m@n,.m — TN, || < 1/k, and Ly such that for all m > Ly,
)‘Nk,m < 1//€ Set P, = maX{Mk,Lk}, Yk = TN, P> and A\, = )\lepk. Then each
A >0, Ay — 0 and || Mgy — || < 2/k,so x € AE.

(g) If E is convex, then AF is convex.

Let x,y € AF and « € [0,1]. Since AE is a cone, ax € AF and (1 —a)y € AFE.
Thus there are defining sequences \,x, — az and v,y, — (1 — a)y. Since F is
convex, z, = %’k)\nxn + ,yﬂl"/\nyn € FE for each n. Set 6, = v, + A\, > 0. Then
Op — 0 and 0,2, = \uZp + Yoln — ax + (1 — @)y. Thus az + (1 — a)y € AE.

(h) If E is closed and convex, then AFE = 01 E.

In light of (cc), it suffices to prove that AE C 0TE, so let z € AE, x € E, and
a > 0. We wish to show that z + az € E. By definition of AFE there is a sequence
AnZn — 2 with z, € E, A\, > 0, and \,, — 0. Then for n large enough 0 < a\, < 1,
so (1 —a\)x + alyz, € E as F is convex. But (1 — a\,)z + a2z, — = + az.
Since FE is closed, x + az € E.

(i) If C is a cone, then AC = C.

It is easy to show that C' C AC, as %nx — x is a defining sequence. Since AC is
closed by (f), we have C C AC. On the other hand if A\, > 0 and z,, € C, then
MZn € C, as C is a cone, so AC C C.
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(3) ANicr B € Nier AE;. The reverse inclusion need not hold.
By (b), ANjer Ei C AE; for each j, s0 ANier Ei C Nier AE.
For a failure of the reverse inclusion, consider the even nonnegative integers F;, =

{0,2,4, ...} and the odd nonnegative integers Fy = {1,3,5,...}. Then E1NEy = &,
SO A(El N EQ) = @, but AE1 = AE2 = AE1 N AEQ = R_|_.

(k) If £+ F'is convex, then AE + AF C A(E + F).

Let z belong to AFE + AF. Then there exist defining sequences (A\,z,) C E and
(anyn) C F with \yx, + @y, — 2. Let ' € E and ¢y € F. (If either E or F is
empty, the result is trivial.) Then ()\n(:rn+y’)) C E+F and (an(w’+yn)> C E+F,
SO

Qp

A
)\n n = N
( +a)<>\n+oznx * An +

is a defining sequence for z in £ + F.

(2" + yn)> — z,

(1) A set E C R™ is bounded if and only if AE = {0}.

If E is bounded, clearly AE = {0}. If E is not bounded, let {z,,} be an unbounded
sequence in E. Then \, = [|z,,]|7! — 0 and (\,x,) is a sequence on the unit sphere,
which is compact. Thus there is a subsequence converging to some x in the unit
sphere. Such an z is a nonzero member of AFE.

5 Example The asymptotic cone of a non-convex set need not be convex. Let F =
{(z,y) e R* : y = %, x > 0}. This hyperbola is not convex and its asymptotic cone is
the union of the nonnegative x- and y-axes. But the asymptotic cone of a non-convex
set may be convex. Just think of the integers in R'. O

6 Example It need not be the case that A(E' + F) C AE + AF, even if F and F
are closed and convex. For instance, let E be the set of points lying above a standard
parabola:

E={(z,y):y =2},
The asymptotic cone of E, which is the same as its recession cone, is just the positive
y-axis:
AE = {(0,4) -y > 0},
So AE+ A(—E) is just the y-axis. Now observe that E+(—F) = R?, so A(E—i—(—E)) =
R?. Thus
AE+A(-E) ¢ A(E+ (-E)).
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3 When a sum of closed sets is closed

We now turn to the question of when a sum of closed sets is closed. The following
definition may be found in Debreu [2, 1.9. m., p. 22].

