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12.1 The First Welfare Theorem

We now come to what are known as the two Fundamental Theorems of Welfare
Economics.1 The first welfare theorem is that Walrasian equilibria are Pareto
efficient, and the second is a kind of converse.

12.1.1 Theorem If all utilities are locally nonsatiated, a Walrasian equilibrium
allocation is Pareto efficient.

Proof : Let (x̄1, . . . , x̄m, ȳ1, . . . , ȳn, p̄) be a Walrasian equilibrium. Suppose by way
of contradiction that the allocation is inefficient. That is, that there exists another
allocation

(x̂1, . . . , x̂m, ŷ1, . . . , ŷn)
such that

ui(x̂i) ⩾ ui(x̄i) for all i and ui(x̂i) > ui(x̄i) for some i.

Since every utility is locally nonsatiated, and consumers are maximizing utility,
by Lemma 11.7.1 we have

ui(x̂i) ⩾ ui(x̄i) =⇒ p̄ · x̂i ⩾ p̄ · x̄i and ui(x̂i) > ui(x̄i) =⇒ p̄ · x̂i > p̄ · x̄i.

Summing over i gives
p̄ ·

m∑
i=1

x̂i > p̄ ·
m∑

i=1
x̄i.

Since enterprises are maximizing profits, for each j,

p̄ · ȳj ⩾ p̄ · ŷj,

so summing gives
p̄ ·

n∑
j=1

ȳj ⩾ p̄ ·
n∑

j=1
ŷj.

1 This terminology may have first appeared in Feldman [15, Chapter 3], who presents both
the First Fundamental Theorem of Welfare Economics and the Second Fundamental Theorem
of Welfare Economics, but similar terminology was in use earlier. Dorfman, Samuelson, and
Solow [13] title their section 14.7 The Basic Theorem of Welfare Economics, and state (p. 410),
“Every competitive equilibrium is a Pareto-optimum; and every Pareto-optimum is a competitive
equilibrium.” Arrow [3] titled his paper “An Extension of the Basic Theorems of Classical Welfare
Economics.”
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On the other hand, by definition of allocation we have
m∑

i=1
x̄i =

m∑
i=1

ωi +
n∑

j=1
ȳj

and
m∑

i=1
x̂i =

m∑
i=1

ωi +
n∑

j=1
ŷj.

Stringing these together gives

p̄ ·

 m∑
i=1

ωi +
n∑

j=1
ȳj

 ⩾ p̄ ·

 m∑
i=1

ωi +
n∑

j=1
ŷj


= p̄ ·

m∑
i=1

x̂i

> p̄ ·
m∑

i=1
x̄i.

= p̄ ·

 m∑
i=1

ωi +
n∑

j=1
ȳj

 ,

a contradiction.

12.2 The Second Welfare Theorem

Consider an Arrow–Debreu–McKenzie model economy

E =
(
(Xi, ui)m

i=1, (Yj)n
j=1, ω

)
.

Let Y = ∑n
j=1 Yj denote the aggregate production set.

12.2.1 Second Welfare Theorem Assume the economy E satisfies the follow-
ing conditions.

1. For each consumer i = 1, . . . , m

(a) Xi is nonempty and convex.
(b) ui is continuous, monotonic, and explicitly quasiconcave.

2. The aggregate production set

(a) Y is nonempty and convex.

Let (x̄1, . . . , x̄m, ȳ1, . . . , ȳn) be an efficient allocation. Then there is a nonzero
price vector p̄ satisfying
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1. For each consumer i = 1, . . . , m, x̄i minimizes p̄ · x over the upper contour
set {x ∈ Xi : u(x) ⩾ u(x̄i)}.
Thus if there is a cheaper point x̃ ∈ Xi satisfying p̄ · x̃ < p̄ · x̄i, then x̄i

actually maximizes ui over the budget set {x ∈ Xi : p̄ · x ⩽ p̄ · x̄i}.

