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Introduction to Probability and Statistics Winter 2021

Lecture 14: The Poisson Arrival Process

Relevant textbook passages:
Pitman [13]: Sections 2.4,3.5, 4.2
Larsen—Marx [12]: Sections 4.2, 4.6

14.1 Waiting times and arrivals

In this lecture we discuss the following random experiment: waiting repeatedly in continuous
real time for the occurrence of a phenomenon that happens at random times. Each occurrence
is called an arrival or a death and the intervals between successive arrivals are called waiting
times. Before we can proceed there are a number of preliminaries.

Consider the random experiment of waiting for something to die or fail. For instance, run a
disk drive until it fails, or a human body till it fails, or wait until a uranium atom disintegrates.
This gives rise to a random variable called a lifetime or duration or waiting time.

For a lifetime or duration 7" with cumulative distribution function F'(t), define the survival
function by

Gt)=P(T >t)=1—F(t).

When T is the (random) time to failure, the survival function G(t) at epoch t gives the
probability of surviving (not failing) until at least ¢.

Note the convention that the present is time ¢ = 0, and durations are measured as times after
that.

Aside: If you've ever done any programming involving a calendar, you know the difference between
a point in time or date, called an epoch by probabilists, and a duration, which is the elapsed time
between two epochs.

For a lifetime T with a density f on [0,00) and cumulative distribution function F, the
hazard rate A(t) is defined by

P(T € (t,t+h]|T >1t)

Alt) =lim I

Or
_i®
A0 = 5

P?”OO’I By deﬁnition,
P(fl S (Lt—&—h] ’ | >t) — ( ((tgt) )) ( ((té)t ])

Moreover P(T € (t,t + h]) = F(t+ h) — F(t), so the limit is just F'(t)/G(t) = f(t)/G(¢t). |

The hazard rate f(t)/G(t) is often thought of as the “instantaneous” probability of death
or failure.
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14.2 The Exponential Distribution

The Exponential(A) is widely used to model random durations or times. It is another name
for the Gamma(1, \) distribution. (See Section 14.12 below.)

14.2.1 Definition A random time T has an Exponential(\) distribution if it has density
flt)y =2 (t20),

and cdf
which gives survival function

and hazard rate

See Figure 14.1.
It is the constant hazard rate that makes the exponential family a good model for certain
kinds of waiting or arrival times.

The only distribution with a constant hazard rate A > 0 is the Exponential(\) distribution.

To see this, look at the survival function G. If the hazard rate is constant at A, then G satisfies
the differential equation G’(t)/G(t) = —\, so G(t) = ce~*! for some constant ¢, and ¢ = 1 is the
only constant that satisfies G(0) = 1.

The mean of an Exponential(\) random variable is given by

> 1
/ Me Mdt ==,
0 A

Proof: Use the integration by parts formula:

/h’g=h9—/g’h,

with h/(t) = Ae ™™ and g(t) =t (so that h(t) = —e~* and ¢/(t) = 1) to get

o0
ET:/ Ae M dt
0

0
[e’e] —1 [e'e]
-\t —At
=—t ‘ + € ‘
0 A 0
e~ Moo
D ‘0
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Exponential Density Functions

0.5 1.0 1.5 20 25 3.0

Exponential CDFs

Figure 14.1.
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The variance of an Exponential()) is 5.

Proof:
VarT = E(T?) — (ET)?

o 1
= e M dt — —.
[

Setting h'(t) = Ae™** and g(t) = t? and integrating by parts, we get

oo oo 1
+2 / te M dt ——
0 0 A
——

=0 =ET/X

— 20N

14.3 The Exponential is Memoryless

Pitman [13]:
p. 279 A property that is closely related to having a constant hazard rate is that the exponential
distribution is memoryless in that for an Exponential random variable T,

P(T>t+s|T>t)=P(T>s), (s > 0).

To see this, recall that by definition,

P{T>t+s)(T >1)
P(T > 1)
Jm as (T >t+s)C (T >1)
G(t+s)
G(t)
efA(tJrs)

P(T>t+s|T>t) =

e—)\s

=G(s) =P(T > s).

In fact, the only continuous memoryless distributions are Exponential.