7 Definition Let C4,...,C, be cones in R™. We say that they are positively semi-
independent if whenever x; € C; for eachi=1,...,n,

$1+"'+In:0 — {1:‘1:«..:1;”:0.

Clearly, any subcollection of a collection of semi-independent cones is also semi-
independent. Note that in Example 6, A(—F) = —A(FE), so these nontrivial asymptotic
cones are not positively semi-independent.

8 Theorem (Closure of the sum of sets) Let E, F C R™ be closed and nonempty.
Suppose that AE and AF are positively semi-independent. (That is, v € AE, y € AF
and x + y = 0 together imply that x =y = 0.) Then E + F is closed, and A(E + F) C
AE + AF.

The proof relies on the following simple lemma, which is closely related to Lemma 1
in Gale and Rockwell [3].

9 Lemma Under the hypotheses of Theorem 8, if (\,) is a bounded sequence of real
numbers with each \, > 0, (z,) is a sequence in E, and (y,) is a sequence in F, and if
Mn(Tn + yn) converges to some point, then there is a common subsequence along which
both (Ayxy) and (Ayyx) converge.

Proof: 1t suffices to prove that both (A,z,) and (\,y,) are bounded sequences. Suppose
by way of contradiction that A, (z, + vy,) converges to some point, but say (\,x,) is
unbounded. Since (A,) is bounded, it must be the case that both ||\, z,| — oo and
|zn]] — o0, so for large enough n we have ||Az,|| > 0. Thus for large n we may divide
by ||A\nz,| and define

An An . An

gn = T _ 1Yn Zp = 7(1'71 + yn)a

A

Xy, — xXr
" [ Anan]| v

and observe that
Zn = Tp + Un.

But ()\n (a:n—i-yn)) is convergent, and hence bounded, so Z, — 0. In addition the sequence
(Z,) lies on the unit sphere, so it has a convergent subsequence, say I, — &, where
|Z|]| = 1. Then

gkzék—i'k—)—.@.
But @k = ()\k/”)\kZEkH)yk, and Ak/”)\kka — 0, SO ()\k/H)\kaH)yk is a deﬁning sequence
that puts —% € AF. But a simialr argument shows that £ € AFE. Since AF and AF
are positively semi-independent, it follows that & = 0, contradicting ||Z| = 1.
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Thus (A\,x,), is a bounded sequence, and by a similar argument so is (A,¥y,), so they
have common subsequence on which they both converge. |

Proof of Theorem &: First, E + F is closed: Let x,, +y, — z with {z,} C E, {y,} C F.
By Lemma 9 (with A\, = 1 for all n) there is a common subsequence with x; — = and
Yr — y. Since E and F are closed, x € E and y € F. Therefore z =x+y € E+ F, so
E + F'is closed.

To see that A(EF + F) C AE + AF, let z € A(F + F). That is, 2z is the limit of
a defining sequence ()\n(xn + yn)), where x,, € F and y, € F. Since A\, — 0, it is a
bounded sequence. Thus by Lemma 9 there is a common convergent subsequence, and
by definition limy A\yxr € AFE and limy, \yy, € AF,so z € AE + AF. |

10 Corollary Let E; C R™, i =1,...,n, be closed and nonempty. If AE;,i=1,...,n,
are positively semi-independent, then Y | E; is closed, and AY" | E; C > | AE;.

Proof: This follows from Theorem 8 by induction on n. |
11 Corollary Let E, F C R™ be closed and let F' be compact. Then E + F' is closed.

Proof: A compact set is bounded, so by Lemma 4(1) its asymptotic cone is {0}. Apply
Theorem 8. i

4 When is an intersection of closed sets bounded?

12 Proposition Let E; C R™, i = 1,...,n, be nonempty. If N}, AE; = {0}, then
N, E; is bounded.

Proof: By Lemma 4(1), N, E; is bounded if and only if A (N, F;) = {0}. But by
Lemma 4(j), A (N, E;) C N~ AE;, and the proposition follows. |
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