2. For each producer j = 1, . . . , n, ȳj maximizes profit over Yj at prices p̄. That
is,

p̄ · ȳj ⩾ p̄ · y for all y ∈ Yj.

That is, (x̄1, . . . , x̄m, ȳ1, . . . , ȳn, p̄) is a valuation quasi-equilibrium. If the
cheaper point condition holds for each i, then it is a valuation equilibrium.

Proof : Since (x̄1, . . . , x̄m, ȳ1, . . . , ȳn) is efficient, it is impossible to make everyone
better off. So define the “Scitovsky set” S by

S =
m∑

i=1
Pi(x̄i),

(see Figure 12.2.1) and define the aggregate consumption possibility set A by

A = ω +
n∑

j=1
Yj.

By efficiency A ∩ S = ∅. (For suppose, x ∈ A ∩ S. Since x ∈ S, we can
write x = ∑m

i=1 xi, where each xi ∈ P (x̄i), or u(x) > u(x̄i). Since x ∈ A, we
can write x = ω + ∑n

j=1 yj. But then (x1, . . . , xm, y1, . . . , yn) is an allocation, and
u(xi) > u(x̄i) for each i, contradicting the efficiency of (x̄1, . . . , x̄m, ȳ1, . . . , ȳn).)

Now each Pi(x̄i) is nonempty, open, and convex since each ui is continuous,
monotonic, and quasiconcave. Therefore the sum S is nonempty, open, and con-
vex. Similarly A is convex. Thus by the Separating Hyperplane Theorem, there
is a nonzero price vector p̄ satisfying

p̄ · x ⩾ p̄ · y for each x ∈ S, y ∈ A.

From Lemma 11.6.1, each x̄i belongs to the closure of Pi(x̄i), so ∑m
i=1 x̄i belongs

to the closure of S. Now ∑m
i=1 x̄i = ω + ∑n

j=1 ȳj so it also belongs to A. It follows
that

p̄ · x ⩾ p̄ ·
m∑

i=1
x̄i = p̄ ·

ω +
n∑

j=1
ȳj

 ⩾ p̄ · y for each x ∈ S, y ∈ A.

From the Summation Principle 0.4.1, we then have

p̄ · x̄i ⩽ p̄ · x for all x ∈ P (x̄i) and p̄ · ȳj ⩾ p̄ · y for all y ∈ Yj.

Since U(x̄i) is the closure of P (x̄i) we also have

p̄ · x̄i ⩽ p̄ · x for all x ∈ U(x̄i).

This proves that we have a valuation quasi-equilibrium. The role of the cheaper
point condition is well known (see Lemma 11.7.2).
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x̄2

P2(x̄2)

u2 = u2(x̄2)

x̄1

P1(x̄1)
u1 = u1(x̄1)

S = P1(x̄1) + P2(x̄2)

x̄1 + x̄2

Figure 12.2.1. Construction of the Scitovsky set for 2 consumers and two
goods. N.B. In this case, x̄ is not efficient, and x̄1 + x̄2 lies in the interior of
S, not on its boundary.

v. 2019.12.24::12.34 src: Welfare KC Border: for Ec 181, 2019–2020



Ec 181 AY 2019–2020
KC Border Welfare and the Core of an Economy 12–5

12.3 Digression: Drawing the Scitovsky set

Figure 12.2.1 shows the Scitovsky set for two consumers and two commodities.
How was it drawn? First pick two utility functions u1 and u2, and two utility
levels υ1 and υ2. They determine two upper contour sets U1 and U2. We want to
find the sum S̄ = U1 + U2 of these sets. Now pick a nonnegative vector p and find
its minimizer x̂ over S̄. This will be a point on the lower boundary of S̄. Then
by the Summation Principle x̂ = x̂1 + x̂2, where x̂i minimizes p over Ui. That is,
p supports Ui at x̂i. So to find the lower boundary of S̄, for each p we find the
points x̂1 and x̂2 that minimize p over the sets U1 and U2 and just add them up.