Proof: Rewrite memorylessness as

or
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It is well known that this last property (plus the assumption of continuity at one point) is
enough to prove that G must be an exponential (or identically zero) on the interval (0,00). See
J. Aczél [1, Theorem 1, p. 30].} |

14.4 Comparison of independent exponential random variables
Let X ~ Exponential(\) and Y ~ Exponential(x) be independent. What is
P(X <Y)?
Pitman [13]:

The joint density is p. 352
flz,y) = e Mpe ™Y = \pue  NTHY,

SO

oo ry
P(X<Y)= / e e dx dy
o Jo
o0 Y
:/ pe MY (/ e da:) dy
0 0
_ > —py [ _ Az v
_/o e ( e 0) dy

:/ pe 1Y (1 — e_>‘y) dy
0

14.5 The sum of i.i.d. exponential random variables

Let X and Y be independent and identically distributed Exponential(A\) random variables. The Pitman [13]:
density of the sum for ¢ > 0 is given by the convolution: pp. 373—375

[xyy(t) = /Ooo Ix(t—y)fy(y)dy

t
= / e MY e gy since fy(t —y) =0ify >t
0

t
_ / A2€_>\t dy
0

= tA\2e M,

This is a Gamma(2, A) distribution. See Section 14.12 below.

1 Aczél [1] points out that there is another kind of solution to the functional equation when we extend the
domain to [0, 00), namely G(0) =1 and G(t) = 0 for ¢ > 0.
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More generally, the sum of n independent and identically distributed Exponential(\) random
variables has a Gamma(n, A) distribution, given by
tn—l

flt)= )\”e*’\tm.

14.6 The Weibull distribution

The Weibull distribution generalizes the exponential distribution as a model of waiting times.
It allows for the hazard rate to be age-dependent. There are two parameters of the Weibull
distribution, usually denoted A and a. « is a shape parameter and A is a transformed scale
parameter. The density is given by

f(t) = axte e
and the cumulative distribution function is
F(t)=1-e",

so the survival function is

Gt) = e "
and the hazard rate is 1)
At) = =5 = a1
(t) oI

Note that when o = 1, this reduces to the Exponential(A) distribution. When « > 1, the
hazard rate is increasing with age, and when « < 1, the hazard rate is decreasing with age. See
Figure 14.2. N.B. Some authors refer to the parameters of the Weibull as a and 3, where « is
the same as I use, but 3 is a scale parameter related to A\. MATHEMATICA, R, and Jacod and
Protter [11, Example 6, p. 43] use 8 to mean my 1/)\1/‘1. I am using the terminology used by
Pitman [13, Exercise 4, p. 301], and Forbes, et al. [9, p. 193].

If T has a Weibull(\, o) distribution its moments are given by

ET" =T (1+2) A7/

14.7 Swurvival functions and moments

For a nonnegative random variable with a continuous density f, integration by parts allows us
to prove the followin generalization of Proposition 6.4.2.

14.7.1 Proposition Let F' be a cumulative distribution function with continuous density f on
[0,00). Then the n*" moment can be calculated as

/0OO 2" f(z)de = /0Oo nz" (1 - F(2)) de = /ooo ne"1G(z) d.

Proof: Use the integration by parts formula:

/h’g=h9—/g’h,
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Weibull Density Functions (A=1)
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Figure 14.2.
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with A'(x) = f(x) and g(x) = 2™ (so that h(z) = F(x) and ¢'(z) = na"~ 1) to get
/b 2" f(x)dx = m”F(m)’b - /b na" " F(z) dx
0 - o Jo

b
= b"F(b) — /0 na" " F(z) da
b b
= F(b)/o nx" ' dr — /0 nx" ' F(z) dx
b
= /O nxn_l(F(b) — F(l‘)) dJZ,

and let b — oo. [ |

In particular, the first moment, the mean, is given by the area under the survival function:

E:Am(l—F(x))dx:/owG(m)dx.

14.8 The Poisson Arrival Process

Pitman [13]:
§ 4.2; and The “Poisson arrival process” is a mathematical model that is useful in modeling the number of
pp. 283-285 occurrences (called arrivals) of a phenomenon over a continuous time period. For instance the

number of telephone calls per minute, the number of Google queries in a second, the number of
radioactive decays in a minute, the number of earthquakes per year, etc. In these phenomena,
the events are rare enough to be counted, and to have measurable delays between them.?
(Interestingly, the Poisson model is not a good description of LAN traffic, see [3, 14].)

