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Topic 29: The Simplex Method

In 1945, the economist George J. Stigler [17] undertook to find the minimum
cost diet meeting various nutritional constraints. His results were obtained by
examining a promising but limited subset of diets. He wrote (p. 310) that “the
procedure is experimental because there does not appear to be any direct method
of finding the minimum of a linear function subject to linear conditions.”!

Just two years later, the simplex algorithm was invented to solve just such
problems. According to George B. Dantzig [, p. 24|, the widely acknowledged
originator of the algorithm,

During the summer of 1947, Leonid Hurwicz, well-known econo-
metrician associated with the Cowles Commission, worked with the
author on techniques for solving linear programming problems. This
effort and some suggestions of T. C. Koopmans resulted in the “Sim-

plex Method.”

The Simplex Method is an algorithmic method for solving linear programs.
It is no longer the fastest method, but it is easy to understand and program,
and if you use rational arithmetic, it is exact. It is also closely related to the
polyhedral structure of the feasible set. These notes borrow extensively from the
lucid expositions by David Gale [3], Joel Franklin [7], and George Dantzig [1].

! Just for the fun of it, here is Table 2 from Stigler [17, p. 311] outlining the minimum cost
diet in August 1939 and in August 1944. Bon appétit!

Minimum Cost Annual Diets

August 1939 August 1944
Commodity Quantity Cost Quantity Cost
wheat flour 370 1b. $13.33 585 1b. $34.58
evaporated milk 57 cans 3.84 — —
cabbage 111 1b. 4.11 107 1b. 5.23
spinach 23 Ib. 1.85 13 1b. 1.56
dried navy beans 285 1b. 16.80 — —
pancake flour — — 134 1b. 18.08
pork liver — — 45 1b. 5.48
Total cost $39.93 $59.88
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29.1 The simplex method

We are now ready to apply the replacement operation to linear programming.
Dantzig [1] draws a distinction between the simplex method and the simplex
algorithm. The simplex method consists of two phases, each of which uses
the simplex algorithm. The simplex algorithm is a rule for choosing pivots for
successive replacement operations until a stopping condition is reached.

For concreteness, consider the following linear programming problem. Let A
be an m x n matrix, let ¢ belong to R™, and p belong to R". To use the simplex
algorithm we need to write the primal program in canonical equality form:

maximize p -
zER™

subject to
Ax =q
20
This program has n variables z1, ..., x,, m equality constraints A; - x; = ¢;, and

n nonnegativity constraints on the z;’s.
The dual of the is program is:

mlyrglrzrrlnlze q-y

subject to

Ay

v

p

Notice that there are no sign constraints on y.

A vector z is feasible for the primal if Az = ¢ and x = 0, and it is optimal
if it is feasible and attains the maximum. Phase 1 of the simplex method uses
the simplex algorithm to find a feasible vector, or else proves that none exists.
Phase 2 starts with a feasible vector, and uses the simplex algorithm to find
an optimal vector. Paradoxically, Phase 1 uses Phase 2, so we start with that.
Phase 1 is covered in Section 29.4.

29.1.1 The simplex tableau and Phase 2

The matrix A is m X n, so each column is a vector in R™. The linear span of the
columns is called the column space of A. The dimension of the column space is
called the rank of A. For the time being, assume:

29.1.1 Assumption (Rank Assumption) The column space of the m x n
matrix A has dimension m.
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Under the Rank Assumption, every basis for the column space of A has m
elements, so we must have n > m, that is, at least as many variables as constraints.
If our original problem involves only inequality constraints, we can convert it into a
problem with equality constraints by adding “slack” variables for each constraint,
which will guarantee that the Rank Assumption holds. Nevertheless, the Rank
Assumption is only used to simplify the analysis and is not crucial. Also, if the
primal has more constraints than variables, then the dual will have more variables
than constraints.

In fact we can find a basis (usually more than one) consisting only of columns
of A. By Proposition 28.6.2 if there is an optimal solution, then there is an optimal
solution that depends only on an independent subset of the columns.

Assume that we have somehow found (in Phase 1) a feasible solution x =
(x1,...,2,) 2 0 of Az = ¢ that depends on a basis {A“,..., A"} of m columns
of A. That is,

n . m
q=> z;A =) x, A%,
j=1 i=1
where
T, 20, i=1,....m, and x;=0forj ¢ {c1,...,cn}

Under the Rank Assumption, in fact, x., > 0, ¢ = 1,...,m. Also the Rank
Assumption, every column A’ is a unique linear combination of the basis columns

{Ae, ... A}, say
A]:ZQJACZ7 jzl,,n
=1

Given this uniqueness, the basis determines x, and so determines p - x. Thus:

The linear programming problem can be thought of as finding
the optimal basis of the columns of A. The simplex algorithm
is a rule for replacing columns in the basis, one at a time, until
the optimal basis is found.

29.1.2 Replacement operations on the simplex tableau

The idea behind the simplex algorithm is to choose the replacement pivot so that
at each stage p - x increases, or at least does not decrease. In order to do this, we
must examine how the tableau changes when we change the basis.
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Start with the following tableau.

AlAZA” q
A tg ot o0 tin | T
Ack tk,l tk,é tk,n xck
Abm tm,l e tm,@ T tm,n Tep,

Bear with me while we see what happens when we pivot on ¢, in order to replace
A% by A’. This replacement will yield the new tableau

Al ... Aé—l AZ Aé—i—l e AP q
[ / / / / !
A iy ot 0 141 0 tig Le,
Cl— / e ! / P / !
A=t it g gt 0 g0y k—1n| Tep,
{ _ Ach / / / / ro_
A" = A% k1 Ueeer 1 e e e ||Tr =2y
k
Ck / e ! / RPN / /
Ak k41,1 ter1o-1 0 Thr1 o1 ktin| Teps
C / / / / /
Acm m,l tm,f—l 0 tm,E—H e tm,n xcm

The new ™ column is the k™ unit coordinate vector €. The new k™ row has

iy

/ .
tk’j_tk,e’ j=1,...,n (1)
(which implies ¢}, , = 1) and
/ xck
p— . 2
ka tk}[ ( )

As for the remainder of the tableau, the new i*® row for i # k has

by

;J =t;; — fre i, J=1,....n (3)
(note that this implies ¢ , = 0) and
x
7%

We can now compute what happens to p-o when A% is replaced by A’. Initially

m
p T = chz‘xci'

=1
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After the replacement,
p : :B/ = chlecl
i=1

Te, m T
= Dr . + chl <xci - kti,f>
Py tre

7% - 7
N~ i#k
x/ :ml ;é x/
£ Cl Cq
m m
Ly, Loy,
= D + Z Pe;Te; — chl ti,ﬁ
tk,@ i=1 i=1 tk,@
ik i#k
m m
JZCk xck ICk
= Dr + (Z Pe; e, _M> - (chl ti,f — D¢, k.l
tk,f i=1 i=1 tk,[ k,l
——
px

The difference is
Te, i
p-a—p-ax="" (pe - chiti!) (5)
the i=1

This suggests the following definition. Given a tableau, define

szzti,jpcw jzl,,n (6)
i=1

The j* column A’ is a linear combination >t jA% of the basis columns
Ac, .., A%, so the value of the linear combination is given by 7; = >, ¢, ipe, -
The value of column j is p;. By (5), we have:

T
p-2’ > p-xif and only if = > 0 and p; > .

k0

29.1.3 Adding a criterion row

Let us keep track of changes in p -z by adding a criterion row to the bottom of
the tableau.

The j* column of the criterion row is 7; — p;, for
j =1,...,n and the last column is p-z = 7" | p., .-
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The tableau now looks like this.

Al A A | g
Aty et e g | Tg
Ack tk,l Ce tk’,ﬁ e tk,n xck
Alm tm,l T tm,é e tm,n Tepp,

ML= Pl T =P Ta — Palp T

N.B. The criterion row is not part of the tableau in the sense that we do not
intend to imply that the vector m — p is used in the basis. Its elements have a
different interpretation, but nonetheless it is easy to update after a replacement
operation.