If you are familiar with demand theory, you will recognize these points as
Hicksian compensated demands. Even if you don’t recognize them as such, you
may still solve for the minimizer x̂ as a function of p and υ. Then as p ranges
over all positive price vectors, the sum x̂1(p, υ1) + x̂2(p, υ2) traces out the lower
boundary of S̄. With two goods only the ratio p1/p2 matters, so this is a simple
one-parameter parametric plot. At each x̂i, the gradient of ui is proportional to
p (the classical Lagrange Multiplier Theorem), so it’s simply a matter of finding
the x̂i where ui(x̂i) = υi and ∇ui(x̂i) = λip. This is something we learn to do in
intermediate microeconomics classes.

12.4 Saddlepoints and the Second Welfare Theorem

This is based on Negishi [18] and Takayama and El-Hodiri [21].
Consider an n-person pure exchange economy with aggregate endowment ω ∈

Rm
++. Let ui : Rm

+ → R denote person i’s utility function. (This implicitly as-
sumes that preferences are selfish.) Recall that an allocation is a vector x =
(x1, . . . , xn) ∈ (Rm

+)n satisfying ∑n
i=1 xi = ω. An allocation x̄ = (x̄1, . . . , x̄n) is

Pareto efficient if there is no allocation x = (x1, . . . , xn) satisfying

ui(xi) ⩾ ui(x̄i) for all i = 1, . . . , n and ui(xi) > ui(x̄i) for some i.

An allocation x̃ = (x̃1, . . . , x̃n) is a valuation equilibrium allocation if there
exists a nonzero price vector p ∈ Rm such that for every i = 1, . . . , n, and every
z ∈ Rm

+,
ui(z) > ui(x̃i) =⇒ p · z > p · x̃i.

That is, everyone is maximizing their utility subject to a budget constraint.
Assume now that each utility function is concave and strictly monotonic. Use

the Saddlepoint Theorem to show that every strictly positive Pareto efficient al-
location is a valuation equilibrium allocation.

KC Border: for Ec 181, 2019–2020 src: Welfare v. 2019.12.24::12.34



Ec 181 AY 2019–2020
KC Border Welfare and the Core of an Economy 12–6

Sample Answer

Let x̄ = (x̄1, . . . , x̄n) be a strictly positive Pareto efficient allocation. For each i,
set vi = ui(x̄i). Then x̄ solves the following constrained maximization problem.

maximize
(x1,...,xn)∈(Rm

+)n
u1(x1) subject to ui(xi) ⩾ vi, i = 2, . . . , n, and

n∑
i=1

xi = ω.

Since each ui is monotonic, we may replace the resource constraints with the
inequality constraints ωj − ∑n

i=1 xi
j ⩾ 0, for j = 1, . . . , m. Since each x̄i > 0 and

each ui is monotonic, we see that x̃, defined by x̃1 = 0 and x̃i = x̄i + 1
n
x̄1 for

i = 2, . . . , n, satisfies ui(x̃i) − vi > 0 for i = 2, . . . , n and ωj − ∑n
i=1 x̃i

j = 1
n
x̄1

j > 0,
so Slater’s Condition is satisfied. Now observe that all the constraints are defined
by concave functions.

By the Saddlepoint Theorem there exist nonnegative multipliers µ̄2, . . . , µ̄n

and π̄1, . . . , π̄m such that (x̄; µ̄, π̄) is a saddlepoint of the Lagrangean

L(x; µ, π) = u1(x1) +
n∑

i=2
µi

(
ui(xi) − vi

)
+

m∑
j=1

πj

[
ωj −

n∑
i=1

xi
j

]
over (Rm

+)n ×
[
Rn

+ × Rm
+

]
. To make things more symmetric, define µ̄1 = 1. Then

the saddlepoint conditions become
n∑

i=1
µ̄i

(
ui(xi) − vi

)
+

m∑
j=1

π̄j

[
ωj −

n∑
i=1

xi
j

]