The Poisson arrival process with parameter A works like this:

Let Wy, Wa,... be a sequence of independent and identically distributed Exponential(\)
random variables, representing waiting times for an arrival, on the sample space (2, F, P).
At each w € Q, the first arrival happens at time W (w), the second arrival happens a duration
W (w) later, at Wi (w) + Wa(w). The third arrival happens at Wi (w) + Wa(w) + W3 (w).
Define

T,=Wi+We+ .-+ W,.

This is the epoch when the n'* event occurs. The sequence T}, of random variables is a
nondecreasing sequence.

For each w we can associate a step function of time, N(¢) defined by

N(t) = the number of arrivals that have occurred at a time < ¢

= the number of indices n such that T,, < t.

14.8.1 Remark Since the function N depends on w, I should probably write
N(t,w) = the number of indices n such that T, (w) < t.

But that is not traditional. Something a little better than no mention of w that you can find,
say in Doob’s book [7] is a notation like V;(w). But most of the time we want to think of N as
a random function of time, and putting ¢ in the subscript disguises this.

2 An exception is the 1952 Kern County earthquake cluster, where the number and size of aftershocks over-
whelmed the recording equipment, so an accurate count of aftershocks could not be made [10, pp. 437, 439].

v. 2020.10.21::10.28 KC Border



Ma 3/103 WINTER 2021
KC BORDER THE P0OISSON ARRIVAL PROCESS 14-9

14.8.2 Definition The random function N is called the Poisson process with parame-
ter \.

So why is this called a Poisson Process? Because N (t) has a Poisson(At) distribution. There
is nothing special about starting at time ¢ = 0. The Poisson process looks the same over every
time interval.

The Poisson process has the property that for any interval of length ¢, the distribution of
the number of “arrivals” is Poisson(\t).

14.9 The Poisson Arrival Process is also a Poisson Scatter

Another way to describe the Poisson arrival process is as a one-dimensional Poisson scatter of
arrivals over a time interval. Here is an argument to convince you of this, but it has a gap. In a
one-dimensional Poisson scatter, the number of hits/arrivals in an interval of length ¢ is a Poisson
random variable with parameter ¢, and the random counts are stochastically independent for
disjoint intervals. We can use this to calculate the distribution of waiting times between hits.
If the n'® hit occurs at time w, the probability that no hit occurs in the interval (w,w +t] is a
Poisson probability with rate At, namely

LU

pae(0) = e

Let W,, 11 be the n+ 1% waiting time. Then W,, .1 > ¢ if and only if no hit occurs in the interval
(w,w + t]. We have just seen that the probability of this is

P(Wn_H > t) = e M,

But this is just the survival function for an Exponential(A) distribution. In other words,

A one-dimensional Poisson scatter with intensity A generates waiting times that are inde-
pendent with Exponential(A) distributions. That is, it generates a Poisson arrival process.

Aside: So where is the gap in the argument? I implicitly used something called the Strong Markov
Property (which will be discussed in Section 17.7%) without justifying it. But you probably didn’t
notice.

14.10* Renewal processes

>kkook ok ok okok ok sk okok ok sk okokokoskosk kokosk sk

To be added.
A renewal process is like a Poisson arrival process where the waiting times need not be

exponential.
ook Kok ok ok Kk ok K ok ok

14.11 * The Inspection Paradox

>k 3k 3k sk sk sk ok sk sk sk ok sk sk ok sk sk okokok ok ok ok

To be added.
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If machines are replaced with new one when the old ones fail (a renewal process), then if
you select a time at random to inspect a machine, the expected lifetime of the machine you are
examining is greater than the expected lifetime of a machine. The intuition is that lifetimes
divide the interval from [0, 7] into subintervals. If you choose a time at random in [0, 7], it is
more likely to land in long interval than a short interval. There is some math that goes along

with this intuition.
stk kiR skskok ok skokskskok sk sk kskosk ok

14.12 Appendix: The Gamma family of distributions

14.12.1 Definition For r, A > 0, Gamma(r, A) distribution has a density given by
ft) = A gy (t > 0) (1)
I(r) ’

where

(oo}

I'(r) :/ 2T e dz
0

is the Gamma function. (See Appendix 14.13.)