Using (6), after a replacement operation where A is replaced by A, the new
criterion row must be computed:

m
/ _ / . .
Ty P = th‘,jpc; Dj
i=1

3|l

= Zté,qu + t;.;;’jpf — Dy (only ¢ has changed; c;, =)

7,;1
1#k
“ Lie Ly
=) (ti,j ~ 37 tk,j) De; + . Lpe — p; (use (1) and (3))
i=1 k.l kL
i%k
u tiv 1% (7%
=> (tm‘ - tlw’) Pe; — (tku‘ - tka) Pey + 2P0 = D;
=1 tkj tk,f tkyf
=0
s i j m 2%
= Z ti,jpci - Z ti,ﬁpci + jpﬁ —Dj
i=1 Ukt i=1 Lre
j T
k. j
=(m —p) = (e — pe)- (7)
k.t
Finally, by (5) .
p-a’=p-x—"L(m— p). (8)

2%
Comparing equations (7) and (8) to (3), we see that:

The updated criterion row is also computed from the tableau the
same way as any other row!
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Equation (8) also explains why we use m — p in the criterion row rather than p —.

29.1.4 Choosing the pivot

We want to choose the pivot for the replacement operation to do two things:
1. Increase the value, p - 2’
2. Keep 2/ = 0, and

By assumption, before the pivot operation each x., (the row i entry under q)
satisfies x., > 0. It follows from (5) that to increase the value, we should choose
the column £, so that wy — p, < 0, forthen p-2’ > p-xandp-2’ >p-x
provided z., > 0.

So having chosen a pivot column ¢, how do we choose the pivot row so that,
so that for all i =1,... ,m,

For each row ¢ with ¢; , > 0 compute the ratio

T,
r, = —.
" iy

By the Replacement Lemma 25.10.1 in order to keep 2’ = 0, we need to choose
the pivot row k so that

tk’g >0 and T = min{’ri . ti,g > O}.

(Compare this to the proof of Lemma 2.3.3 and Remark 2.3.4.)

29.1.5 The simplex algorithm made explicit

To summarize, the simplex algorithm is this (but there are many variations):
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The naive simplex algorithm

Step 1. Choose the pivot column j so that

mi—p; <0 for maximization

m;—p; >0 for minimization.

If more than one j has this property, the choice is not crucial,
and should be made for convenience.

Step 2. Choose the pivot row k so that
tk,j > 0,

and

L,

N

= r; for all ¢ such that ¢; ; > 0.

If more than one k satisfies the above criteria, Dantzig [/,
p. 99n.] cites empirical evidence [15] that choosing the one
with the largest t; ; may produce fewer steps.

Step 3. Perform the replacement operation with pivot t;; on the
tableau.

Step 4. Repeat Steps 1-3 until a stopping condition is reached. The
stopping conditions are: (i) Step 1 cannot be carried out, or
(ii) Step 2 cannot be carried out.

o If Step 1 cannot be carried out, then the current z is op-
timal, and p -z (the criterion row entry in the b column) is the
optimal value. (See Proposition 29.3.3 below.)

o If Step 2 cannot be carried out, the problem has no op-
timum, that is, p - x is unbounded. (See Proposition 29.3.4
below.)

This is the algorithm in a nutshell, but there are several remaining issues:

1. How does one get an initial tableau?

This is answered in section 29.4.

2. Must the algorithm stop?

The answer is generically yes. But it may cycle and never terminate. This
appears not to be common, but there is a simple modification, called the
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lexicographic simplex algorithm that is guaranteed to stop and not to cycle.
This is discussed in section 29.7.

3. What happens if the algorithm stops?

This is answered in section 29.3. Briefly, it stops at an optimum if there is
one, or else it stops and gives a proof that no optimum exists.

29.2 How many steps until the Simplex Algorithm stops?

This is beyond the scope of these notes, but let me say, for those of you who
care, that the worst-case behavior of the simplex algorithm is not good. Klee [12]
constructs some badly behaved examples. Klee and Minty [13] show by construc-
tion that if there are n variables and m constraints, there are problems where the
number of steps S(n, m) satisfies

S(n,m) +1

Sn+1,m+1)>2S(n
> kS(n,m)+k— 1.

Sn+2,m+k+1)

Thus
S(n,2n) > 2" — 1.

In practice, though, the simplex method is much better behaved. Let p =
min{n, m}. Adler, Megiddo, and Todd [I] show that for a randomly drawn prob-
lem, the expectation of S(n,m) for the lexicographic self-dual variant of the sim-
plex method is on the order of ;2. (There result requires certain symmetry con-
ditions on the distribution.) Smale [16] proposes a different probability model in
which there is a function ¢ of m such that the expectation of S(n, m) is bounded by
c(m)(Inn)™™+Y  Megiddo [14] refines this by showing that the number of steps
is bounded by a function of . That is, holding either m or n fixed, the other
may grow without changing the upper bound on the expectation. In practice,
Dantzig [, p. 160] reports that it is “rare” to require more than 3m steps.

29.3 The stopping conditions

I first turn to the question of whether the simplex algorithm ever stops. A sufficient
condition for stopping is the following.

29.3.1 Assumption (Nondegeneracy) The m x n matrix A has rank m, and
the vector q cannot be written as a linear combination of fewer than m columns

of A.

29.3.2 Proposition Under the Nondegeneracy Assumption 29.3.1, after each
replacement operation in the simplex algorithm, the value p - x’ is strictly greater
(for a maximization problem) than the previous value p - x. Therefore, no basis is
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repeated. Since there are finitely many bases, the algorithm must stop in a finite
number of steps.

Proof: By equations (5-6),

Le

= (pj — 7))

/
p-x —p-x=
tk?]

But we chose k, j so that m; — p; <0, and t;; > 0. In addition, z., > 0 for all .
Nondegeneracy implies that in fact z., > 0 for all k. Thusp-2' > p - z. |

The lexicographic simplex algorithm described in section 29.7 will always stop,
even in the degenerate case, see Gale [3, Chapter 4, section 7, pp. 123-128] or
Dantzig [4, pp. 234-235]. The remainder of the section is devoted to examining
the two states in which the algorithm can stop.

29.3.3 Proposition (Gale [8, Theorem 4.2, p. 109]) Under the Rank As-
sumption 29.1.1, if the algorithm reaches a tableau with m; — p; = 0 for all
3 =1,...,n, then x is optimal for a maximization problem; and if the algo-
rithm reaches a tableau with m; —p; < 0 for all j = 1,...,n, then x is optimal for
a minimization problem.

Proof: The proof makes use of the dual program

minimize q -y

GRIH
subject to
yAzp
Given the tableau
Al ... A ... A q
Ac tin e by o tin | T
Ack tkz,l Ce tkz,j e tk,n xck
Alm tm,l e tm,j e tm,n Te,,
T—=P|T1—P1 - Tj—Pj " Tpn = PP T
we know that A ... A° are linearly independent. Therefore the m equations

y-A%=p;, i=1,....m
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have a solution y. For j & {c1,...,¢n}, we have from the tableau that

= ;A%
=1
SO m m
Al = Zti,jy CAG — Ztt}jpi =T = pj.
=1 =1

That is,
Ayzp
so y is feasible for the dual. (Remember there are no nonnegativity constraints
on y.)
Now remember that x is given by z; = 0 for j ¢ {c1,..., ¢y }. Thus

m

p-x= chi‘rci = Z(y ’ ACi)xCi =Y- ZACixCi =Y-q,
i=1 i=1 i=1
where the last equality comes from the ¢ column of the tableau. Now recall that
p-x = q -y implies that = is optimal for the primal and y is optimal for the
dual. [ |

29.3.4 Proposition If the algorithm stops with m; — p; < 0, but t; ; < 0 for all
1 =1,...,m, then the primal has no optimum. That is, p - x is unbounded above
on the constraint set.

Proof: If A7, were already a member of the left-hand basis, say j = ¢;, then we
would have ¢; ; = 1, so we know that A7 is not in the basis.
From the tableau

= ZtijjACi and q = Z.ﬁl}ciACi.
i=1 i=1
Thus for any A > 0,

=3, Acz+)\< Zt”ACz> —)\AJ+Z NAS(9)

=1

=0
So define z(\) by
Tj=A T =x, — A fori=1,...,m, and z; = 0 otherwise.
By (9), Az(\) = ¢ and z(\) 2 0 since each ¢, ; < 0. But
p‘%()‘> - )‘pj—i_zpci(xci zg chlxc1+)\(pj chl ,j) =p I+)‘( )
i=1
Since A > 0 is arbitrary and p; — m; > 0, we see that p-z(\) is unbounded above.

Thus no optimum exists. |
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The following corollary deals minimization problems, where the pivot is chosen
to satisty m; —p; > 0.

29.3.5 Corollary If the algorithm stops with 7; — p; > 0, but t;; < 0 for all
1=1,...,m, then p - x is unbounded below.

29.4 Phase 1: Finding a starting point

In order to get started with Phase 2, we need to find a nonnegative x with Ax = q.

Case 1: b= 0.