⩽
n∑

i=1
µ̄i

(
ui(x̄i) − vi

)
+

m∑
j=1

π̄j

[
ωj −

n∑
i=1

x̄i
j

]
(1)

⩽
n∑

i=1
µi

(
ui(x̄i) − vi

)
+

m∑
j=1

πj

[
ωj −

n∑
i=1

x̄i
j

]
(2)

for all x ∈ (Rm
+)n and all (µ, π) ∈ Rn

+ × Rm
+. Furthermore, the complementary

slackness conditions
µ̄i

(
ui(x̄i) − vi

)
= 0 i = 1, . . . , n

and
π̄j

[
ωj −

n∑
i=1

x̄i
j

]
j = 1, . . . , m

are satisfied.
We now show that no π̄j is zero. For suppose π̄k = 0. Let ek denote the kth

unit coordinate vector in Rm. Let us now evaluate (1) for x given by x1 = x̄1 + ek

and xi = x̄i for i = 2, . . . , n. This yields

u1(x̄1 + ek) − v1 +
n∑

i=2
µ̄i

(
ūi(x̄i) − vi

)
+

m∑
j=1

π̄j

[
ωj −

n∑
i=1

x̄i
j

]
− π̄k

⩽ u1(x̄1) − v1 +
n∑

i=2
µ̄i

(
ui(x̄i) − vi

)
+

m∑
j=1

π̄j

[
ωj −

n∑
i=1

x̄i
j

]
,
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which in light of the assumption that π̄k = 0 boils down to
u1(x̄1 + ek) ⩽ u1(x̄1),

which contradicts the strict monotonicity of u1.
Moreover, no µ̄i = 0 either. For suppose µ̄k = 0 for some k > 1. Consider

equation (1) for x given by x1 = x̄1 + x̄k, xk = 0, and xi = x̄i for i ̸= 1, k. Then
we get

u1(x̄1 + x̄k) ⩽ u1(x̄1),
which again contradicts the strict monotonicity of u1.

We now show that for each i = 1, . . . , n, the point (x̄i; 1
µ̄i

) is a saddlepoint of
the function

Li(z; ν) = ui(z) + ν
( m∑

j=1
π̄j(x̄i

j − zj)
)

(3)

over Rm
+ × R+. That is, we need to show that

ui(z) + 1
µ̄i

( m∑
j=1

π̄j(x̄i
j − zj)

)
⩽ ui(x̄i) + 1

µ̄i

( m∑
j=1

π̄j(x̄i
j − x̄i

j)
)

(4)

⩽ ui(x̄i) + ν
( m∑

j=1
π̄j(x̄i

j − x̄i
j)

)
(5)

for all z ∈ Rm
+ and all ν ∈ R+. Clearly (5) is true. Suppose by way of contradiction

that for some k and some zk ∈ Rm, inequality (4) is violated. That is,

uk(zk) + 1
µ̄k

( m∑
j=1

π̄j(x̄k
j − zk

j )
)

> uk(x̄k). (6)

Then subtracting vk from each side and multiplying by the positive scalar µ̄k yields

µ̄k

(
uk(zk) − vk

)
+

m∑
j=1

π̄j(x̄k
j − zk

j ) > µ̄k

(
uk(x̄k) − vk

)
.

Evaluating (1) evaluated at x ∈ (Rm
+)n defined by xi = x̄i for i ̸= k and

xk = zk, we get∑
i ̸=k

µ̄i

(
ui(x̄i) − vi

)
+

m∑
j=1

π̄j

[
ωj −

∑
i ̸=k

x̄i
j

]
+ µ̄k

(
uk(zk) − vk

)
−

m∑
j=1

π̄jz
k
j

⩽
n∑

i=1
µ̄i

(
ui(x̄i) − vi

)
+

m∑
j=1

π̄j

[
ωj −

n∑
i=1

x̄i
j

]
,

which implies
uk(zk) + 1

µ̄k

( m∑
j=1

π̄j(x̄k
j − zk

j )
)
⩽ uk(x̄k),

which in turn contradicts (6). This contradiction shows that (x̄k; 1
µ̄k

) is a saddle-
point of (3). But now by the easy half of the Saddlepoint Theorem, we see that
x̄k maximizes uk(z) over Rm