To very that this is indeed a density with support [0, c0), use the change of variable z = At
to see that [~ A(A) " te Mdt = [[° 2" te  dz =T(r).

The parameter r is referred to as the shape parameter or index and \ is a scale param-
eter.

Why is it called the scale parameter?

T ~ Gamma(r,\) <= AT ~ Gamma(r, 1)

Wait. Shouldn’t we call 1/ the scale parameter on this basis? Probably, and some people do
(see the sidebar on page 14-14). But Pitman [13] and Larsen-Marx [12] are not among them.
The Gamma(r, \) distribution has mean and variance given by

r r
Esz, VG,'T’XZF.

According to Pitman [13, p. 291], “In applications, the distribution of a random variable
may be unknown, but reasonably well approximated by some gamma distribution.”

v. 2020.10.21::10.28 KC Border
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Gamma(1,A) Density Functions
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Gamma(r,1) Density Functions
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Hey: Read Me

There are (at least) three incompatible, but easy to translate, naming conventions for the
Gamma distribution.

Pitman [13, p. 286] and Larsen and Marx [12, Defn. 4.6.2, p. 272] refer to their parameters
as r and A, and call the function in equation (1) the Gamma(r, A) density. Note that the
shape parameter is the first parameter and the scale parameter is the second parameter for
Pitman and Larsen and Marx. This is the convention that I used above in equation (1).

Feller [p. 47][8] calls the scale parameter « instead of A, and he calls the shape parameter
v instead of r. Cramér [p. 126][5] also calls the scale parameter « instead of A, but the
shape parameter he calls A instead of r. Other than that they agree that equation (1) is the
Gamma density, but they list the parameters in reverse order. That is, they list the scale
parameter first, and the shape parameter second.

Casella and Berger [4, eq. 3.3.6, p. 99] call the scale parameter 5 and the shape parameter
«, and list the shape parameter first and the scale parameter second. But here is the
confusing part, their scale parameter 3 is our 1/A. ® MATHEMATICA and R also invert
the scale parameter. To get my Gamma(r,\) density in MATHEMATICA, you have to call
PDF [GammaDistribution[r, 1/A], t]; to get it in R, you would call dgamma(t, r, rate
= 1/)\).

I feel sorry for you, but it’s not my fault. But you do have to be careful to know what
naming convention is being used.

%That is, C—B write the Gamma(a, 8) density as
1

7to¢7167t/[3.
[(a)B>

14.13 Appendix: The Gamma Function
14.13.1 Definition The Gamma function is defined by
(oo}
I(t) = / 2 lem*dz fort > 0.
0

Clearly T'(t) > 0 for ¢t > 0.

See Figure 14.3.
The value at t = 1 is relatively easy to compute:

o 1
1) = / e *dz = Ho —e =1
0
The next result enables us to use this to recursively compute I'(n) for any natural number n.

14.13.2 Proposition The Gamma function is a continuous version of the factorial, and has
the property that
L(t+1) =1tI'(t) (t > 0).

Proof: Let v(z) = 2! and u(z) = —e™*. Then integrating by parts yields

o0

F(t)—/ooov(z)u’(z) dz:uv|g°_/o w(2)v' (2) dz

= (0—0)—|—/ tztle™® dz=t/ AleT dy =T (t — 1).
0 0
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The Gamma Function

Figure 14.3. The Gamma function.
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Consequently,

and for every natural number m,
I'(m) = (m—1)!

In light of this, it would seem to make more sense to define a function f(t) = fooo 2te™* dz,
so that f(m) = ml. According to Davis [6, fn., p 855] the current definition was formulated
by Legendre, while Gauss advocated the alternative. Was this another example of VHS vs.
Betamax? (Do you even know what that refers to?)

We also have
(1/2) = /.
To see this, note that

oo
r(1/2) = /O 27272 dz.

Make the change of variable u(z) = v/2z, so v/(z) = 1/4/2z, and note that

o0 1 o 9
-1/2 —z _ —u/2 —
2 Vi dy = / e du = /T,
/0 V2 Jo

where the last equality follows from the normal density integral, see Proposition 10.9.1.
There is no closed form formula for the Gamma function except at integer multiples of 1/2.
See, for instance, Pitman [13, pp. 290-291] or Apostol [2, pp. 419-421] for more.
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