We can reduce this to an ancillary LP, namely:

minimize 1 -z
zeER™

subject to

Ar+2z=q
20
220

This LP has one important property—Phase 1 is trivial. Indeed

is a feasible nonnegative solution. Applying Phase 2 to the ancillary problem
solves Phase 1.
Case 2: ¢ 2 0.

If ¢ 20, setting z = ¢ does not give a nonnegative feasible starting point. But
we can fix that as follows. If ¢; < 0, multiply the i*® constraint by —1. Then the
constraints become

DAx + z = Dgq,

where D is the diagonal matrix with d;; = 1 if ¢ > 0 and d;; = —1 if ¢; < 0,
so that the right-hand side constants satisfy Dg = 0. We now use the simplex
algorithm to solve the ancillary problem
minimize 1 -z
2ER™
subject to x 2 0, z 2 0, and

DAx + z = Dg.
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Phase 1 is also trivial for this LP:
r=0, z=Dagq,

is a feasible nonnegative solution.

Note that while the solution to the primal remains the same under this trans-
formation, the solution to the dual does not. If y is the solution to the unmodified
dual, then Dy is the solution to the modified dual. That is, the solution to the
original dual is obtained from the solution to the modified dual by flipping the
sign of y; whenever ¢; < 0.

29.4.1 Infeasibility

Phase 1 consists of the application of the simplex algorithm as described in Phase 2
to this ancillary problem, starting as described above. If the optimum (z, Z) of the
ancillary problem has z = 0, then z is feasible for the primal. But if the optimal
z # 0 then the primal has no feasible solution.

Note that if all we want to do is find some solution to a system of inequalities,
we can stop at the end of Phase 1.

29.4.2 Inequality constraints

Often linear programs are not given with equality constraints, but with inequality
constraints, typically like this:

maximize p-x
z€R"
subject to

Az = q

x =20
For some kinds of inequality constraints, Phase 1 is trivial. If all m
constraints are inequality constraints, introduce slack variables zi,...,z, = 0.

Let A; denote the i row of A. There are four cases, depending on the sense of
the inequality and the sign of ¢;.

Replace A; -z < g where ¢; > with A, -2+ 2z, = ¢;.

< 0
Replace A;-x > —¢q; where ¢ >0 with A; -z — 2z = —q¢,.

Then an initial feasible solution is given by
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On the other hand, if we have one of these cases, then Phase 1 is nontrivial,
and we have to introduce auxiliary variables u:

Replace A;-x ¢; where ¢ >0 with —A;-x— 2z +u; = q;.
0

<
Replace A; -z > g; where ¢; > with A —zi +u; = q.

Then an initial feasible solution is given by

but now we must minimize 1 - u in order to find a feasible solution of the original
problem, where u = 0.

29.5 A worked example

The first example illustrates how a problem involving inequalities can combine
Phases 1 and 2.
maxginmize 201 + 429 + 3+ 24

subject to z1 > 0,...,24 > 0, and

21’1"‘ T2 <3
$2+4LE3+$4<3
I1+3(E2 —|—ZE4<4

To convert this to a problem with equalities, introduce three slack variables zq,
z5, and z3, and write the problem as

rnax}cmize 201 +4x9 + 23+ x4 + 021 + 029 4+ 023

subject to x1 > 0,..., 24 > 0, 21, 29,23 > 0, and
2.%‘1+ i) + 21 =3
ZE2+4IL'3—|—1'4 —|—ZQ :3
r1 + 329 + T4 + 23 =4

Since the right-hand side is already nonnegative there is no need to multiply any
rows by —1. Moreover, the right-hand side provides a ready made feasible vector:
r1=---=x4 =0, 2y =3, 29 = 3, z3 = 4. The columns corresponding to these
three slack variables are simply the three unit coordinate vectors. This makes it
especially easy to create a starting tableau with these three vectors as the basis in
the left-hand margin. But since the three slack variables are in a sense artificial, it
is customary to segregate the columns corresponding to them. Finally, note that
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by introducing three new variables, we must extend the p vector to include three
zero components. This makes the computation of the criterion row especially easy.
Here then is the initial tableau.

De, a a* a’> a*|le e e’|lq

Initial tableau

ofe'/ 2 1 0 01003 3

ol 0 1 4 1[0 1 03] 3

oe®| 113 0 10 0 1)4|11
—2—-4-1-1/0 0 0/[0

Notice that the tableau is obtained by filling the matrix inequality with an identity
matrix to the right. The criterion row m — p is just —p, as everything is expressed
as a linear combination of e!, €2, e?, which have zero prices associated with them.
To help you keep track, I have placed the “prices” p., associated with each row in
the far left margin.

Since we are maximizing, we look for a criterion row entry that is strictly
negative. We may as well choose the most negative column, but that is not

essential. It corresponds to the column a?.

Now to choose the row, look at the ratios of the ¢ column
entries (the current x,z) to the positive a® entries, and
choose the smallest ratio. For convenience I have put
these ratios in the right-hand margin.

In this case the smallest is 1% < 3. Thus we want to replace e* by a?, as is
indicated by the rectangle around the pivot above.
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The new tableau is given below, and the next pivot is indicated.

Pe, al a2 a3 atll el e2 3 q
Replace €2 by a?:
olet|| 12 0 0—3|| 1 0 —3|12
oje?l| =3 0 [4] 2| o1 -}l 2
al® 51 0 3| 00 3|13
—20-1 | 00 13|53
Replace e? by a:
ole'|[[12/ 0 0—3|| 1 0 —3|I13] 1
1a® —1—120 1 % Oi—%%
ald®l| 51 0 3| 00 3|15] 4
—3 0 0 3| 03 1753
Replace e! by a':
ala’| 10 0-% 20 =3[ 1
a®| 00 1 2| % + -1 3
ald®ll 01 0 2[|—£ 0 2|1
00 o &l & 11kl

The algorithm stops here because the criterion row has no more negative entries.
Note that we have replaced all the unit coordinate vectors by columns of A.

Warning! The solution (z, z) can now be read off from column ¢, but remem-
ber that those numbers are the coefficients on the corresponding left-hand basis
element, and that basis is in no particular order, so read them with care! If the
basis element in the left-hand column of row ¢ is a, then the right-hand column
value (under ¢) is Z., the ¢! coordinate of Z, not z;, the i® coordinate! If the
basis element in the left-hand column of row ¢ is e, then the right-hand column
value (under q) is z., the ¢! coordinate of z, a slack variable.

The solution we have found is

,Zf'4:0,

N[ =

i’l:]-a j2:17 j:?):

and the value p - 7 is 6%.
Let me just verify that this satisfies the constraints:

2(1)+1(1)+0(2)+0(0) =2+14+04+0=3
0(1)+1(1)+4(3)+1(0) =0+1+2+0=3
1(1) +3(1) +0(3)+1(0) =1+3+0+0=14
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Now you either have to redo these calculations yourself or put your faith in
the computer program that I wrote to produce these tableauz. I don’t recommend
the latter, as I am a notoriously poor programmer. But you don’t need to do the
former either. Remember that I told you that it is enough to find a solution to
the dual that yields the same value. And here is the surprise I have been saving:

The criterion row entries under the unit vectors comprise
a solution to the dual program.

That is,
N
207 7J2— y3_ 9

h= s 10
solves the dual problem, which is

miniymize 3y1 + 3y2 + 4ys

subject to
21 + ys =2
Y1+ Y2+ 3ys = 4
+ 4y > 1
Y2+ ys =21

Now it is easy to verify that
q-§=3(3)+3(3) +4(1%) =15 + 2 + 42 = 63.

has the same value as primal, and I leave it to you to verify the feasibility. But I
can tell you right now that the first three inequalities will be satisfied as equalities
(since the dual variables 1, T, Z3 are strictly positive), and the fourth inequality
is likely strict (as z4 = 0).

I changed my mind. Here is the verification that g is feasible for the dual:

2z) +0(3) +1055) = 5+ 0+155 =2 =2
o) +1(3) +301%) = m+i+355 =4 =4
0(zp) +4(1) +0(1g) = 0+1+ 0=1 =1
0(35) +1(1) + 1(155) = 0+ 5+155 = 15> 1

Now either this is an incredibly contrived example, or else there is something
magical I haven’t yet told you about the simplex algorithm. It’s the latter.
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29.6 The simplex algorithm solves the dual program too

The simplex algorithm applied to the following sort of problem also computes a
solution to the dual program.

maximize p-x
reER"

subject to

&
v
o

The dual program is
mlyrglr%rrll}ze q-vy
subject to
Ay zp

As we saw in the last section, the initial tableau can be written

Al A el e g

e} TREREEEEES ain||1 0o 0 b,
| 0.

em a%l ....... an:w 0..... 0 .'1 .