+ subject to π̄ · z ⩽ π̄ · x̄k for each k. That is, x̄ is a
valuation equilibrium allocation at the prices π̄.
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12.5 Core of a pure exchange economy

Consider a pure exchange economy E with m consumers and ℓ goods. (Each
consumption set is Rℓ

+.) The endowment of consumer i is ωi and his utility
function is ui.

12.5.1 Definition A coalition is a nonempty subset of consumers. An alloca-
tion (x1, . . . , xm) is blocked by coalition S if there is a partial allocation (x̃i)i∈S

such that

1. ∑
i∈S x̃i = ∑

i∈S ωi.

2. For each i ∈ S, u(x̃i) > ui(xi).

The allocation is weakly blocked if (2) is replaced by

2′. For each i ∈ S, ui(x̃i) ⩾ ui(xi), and for some k ∈ S, uk(x̃k) > uk(xk).

The core of the economy is the set of unblocked allocations.

The core is a generalization of the contract curve that was introduced by Fran-
cis Y. Edgeworth [14]. The term core goes back to Gillies [16] in his 1963 disserta-
tion on cooperative games. Its use in economics goes back to Shubik [20] in 1959.
Scarf [19], Debreu [10], and Debreu and Scarf [11] proved the first “limit theorem”
for the core, and Aumann [5] applied the concept to “nonatomic” economies. An
excellent monograph on the relation of the core to the set of Walrasian equilibria
is Kirman and Hildenbrand [17].

12.5.2 Lemma If each utility is continuous and strictly monotonic, then an al-
location is blocked if and only if it is weakly blocked.

12.5.3 Theorem Assume each utility is monotonic. Then every Walrasian equi-
librium allocation is in the core.

Proof : This is the same as the proof of the First Welfare Theorem 12.1.1. Let
(x̄1, . . . , x̄m, p) be a Walrasian equilibrium, and suppose by way of contradiction
that the allocation (x̄1, . . . , x̄m) is blocked. Then there is a coalition S and (x̃i)i∈S

satisfying
u(x̃i) ⩾ ui(x̄i)

for each i ∈ S and ∑
i∈S

x̃i =
∑
i∈S

ωi. (7)

Since utilities are monotonic, in equilibrium all income is spent (Lemma 11.7.1)
so p · x̄i = p · ωi. Also, by utility maximization subject to the budget constraint,
we have

ui(x̃i) > ui(x̄i) =⇒ p · x̃i > p · x̄i = p · ωi
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for each i ∈ S. Summing over S yields

p ·
∑
i∈S

x̃i > p ·
∑
i∈S

x̄i = p ·
∑
i∈S

ωi,

which contradicts (7).

12.6 Core of a replica economy

12.6.1 Definition The nth replica En of E has n × m consumers, n of each of m
types. Consumers of type i have the same endowment ωi and the same utility ui.

12.6.2 Lemma (Equal treatment property) Assume that the consumers’
utilities are strictly monotonic, strictly quasiconcave, and continuous. Then in
the core of a replica economy, consumers of the same type receive the same con-
sumption.

That is, let (x1,1, . . . , x1,n, . . . , xm,1, . . . , xm,n) belong to the core of En. Then
for each type i, and each j, k = 1, . . . , n we have

xi,j = xi,k.