T—pll—pp- —pnll O 0llo

Assume for now that the simplex algorithm enables us to replace all the coordinate
vectors with columns of A. Without loss of generality, by rearranging the rows
and columns of A if necessary, we can assume the algorithm stops in the following

configuration, which has the property that ¢; =¢ fori =1,...,m.
Al Am o AmEL An el ... em || ¢
Al 1 0. 0 Bl e t1n S1,1 St || T
0 '
Am | 0..... . 01 tmﬂlnﬂ ........ trr;,n 577:1,1 o Smm T,
T—pl 0oevnnnn 0 st — Pmgt - Tn — Dnl| Y1 - - Ym |p- 2

There are three key observations to make here.
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..........

the use of the Gauss—Jordan method for inverting a matrix.)

2. By construction of the criterion row, the y;’s satisfy
m

yk:Zsiykpi k=1,...,m.
i=1

3. For j > m, we have 7; > p;. (Otherwise the algorithm would not stop here
with an optimal x.)

Thus, as in the proof of Proposition 29.3.3, for 7 = 1,...,m we have
y A=Yy = ( Si’kpi> arg = pi ) (sipang) =Y pidij = pj,
k=1 k=1 \i=1 =1 k=1 i=1

where the penultimate equality follows because [s; ;| is the inverse of A,,,,. For
J>m,

y-A=y- th‘,in = th‘,jy AN = Zti,jpi =m; = pj,
=1 =1 =1

by the third observation. In other words,
Ay z p,

so y is feasible for the dual program.
In addition,

q-Yy= <Z$1Az> Y= ZIZ(AZ y) = Z%’pi =p-T
i=1 i=1 =1

since x; = 0 for j > m. Thus p-x = ¢ -y, so y is optimal.

29.6.1 Solving the dual with inequality constraints
The same technique also solves the dual for problems of the form

maximize p-x
rER"

subject to

Az < q
20
The dual program is
minimize q -y

yeER™
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subject to y = 0 and
Ayzp

Instead, we introduce a vector z of slack variables and solve the following
problem:

maximize p-x+0-z
2ER", z€R™

subject to

Ar+1z=q
20
220

The dual program is
minimize q -y

yeR™

!
4 y 2 P
I 0

with no sign constraints on y.

Our algorithm applied to this problem produces vectors z, z, and y that sat-
isfies -y =p-2(+0- 2), and y[A, I| 2 [p,0]. But this implies yA = p and y = 0,
so the computed solution y to the dual of the equality case also solves the dual
for the inequality case.

29.7 Degeneracy, cycling, and the lexicographic simplex
algorithm

Proposition 29.3.2 shows that the simplex algorithm must stop if the linear pro-
gram is nondegenerate. But verification of nondegeneracy is difficult. This is
unfortunate, as the next example shows that the naive simplex algorithm can cy-
cle and never stop in the degenerate case. However there is a simple modification,
the lexicographic simplex algorithm, that will stop even in the degenerate case.

29.7.1 A cycling example

The first example of cycling in the simplex algorithm is due to Hoffman [11].
Beale [2] constructed the following simpler example of cycling. (See also [/,
pp. 228-230].) The problem is to

maximize %xl — 15025 + %l'g — 624
x
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subject to x = 0, and

1

Tr1 — 60z — 5ox5 + 92y <O
s11 — 902y — 55 + 3w < 0
+ I3 < 1

Introducing slack variables z and setting them to the right-hand side constants
leads to the tableau shown in Table 29.7.1. The algorithm was implemented to
choose the pivot column with the most negative value in the criterion row, and
when more than one row minimized the ratio, the first row to do so was selected
for the pivot. As you can see, the seventh tableau is the same as the first, so the
algorithm is doomed to repeat itself.

A peculiar (and nongeneric) feature of this problem is that the tableau always
gives a choice of two pivot rows, and the minimum ratio is always zero. Indeed
the proof of Proposition 29.3.2 shows that a zero ratio is necessary for cycling.

29.7.2 The lexicographic simplex algorithm

Dantzig, Orden, and Wolfe [5] provide a pivot choice rule that will not cycle.
Their rule for choosing the pivot row is lexicographic. To use it, we need to use
an extended tableau with an identity matrix spliced in to the left of the ¢ column.
(You will probably want this anyway to compute the solution to the dual.) Here
is a typical tableau:

A1 Aj A" 61 c..oem q
A tig -0ty o tin |[S11 o Sim|| Te
c
A k th Ce tk,j e tk,n Sk,l “e Sk,m xck
Acm tm,l e tm,j e tm,n Sm,l e Sm,m -Tcm
T—=Pp||T1—=P1 " T5 —=Pj " Tpn —Pn|| Y1 " Ym ([P T

The rule for choosing the column k is this
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pe | @ @ @ o & &

Initial tableau

olet| [5] —60 =% of 1 ool o
0|e? 3 -9 —% 3 0 100 o
ofe? 0 0 1 0 0 0 1|1
-3 150 — 55 6 0 0 0f0
Replace e! by a':
3la! 1 —240 —5 36 4 0 ofo
o|e? 0 2 -15( -2 1 0|0 o0
o|e? 0 0 1 0 0 0 11
0 —30 — % 33 3 0 0|0
Replace e? by a?
3lat 1 0 |5:| -84 =12 8 0[|]0| ©
~150{a? 0 1 & -3l - % 0o o0
ole? 0 0 1 0 0 1] 1
0 0 -2 18 11 oo
Replace a' by a®:
=|a%|| 3% 0 1-2625||-375 25 0|0
“150|a?|| — 2L 1 0 L —L olo] o
o|e3|| —33% 0 0 2623|| 373 —25 11| 5
3 0 0 =3 -2 3 0[]0
Replace a2 by a*:
Lla®|-62% 10500 1 0 —150 0ll0] 0
—s|at]| -1 40 0 1 £ =2 o0[o] o
ole*|| 621 —10500 0 0| =50 150 1|1
-3 120 0 0| —1 1 oo
Replace a® by el:
ofe’|| =13 210 & 0 1 =3 0|0
Sefat]| L 30— 1| 0 ofo] o
ofe? 0 0 1 0 0 0 1|1
-12 330 % 0 0 —2 0][0
Replace a* by e?:
0| et T —60 —5 9 1 0 0]0
0| e? i =90 —% 3 0 1 0|0
o|e? 0 0 1 0 0 0 11
-2 150 — 5 6 0 0 0[]0

Table 29.7.1. Beale’s cycling program.
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Lexicographic rule

Choose the pivot row k so that
tk,j >0

and the vector

o Ley, Sk,1 Sk,m
T = S T ey
thy tky 2%

is lexicographically minimal in {r; : ¢;; > 0}.

This differs from our previous rule, which only looked at the first component of
these vectors. The proof that this rule works is not hard, and may be found
in Gale [8, Chapter 4, section 7, pp. 123-128] or Dantzig [/, pp. 234-235]. In
practice, it appears that cycling is not a problem. Charnes [3] deals with the
problem of cycling by slightly perturbing g.

29.7.3 Lexicographic simplex example

Here is the lexicographic simplex method applied to Beale’s example. I have
placed the entire r; vector in the right-hand margin. (This is not computationally
efficient—if you have tens of thousands of variables, you don’t want to compute
these extra ratios unless you need them all to break ties.)
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Pe; at @ @ at|et & & ¢
Initial tableau
1 1
ofe'|| § —60 —5= 9|1 0 0| 0/0/400
1 1
ofe’| |5] =90 —z 3|l0 1 0| 0/0/020
ole3]| 0 0 1 00 0 1 1
3 1
—3 180 —z5 6/ 0 0 0O O
Replace €2 by a':
oler|| 0 =15 -3 75| 1—5 0] 0
1
%al 1 =180 —5 6|0 2 0ff 0
ol 00 [1] oo o 1| 1]1/001
1 1 1
0 15 —55 105 0 15 0] 0
Replace €3 by a:
ofe!|| 0 =15 0 73| 1—3 5|5
1 1
%al 1 —180 0 6|0 2 5| 5
1
=@’ 0 0 1 00 0 1
0 15  0105)| 0 15 55| 5

There is no pivot column, so the current basis is optimal. A solution is

1(35) = 60(0) = 55(1) +9(0) = 355 +0 — 55+ 0 = —55 <0
3(35) = 90(0) = (1) +3(0) = 77 +0—5+0 = 0=0
0()+0(0) +1(1) +0(0) = 0404140 = 1=1.
Thus a solution is
r=(% 0, 1, 0)

3(£)—150(0) + (1) = 6(0) = 2+ 0+ & +0 = .
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A solution to the dual is

Recall that the dual problem is
miniymize Y3

subject to y = 0 and

it g = 3/
— 60y, — 90y, = —150
—5y1— 52 +ys = 1/50

91+ 3y2 = 6.

Check that the value of the dual is

0(0)+0(13) + 1(5) =040+ 55 = .

Now verify the feasibility of the dual.

H0)+1(13)+0(z5) = 0+3+0 = 2= 3
—60(0) —90(13) + 0(%) = 0— 135+ 0 = —135 > —150
HO -G =0-F+k = F= &
9(0) +3(13) +0(z5) = 04+45+0 = 41> —6.

29.8 The simplex algorithm and vertexes

The simplex algorithm works by taking a feasible solution expressed as a linear
combination of the columns of A and one-by-one replacing elements of this basis
until an optimal basis is found. It turns out this rather abstract explanation has
a nice geometric interpretation. According to Proposition 28.7.1 in Section 28.7,
basic feasible solutions to

Ar =q
0

8
v

are vertices of the polyhedron of feasible solutions. We shall show below in ******

that a pivot operation takes us from a basic solution vertex to a neighboring
solution vertex. But first let’s look at a simple example that I can partially draw.
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Consider the following inequality-form linear program with two variables and
nine inequality constraints:

maximize T+ o
x

subject to x 2 0, and

—dri14+ 20 < 0
1 —4r9 < 0
=214+ a9 < 2
T, —2r9 < 2
—x1 4279 <10 (10)
2r1— x9 <10
—x1+3r9 <17
3r1— x9 <17
1+ 22 <15

The solution set of the inequalities is the polytope P shown in Figure 29.8.1.

(7,8)

Figure 29.8.1. The polytope P is the set of feasible solutions to the linear
program (10).

The dual program is

miniymize 2ys + 2y4 + 10y5 + 10ys + 17y7 + 17ys + 15yo
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subject to x = 0, and

—dyi+ Yo—2ys+ Ya— Ys— Ys+3yr —ys+yo =1 ()

y1—4ya+ Y3 —2ys+2ys +2ys — yr+H3ys+yo =1

But to use the simplex method, we want to rewrite this as system of equations
rather than inequalities, so we add nine slack variables z1,...,z9 and write the
constraints as

—4x1+ 12 +2 =0
1 —4x + 25 =0
=211+ T +2z3 = 2
T1— 2o +24 = 2
—x1+2x9 +25 =10 (12)
21— X9 +26 =10
—x1+32 +2z7 =17
3T — Tg 423 =17
1+ o +2z9 =15
or
10t 4+ 200 4+ 21t + - + 29€° = ¢, (13)
where - - o
—4 1 0
1 —4 0
-2 1 2
1 —2 2
a'=|-1|, a=|2], ¢=|10|,
2 -1 10
-1 3 17
3 -1 17
1 1] 115

and €’ is ™™ unit coordinate vector in R’. We are now in an eleven-dimensional
space, but the solutions to (13) and (10) are in one-to-one correspondence. Indeed,
the set P of solutions to (13) constitute a two-dimensional polytope in R' given
as follows. Define the (linear) mapping z: P — R” by solving (12) for each z; in
terms of © = (x1,x2), and then the set P solutions is just

P = {(as,z(z)) :x € P}
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A point (z,2) in P is a vertex of P if and only if z is a vertex of P and z = z(z).
A starting point for the equality version is to write ¢ as linear combination of
the standard basis vectors by setting x1 = 2o =0 and z; = ¢;, fori =1,...,9.
The following is the initial tableau. The criterion row is simply —p, and we
search it for negative entries. As you can see, there are two negative entries in
the criterion row. Let’s start by choosing to pivot on the first one.

Initial tableau, with first pivot boxed :

Pe, al  a? el @2 B et @B 6 T 8 Y q
ole!| —4 1 1 0 0 0 0 0 0 0 0f 0
ole? —4 o 1 0 0 O 0 0 0 O0f 00
ole|l -2 1 o 0 1 0 0 0 0 0 O0f 2
ole| 1 -2 0 0 0 1 0 0 0 0 O0f 22
ole’|| -1 2 o 0 0 0 1 0 0 0 010
olell 2 —1 o 0 0 0O O 1 0 0 O0fT10|5
ole| -1 3 o 0 0 0O 0 0 1 0 O0]}17
olef| 3 -1 o 0 0 0 0 0 0 1 0] 1752
olel 1 1 0O 0 0 0 0 0 0 0 1]1515

-1 -1 o 0 0 0O 0O 0 0 0 O0f o0

Note that a' and a? are missing from the initial basis (given in the left-hand
margin), so (x1,x2) = (0,0).

Replace e? by a', and choose new pivot:

De; al CL2 61 62 63 64 65 66 67 68 69 q
ole!l| 0 —15 1 4 0 0 0 0 0 0 0] 0
a'l| 1 —4 O 1 0 0 0 0 0 0 01 0
oled|| 0 -7 o 2 1 0 0 0 0 0 0] 2
ole| 0 O -1 0 1 0 0 0 0 O0f 2 1
ole’| 0 =2 o 1 0 0 1 0 0 0 0110
olel| 0 7 0O -2 0 0 0 1 0 0 0]} 10 13
ole™| 0 -1 o 1 0 0 0 0 1 0 01|17
ole| 0 11 0O -3 0 0 0 0 0 1 o0f171&
ole’ll 0 5 O -1 0 0 0 0 0 0 1|15 3

0 —5 O 1 0 0 0 0 0 0 01 0
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Now a' has been added to the new basis (given in the left-hand margin), but its
coeflicient (read from the column under q) is zero, so still we have (z1,x2) = (0,0).

Now replace e* by a? and choose next pivot:

DPe; al (L2 61 62 63 64 65 66 67 68 69 q
ole!ll 0 0 132 0 7 0 0 0 0 0]15
tla| 1 0 0o -1 0 2 0 0 0 0 0 4
ofe?ll 0 0 0-13; 1 3 0 0 0 0 0] 9
a?| 0 1 0O -3 0 1 0 0 0 0 O0f 1
ole®l 0 0 o 0 0 1 1 0 0 0 012
oleSl 0 0 014 0-35 0o 1 0 0 0] 3 2
ofe”| 0 0 o 5 0 1 0 0 1 0 0] 18 36
ofe®| 0 0 0 23 0-5; 0 0 0 1 0]} 6f22
ole’l 0 0 0 14 o0-22 0 0 0 0 1] 10 62

0 0 0—-1; 0 25 0 0 O 0 O0f 5

Now we have brought both a! and a? into the basis, with coefficients z; = 4 and
xo = 1. Note that (4,1) is a vertex of the polytope in Figure 29.8.1. (We also
have z; = 15, 23 = 9, etc.)

Next replace € by e? and get the next pivot:

1

[\

1

[\
w

4

t
=]
N
co
©

De; a a e e (& e (& e e (& e q
ol 0 0 1 0 0 -2 0 25 0 0 0]} 22
a1 0 o 0 0 -3 0 2 0 0 0 6
o/ 0 0f 0 0O 1 0 0 1 0 0 012
ila®| 0 1 0 0 0 -2 0 % 0 0 0 2
o/ 0 O] 0O 0O 0O 1 1 0 0 0 0] 12/ 12
ole?|| 0 0 0 1 0-25 0 2 0 0 0| 2
o’/ 0 0| 0o o0 0 12 0 -% 1 0 0| 17 10}
ole®| 0 0 o 0 0 & 0-12 0 1 0 1] 3
o/ 0 0| 0o 0O O 1 0-1 0 0 1| 7 7
o 0 0o 0 O0-1 0 1 0 0 O0f 8
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Now we have (x1,z5) = (6,2), which is the next vertex of the polytope.

Replace €® by e* and get next pivot:

Pe, al a2 el 02 3 eh g5 o6 T 8 9 q
ole!| 0 0 1 0 0 0 0 -1 0 2 0] 24
el 1 0 o 0 0 0 0 -1 0 1 0| 7
ol 0 0 o 0 1 0 0 1 0 0 0] 1212
1a?|| 0 1 o 0 0 0 0 -3 0 2 0| 4
ole’| 0 0 o 0 0 0 1 5 0 -3 0| 912
ole?| 0 0 o 1 0 0 0-11 0 7 0 9
ole™| 0 0 o 0 0 0 0 8 1 -5 0| 121}
olet| 0 0 o 0 0 1 0 -5 0 3 O0f 3
ole?| 0 0 0 0 0 0 O 0 -3 1 4 1

0 0 o 0 0 0 0 —4 0 3 0f11
Now we have (z1,x2) = (7,4), which is the next vertex of the polytope.

Finally, replace € by €% to get:

Pe. al a2 el @2 B et @B 6 T 8 9 q
ole!l[ 0 0 1 0 0 0 0 0 o0 12 14025
a1 0 o 0 0 0 0 0 o0 X 138
ofe?ll 0 0 o 0 1 0 0 0 0 2 —3|1
a?| 0 1 o 0 0 0 0 0 0-% 3907
ole’l[ 0 0 0o 0 0 0 1 0 0 2-1i] 4
ole?| 0 0 o 1 0 0 0 0 0-13 23] 20
ofe™| 0 0 o 0 0 0 0 0 1 1 =21 4
ole*| 0 0 o 0 0 1 0 0 0 -2 111 8
ole| 0 0 o 0 0o o0 o0 1 o0-3 1l

0 0 0o 0 0 0 0 0 0 0 1115

There is no pivot column, so the current basis with (x1,z5) = (8,7) is optimal. A
solution is

(x1,22) = (8,7) and z = (25,20, 11,8,4,1,4,0,0).
The value is 15.
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You can see that after the initial steps, we moved along the vertexes of the
solution polytope for the inequality program in x to a solution at a vertex. Actu-
ally, we moved along adjacent vertices of the equality polyhedron in the eleven-
dimensional (x, z)-space. I wish I could draw a picture to illustrate that, but I
can’t. I'll give an algebraic proof below in Proposition 29.9.2.

By the way, the solution to the dual can be read off the bottom row under the
el, ..., e vectors. Tt is y = (0,0,0,0,0,0,0,0,1) and gives the value 15.

Now let’s go back and see what would happened if we had chosen the other
eligible column for the first pivot.

Initial tableau, with first pivot boxed :

Pe; a1 a2 61 62 63 64 65 66 67 68 69 q
ole!|| —4 1 0 0 0 0 O O 0 o0} oo
ole?|| 1 —4 o 1 0 0 0 0 0 0 0 0
ole?| =2 1 o 0 1 0 0 0 0 0 0] 2 2
ole| 1 -2 o 0 0 1 0 0 0 0 0] 2
ole’]| -1 2 O 0 0 0 1 0 0 0 0]10 5
oleS]| 2 -1 O 0 0 0 0 1 0 0 0]10
ole”|| -1 3 0o 0 0 0 0 0 1 0 o0]f1752
ole®|| 3 -1 o 0 0 0 0 0 0 1 0]17
ole?] 11 0 0 0 0 0 0 0 0 1|15/ 15

-1 -1 o 0 0 0 0O 0O 0 0 O0f o0
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As above, the initial z is (x1, z2) = (0,0).
Replace e! by a? and select next pivot:
De; 0,1 CL2 61 62 63 64 65 66 67 68 69 q
1la?]| -4 1 1 o 0 O 0 o 0 0 O 0
ole?| =15 0 4 1 0 0O O 0O 0 0 0 0
o|e? of -1 0o 1 0 0 0 0 0 0 2 1
ofet| =7 0 2 0 0 1 0 0 0 0 O 2
0| €° 7 0 -2 0O O O0O 1 0 0 0 0] 10 1%
ofef] =2 0 1 o 0 O O 1 0 0 01]10
ofe’| 11 0| -3 0 0 0 0 0 1 0 0|17 1%
ofe®] =1 0 1 0 0 o o o o0 1 017
o| €” 5 0f-1 0 O O 0 O 0 0 11|15 3
-5 0 1 o 0 o0 0 o0 0 0 0 0
And still (zq,22) = (0,0).
Replace e by a' and select next pivot:
De; CLl CL2 61 62 63 64 65 66 67 68 69
1|a? 0 1 -1 0 2 0 0 0 0 0 O
0| €2 0 o|-3 177 0 0 0 0 0 O0f]15
1lat 1 0 - 0 2 0 0 0 0 0 0 1
ofe*/ 0 O0fj-13 0 3; 1 0 0 0 0 0| 9
o|e® 0 0 13 0-32 0 1 0 0 0 O 3 2
0| €° 0 0 o o0 1 0 0 1 0 0 0] 12
of €’ 0 0 22 0-5. 0 0 0 1 0 0 6| 22
ofed]| 0 0 5 0 5 0 0 0 0 1 0] 18 36
ol 0 0] 13 0-25 0O O O O 0 1| 10|62
0 Of-13; 0 2, 0 0 0 0 0 0] 5

Now we have brought both a! and a? into the basis, with coefficients z; = 1 and
xo = 4. Note that (1,4) is a vertex of the polytope in Figure 29.8.1. (We also
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have z; = 0, 2o = 15, etc.)

Replace €’ by e!, get next pivot:

Pe, al CL2 61 62 63 64 65 66 67 68 69
e 0 1 0o 0 -3 0 2 0 0 0 0
oe*/ 0 0f 0 1 -2 022 0 0 0 0|22
et/ 1 0| 0 0 -2 0 & 0 0 0 Of 2
oe/ 0 o0f 0 0 0 1 1 0 0 0 012
ole!l| 0 0 1 0-23 0 2 0 0 0 0} 2
o/ 0 0| 0 0 1 0 0 1 0 0 0|12 12
oe™ 0 0| 0 0 4 0-12 0 1 0 oOf 1 3
ofed]| 0 0 o 0 1 0 - 0 0 1 0| 17/ 10%
oe®f 0 0| 0o 0O 1 0-1 0 0 0 1| 7 7
0o 0| 0 0-1 0 1 0 0 0 O0f 8

Now (x1,x9) = (2,6), which is the next vertex of the solution polytope.

Replace €7 by €3, get next pivot:

De, CLl CL2 61 62 63 64 65 66 67 68 69
1a?| 0 1 o 0 0 0 -1 0 1 0 0
ol 0 0 o 1 0 0 -1 0 2 0 024
at| 1 0 o 0 0 0 -3 0 2 0 0] 4
ofe*| 0 0 o 0 0O 1 1 0 0 0 0] 12512
olet| 0 0 1 0 0 0-11 0 7 0 0 9
ofeS] 0 0 o 0 0 0 5 1 -3 0 0| 91
ol 0 0 o 0 1 0 -5 0 3 0 0] 3
ofe*| 0 0 o 0 0 0 8 0 -5 1 0] 1211
ol 0 0 0 0 0 O 0 -3 0 11 4/ 1
0 0 O 0 0 0 -4 0 3 0 011

This gives (21, x2) = (4,7), which continues on to the next vertex of the solution
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polytope.

Replace € by €® to get:

Pe; al a2 61 62 65 64 65 66 67 68 69

a?| 0 1 o 0 0 0 0 0 I 0 1
ole?l 0 0 0o 1 0 0 0 0 12 0o 1] 25
tla* 1 0 o 0 0 0 0 O0-r o 232/ 7
ofet| 0 0 o 0 0 1 0 0 32 0 —-7|1
olet| 0 0 1 0 0 0 0 0-13 0 2320
ole®ll 0 0 o 0 0 o0 o0 1 2 o0-11) 4
ole®l 0 0 o 0 1 0 0 0-=3 0 13] 8
ole® ]l 0 0 o 0 0 0 0 0 1 1 -2| 4
ole®| 0 0 o 0 0 0 1 0-3 0 1] 1
0 0 o 0 0 0 0 0 0 0 1]15

There is no pivot column, so the current basis is optimal. We finish at the vertex
(x1,22) = (7,8), so a solution is

x = (7,8) and z = (20,25,8,11,1,4,0,4,0).
The value is 15.

29.9 The Simplex Algorithm jumps to an adjacent vertex

we now show that the pivot operation in the Simplex Algorithm moves from vertex
in the solution polyhedron to an adjacent vertex. But first we have to define what
we mean by an adjacent vertex.

29.9.1 Definition If x and y are vertices of a polyhedron P, then x and y are

adjacent of P if the line segment [z,y| is an edge, meaning an extreme subset
of P.

29.9.2 Proposition Let x be a vertex of the contraint polyhedron
C={220:A4z=q}.
The replacement operation used by the Simplex Algorithm in a tableau for
Ar =q

with a basis in the left-hand column produces a vertex x’ that is adjacent to Z.

v. 2020.01.09::16.43 src: LPComputation KC Border: for Ec 181, 2019-2020



Ec 181 AY 2019-2020
KC BORDER THE SIMPLEX METHOD 29-35

The following proof is taken from Dantzig [!, Theorem 4, pp. 155-156].

Proof: We know from Proposition 28.7.1 that x is a basic nonnegative solution
to Ax = q. As in that proof, by rearranging the columns of A we may assume
without loss of generality that for some k, x = (xy,...,2%,0,...,0), and that
Al ..., AF are independent, z; > 0 for j =1,...,k, z; =0 for j > k and

k
q= Z xjAj.
j=1

Again, by renumbering if we must, we may assume the replacement operation
replaces A' by A*™' which yields the vector 2/ = (0,2}, ...,2},,,0,...,0), where
2% >0 for j > k+1, and

k+1

=) x;Aj.
=2

By construction of the Simplex Algorithm, the point z’ is a basic nonnegative
solution, that is, a vertex of C.

Aside: Here is a finicky point. We know that 2}, > 0. Why? Because if z;_; = 0,

then g = Z?izl a;;-Aj = Z§:1 x;Aj. But Ay, ..., Al are independent, so the coordinates

of g are unique, so 2’ = . But 21 > 0 and 2} = 0, a contradiction. Therefore 2}, > 0.
We will use this below when we define the scalar u.

Now since A', ..., A¥ are independent, by the Replacement Lemma 25.7.1
there is a unique solution a = (ay, ..., ) # 0 to

k
> Al = AR (14)
j=1

Next let y = (1 — \)z + A2’ belong to the segment [x, 2']. Then y; = (1 —\)z,
Ykt1 = AZ) 1, and y; = 0 for j > k + 1. This suggests we define

M={2e€C:2=0, j>k+1}.

Tt is clear that z,2’ € M, so we have just shown that the segment [z,'] is
included in M.

Now let z = 0 be an arbitrary vector in M. Since z belongs to C' we have
k41 k

S A == Y
j=1 j=1

SO

Z((L’j — Zj)Aj == Zk+1Ak+1. (].5)

J=1
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There are two cases: (1) zxr1 = 0, and (2) 241 > 0.
In Case (1), zx41 = 0, since A', ..., A* are linearly independent, (15) implies
that z = z. In Case (2), divide (15) by 241 to get

k
Z Lj— ZjAj — Ak'H.
j=1 Zk+1
Then by (14), for any such z we must have ijk—j = aj, or
Zj :ij_a_-/jzk—i—l: j: 1,...,]{5. (16)

That is, z is determined by zx,1. Note that (16) holds even if z;; = 0.
As a special case, letting =’ replace z, we have

! — / -
T =x5— Ty, J=1,..k. (17)
Set
_ Rk+1 o /
= — ) S5O0 Zp4+1 = UTpyq,
Lht1

and multiply (17) by p to get

Ty = pTj — POGTY g = P — Q2

and subtract this from (16) to get
2j = PTG = Tj — PTj — Q2 + UOG T,

which reduces to

zj=(1—pz; +pxl, j=1,... k
Also note that

Zhp1 = Uhyy = p g + (1= 1) Tpa,

——
=0

and of course

zi=1=Nz; + A =0, j>k+1

This proves that any z € M C C satisfies

z=(1—pz+ pa’

and so lies on the line through x and z’. But x and 2’ are extreme points of C, so
in fact z lies in the segment [z,2'] C M.? This proves that [z, '] is an extreme
subset of C', so 2’ is adjacent to . |

2If say pu > 1, then 2’ is a convex combination of z and z, contradicting the result that 2’ is
a vertex.
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29.10 The Simplex Algorithm is a steepest ascent method

Cf. Dantzig [, Section 7.2, pp. 56-160].

SKokoskofokoskoskokok skoRokoskoskok

29.11 Why is it called the Simplex Algorithm?

See Dantzig [, Section 7.3].
A A F A A

29.12 More worked examples
Just as a picture is worth a thousand words, a good example is worth several
pages of dense notation.
29.12.1 Minimization with equality constraints
Consider the following problem.
minixmize r1+ 619 — Txs + T4+ Dxs

subject to x = 0, and

oxr1 — 4xe + 1323 — 224 + x5 = 20

T1— To+dr3— x4+ 5= 8

Since the constraints take the form of equalities, no slack variables are necessary,
but there is no obvious starting point. So in Phase I, we introduce nonnegative
artificial variables u; and us, and proceed to solve the ancillary problem

minimize uy + uo
subject to x 2 0, u = 0, and
5r1 —4xo + 1323 — 224+ x5+ Wy =20
Ir1 — $2+5l’3— Ty + Ts + Uy = 8

Since we require that v = 0, the minimum of u; + us > 0, with equality only
if u; = uy = 0. Thus if the solution to this LP has value zero, we will have
succeeded in finding a feasible solution to the original problem. The virtue of
this ancillary problem is that there is an obvious starting point: set x = 0, and
setting u = (20, 8) (that is, set u to the right-hand side). The criterion row is
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based on the artificial price vector indicated in the left margin of the tableau, and
is searched for positive entries.
Here is the initial tableau.

De, at a? @ at || e €?|| ¢

Initial tableau
et 5 —4[13] =2 1] 1 0] 20| 1%
e?| 1 -1 5 -1 1] 0 1} 8 12

6 -5 18 -3 2| 1 1| 28

Replace u! by a®:

3 5 _ 4 _2 1 1 e
0)a 13 13 5 13| 3 Ol 20
20 12 7 _3 |85 4 1
Lu 13 13 13 | 13 5 1| | 2

12 1 g_3 s8|_5 4| 2

13 13 13 13| 13 13

Replace u? by a:

3 1 3 1 1 1 1
o’ 3 —5 1 —g 0 55|13
5 1 7 3 5 5 1
oja’j—13 § 0 —-§ 1] —§ 1§ 3
0O 0 O 0 0 0 0 O

According to this, the value (found in the lower right-hand corner) is zero, so we
have indeed found a feasible solution to the original problem, namely

2

r=(0, 0, 12, 0, 1).
(0. 0. 15 0. 3)

I leave it to you to check that x does indeed satisfy the constraints.

In Phase II, we now proceed with the original minimization problem. To do
so, we must recalculate the m — p criterion row, and search for positive entries.
Here is the new initial tableau.

Pe. al a?d® dt Bl el e? q

Initial tableau

~7la® =31 -4 0 §-z| 13

o [0 -3 1) -2y 3
—-12 1 0 -2 0 =4 9] -8

Replace a® by a?:

TN

sla?|| =12 1 0 -2 11| -2 18| 2
—102 0 0—13 —13|—32 7| -8
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Notice that in Phase II, I never pivot on a column corresponding to the artificial

variables (look at that nice fat 9 in the criterion row of the first tableau), because

they may not be used in a bona fide solution. Why, then you might ask, do I keep

them in the tableau? The answer is that they compute the solution to the dual.
We can read a solution from the final tableau above:

5(0) —4(2) + 13(12) —2(0) +1(0) =0 —22 + 222 + 0+ 0 = 20 = 20
+5(12) —1(0) +1(0) = 0—2+8:+0+0 = 8= 8

The value is —8%.

We can also read off a solution to the dual:

Recall that the dual problem is

maxiymize 20y; + 8ya

subject to
oY1+ Y2
=4y — Yo
13y1 + Sy
—2Y1 — Yo
yit Yo
Verify the feasibility of the dual.

NN NN
i

5(—32)+1(7d) = —1624+7 =-92 < 1
—4(—32) — 1(72) 1B1-71 = 6= 6
13(—32) +5(7%) = —422 + 352 = —7=—7
A3 = 6T = —f<
1(—32) + 1(72) —32+7: = 32< 5
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29.12.2 An example with a negative right-hand side constant
Consider the problem
maxizmize 201 — 3x0 + X3+ 24

subject to x 2 0, and

T+ 2r0+ w3+ 4= 3
$1-2$2+2£L‘3—|— .1'4:—2

3371 — X2 — Xy = —1
Rewrite the constraints as

T1+2x4+ 23+ 14 =3
—LU1+2.T2—2.733— I4:2

=371 + @9 + zy=1

This has no effect on the primal, but the dual is different. This form has the
virtue that the following ancillary problem has an obvious starting feasible point.

minimize wuy + us + usg
Yy

subject to x 2 0, u = 0, and

T+ 205+ 3+ T4+ Uy =3
- + 2%2 — 233‘3 — X4 + ug =2
—3r1+ + @4 + uz =1

A feasible starting point is given by setting x = 0, and setting u = (3,2, 1).
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Here is the initial tableau.

at a® o atl| et e? € ¢
Initial tableau:
el 12 1 1 1 0 0] 313
el —1[2]-2 —1/ 0 1 of 2| 1
el -3 1 0 1 0 0o 1] 1] 1
-3 5 -1 1y 0 0 0 6
Replace e? by a? to get:
el 20 3 2|1 -1 of 1 %
| -3 1-1 =3 0 L of 1
e3|—25 o] 14| o -3 1] of o
-1 0 4 33| 0-21 of 1
Replace €3 by a® to get:
elffl9s] 0 0=24 1 1 =3 1] &
a’l =3 1 0 1y O 0 1y 1
a*|-25 0 1 13 0 =% 1| 0
92 0 0-2%|| 0 —5 —4| 1
Replace e! by a! to get:
al 10 0—Fl% %1 1w
Al 01 0 &5 & %115
@) 00 1 {5 i 15 1
0 0 O of—1 -1 =1y O

Since the value is 0, we have found a feasible starting point for the original prob-
lem.
Now to maximize. But first we must recalculate the m — p criterion row.
Here is the new initial tableau.

at a? a®  at|| et e & q

Initial tableaw:

1 _ 5 2 1 _ 6 2
a| 100 9 19 19 19 19

2 4 6 3 1 6| gl
al 0 1.0 5| 1 1o 19| lis| O3

3 w6l 5 _7 4| 5| s
a’l 00 1 19 19 19 19 19| 16

69 14 _ 114 39
00 0—-1]—15 —1 — 15/ 31
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Replace a® by a* to get:

a'll10 %0l % —1 -5 15
a®l01 =30/ ;3 0] 1j
a*|0013 1| & —% 1 &

0012 0f|—1 —13% —1||-3+%

Thus a solution is

Verify the constraints are satisfied:

(5g) +2011) +10) +1(55) = 5 +25 +0+ 75 = 3= 3
1) =208 +2(0) + 1(5) = &~ 25 +0+ 5 = —2 = -2
35— 10D +00) 1) =~ 15 +0—F = —1 = -1

The value is —31.

According to the criterion row we see that a solution to the dual is y =
5—116, —1%, —i). But this is a solution to the modified dual, not the original
ual. To convert it we must flip the signs on the components corresponding to
negative right-hand sides in the original problem. These are the second and third
components. Thus a solution to the original dual is

Recall that the original dual problem is

miniymize 3y1 —2y2 — Y3

subject to
1+ Y2t+3ys = 2
200 =2y — Y3 = =3
Y1+ 2y2 =z 1
B+ Yo— ys = 1
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Check that the value of the dual solution is
3(—5) —2(1%) —1(3) = —£& — 25 — 1 = -3+

Now verify the feasibility of the dual solution for the original dual.

I(—15)+112)+3(3) = - +13+3= 2= 2
A=) ~215) ~ 1)) = ~§-28 -} = -3=-3
(=) +2(12)+0(3) = —55+224+0 =25 > 1
(-5 +112)-13) = -+ +12 -1 1= 1

29.12.3 A tricky point with negative right-hand side constants

If the constraints are inequality constraints and the right-hand side has negative
values, simply adding slack variables does not immediately lead to a feasible point,
so Phase 1 cannot be combined with Phase 2.

Change the constraints in the previous problem to inequalities.

maximize 2xy — 3Ts + T3+ X4
x

subject to x = 0, and

T+ 2ZL'2 + T3+ x4 < 3
$1—2I2+2$3+ ZL‘4<—2
3T — o — x4 < —1

Add nonnegative slack variables to convert the constraints to equalities.

T+ 2:62 + T3+ x4+ 21 = 3
T — 25(]2 + 21’3 + @24 + 29 = -2
31’1 — X2 — T4 + 23 = -1

Now multiply the second and third equations by —1 to get

T1+2x2+ 234+ T4+ 2 =3
— T+ 219 — 223 — 24 — 29 =2
—31’1 + X9 + x4 — 23 = 1

In this case setting + = 0 and z = ¢ does not give a feasible solution to the
primal. To find a nonnegative feasible point, solve the ancillary problem

minimize wu; + Us + us
u
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subject tox 20, 2 20, u = 0, and

171+2£L’2+ T3+ T4+ 2z1

— 1+ 219 — 223 — T4

—3$1+ T2 + I

22

+ u =3
+ (75) =2
Z3 + U3:1

This problem has a trivial starting point, given by x = 0, z = 0, and v =

(3,2,1).
Here is the initial tableau.

al a2 CLS (l4 61 62 63 Ul u2 U3 q
Initial tableau:
o' 12 1 11 0 of 1 0 0 313
w?| —12]-2 —1l0o -1 o] 0o 1 of 2 1
Wl =31 0 10 o0 =1/ 0 o0 1| 1] 1
-3 5-1 11 -1 =1/ 0 0 0| 6
Replace u? by a? to get:
'l 20 3 21 1 01 -1 o0f 1] 3
1 1 1 1
wl-2 o t] 1o L -1 0o -5 1 o] 0
1 1 1 1
-1 0 4 341 1 -1 02 o 1
Replace u? by a® to get:

1 1 1 2
w1950 0 0231 -4 3| 1 5 =3 1 &
| =3 1 0 1|0 0 -1 0 o0 1| 1

1 1 1 1

1 1 1 1

9; 0 0-23|1 -4 3] 0 -3 —4| 1
Replace u! by a' to get:

5 2 1 6 2 1 6 2
all 10 0-5%—% 15|16 19 19| 19

4 6 3 1 6 3 1 6
@ 0 1 0 g5 =15 —35|| 15 15 79|11

16 || 5 7 4 5 7 4 5
@ 00 1 355 5 —ig| 16 —15  is| 19

00 0 0[O0 0 O0f-1 -1 =1 0

The value is 0, so we have found a feasible starting point for Phase 2. Now to
recalculate the m — p criterion row and maximize. Here is the new initial tableau.
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ata® o at|] e' e & uw  u? B q
Initial tableaw:
1 _ 5 2 _1 6 2 1 _ 6 2
a Lo o 19 9 19 19| 19 19 19 19
2 4 6 3 1 6 3 1 6| gl
a 01 0 19 19 19 19| 19 i 19| lig| 63
3 16 5 T _ 4 5 _ T 4 51 5
a 00 1 19 19 19 19| 19 19 19 19| 16
169 14 11y_9 _14 _11||_29
00 0-—15 19 19 19| 19 5 —19| 319
Replace a® by a* to get:
1 5 3 1 1 3 1 _1 3
a 10 5 Ol 56| % 1|l 16 16 4 | 1
2 _1 1 1 1 1 1
a 0 1 —3 0 i —1 O i i 0 13| 5
4 3 5 T _1 5 _ T 1 5
a 0 015 1 16 16 4| 16 16 1 6| |
9 1 5 1] 1 45 1l o1
0 0 lﬁ 0 " 16 1T6 4 16 116 4 316
Replace a' by e! to get:
1 1 2 1 1 1 41
e st o1z o 1 foail o1 Lol
2011 _2 1 1 1 1
-1 1-2 o o -1 1) o I Il 1
41 _12 2 1 _ 2 _1 2
a 13 0 3 1 0 3 —3 0 3 3 0
1 2 1 1 11 _1 _
s 0 13 0 0 13 3 0 —13 3 3

Thus a solution is

z=(0, 1, 0, 0)

Verify the constraints are satisfied:
1(0) +2(1)+1(0)+1(0) =04+2+0+0= 2< 3
1(0) —2(1)+2(0)+1(0) =0—-240+0= -2 = =2
3(0) = 1(1)+0(0) —1(0) =0—-1+04+40=—-1=—1

The value is —3.

Note that by relaxing the constraints from equations in the previous section to
inequalities, the value has increased.
A solution to the dual is
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This can be read off the criterion row in two places, under the slack variables,
or by appropriate sign flips under the auxiliary variables. Recall that the dual
problem is

miniymize 3Yy1 — 2ys — Y3

subject to
1+ Y2+3ys = 2
201 =2y — y3 = —3
Y1+ 2y2 =z 1
Bt - yz = 1
Check that the value of the dual is
30) —2(13) — 1(3) =0—2% — 3 = =3,
Now verify the feasibility of the dual.
100)+1(13) +3(3) =0+1: +1 = 25 > 2
2(0)—2(13) —1(3) =0—-22 —3 = -3=-3
100) +2(13) +0(3) =0+224+0= 22> 1
10)+1(15) —1(3) =0+11 -3 = 1= 1
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