Proof : Let (x1,1, . . . , x1,n, . . . , xm,1, . . . , xm,n) belong to the core of En. Since every
consumer of type i has the same utility, they can all agree on which of them,
say (i, ji), has the worst consumption allocation xi,j. (They may be indifferent,
in which case any of them qualifies as having the worst allocation.) Form a
coalition S that has one consumer of each type, that consumer having the worst
allocation for their type. Consider the partial allocation (x̃i)i∈S (here we are
indexing members of S solely by their type) defined by

x̃i =
∑n

j=1 xi,j

n

Now by definition of an allocation
m∑

i=1

n∑
j=1

xi,j =
m∑

i=1

n∑
j=1

ωi,j = n
m∑

i=1
ωi.

Dividing by n we get
m∑

i=1
x̃i =

m∑
i=1

∑n
j=1 xi,j

n
=

m∑
i=1

ωi.

Now suppose by way of contradiction that for some type i, we have unequal
treatment. Then by strict quasiconcavity of utility, x̃i = 1

n

∑n
j=1 xi,j satisfies

ui(x̃i) > ui(xi,ji), where (i, ji) is the worst off of type i. Then S weakly blocks via
(x̃1, . . . , x̃m), a contradiction. Thus we must have equal treatment.
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Given equal treatment, we can treat every core allocation in a replica economy
as if it were an allocation the original economy. (This is not true of general
allocations, since an allocation in En actually belongs to Rmnℓ, not Rmℓ.)

12.6.3 Theorem (Limit of the core) Assume utilities are strictly monotonic,
continuous, and strictly quasiconcave. Suppose the allocation (x̄1, . . . , x̄m) belongs
to the core of En for each n. Then there exists a nonzero price vector p ∈ Rℓ such
that (x̄1, . . . , x̄m, p) is a Walrasian quasi-equilibrium.

Proof : (This treatment is based on Debreu [10] and lectures by Ket Richter.) The
proof is similar to the proof of the second welfare theorem, but involves the initial
endowment. For each i = 1, . . . , m define

Pi = {z ∈ Rℓ : ui(ωi + z) > ui(x̄i)}.

That is, Pi is the set of net trades from ωi that make a consumer of type i better
off than his core allocation x̄i. Define

P = convex hull
m∪

i=1
Pi.

That is, P is the set of all vectors of the form ∑m
i=1 αiz

i where each zi ∈ Pi, αi ⩾ 0,
and ∑m

i=1 αi = 1. (See Lemma 2.1.6.)
I claim that 0 /∈ P . To see why, note that the continuity of utility implies that

each Pi is open, so that their union is open, which in turn implies that the convex
hull is open (Proposition 5.3.1). So assume by way of contradiction that 0 belongs
to P . Then there is some strictly negative vector v̂ ≪ 0 that also belongs to P .
We can thus write v̂ = ∑m

i=1 α̂iz
i where each zi ∈ Pi, α̂i ⩾ 0, and ∑m

i=1 α̂i = 1.
Moreover, since the mapping (β1, . . . , βm) → ∑m

i=1 βiz
i is continuous, we can find

αi close enough to α̂i such that each αi is rational, ∑m
i=1 αi = 1, and

v =
m∑

i=1
αiz

i ≪ 0.

Putting all the coefficients αi over a common denominator n we get

0 ≫ v =
m∑

i=1

ki

n
zi, (8)

where ∑m
i=1 ki = n. Consider now a coalition S that has n members, ki members

of each type i, and consider the partial equal treatment allocation where each
consumer in S of type i receives

x̃i = ωi + zi − v.

By monotonicity, since v ≪ 0 we have

ui(x̃i) > ui(ωi + zi).
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By construction, zi belongs to Pi, so

ui(ωi + zi) > ui(x̄i),

so
ui(x̃i) > ui(x̄i).

I now need to show that this partial allocation x̃ is feasible for the coalition S.
But ∑

i∈S

kix̃
i =

∑
i∈S

ki(ωi + zi − v) =
∑
i∈S

kiω
i +

∑
i∈S

kiz
i −

∑
i∈S

kiv =
∑
i∈S

kiω
i,

where the last equality follows from (8). The upshot is that (x̃i) blocks the allo-
cation (x̄i) in the n-replica economy En, a contradiction. Therefore

0 /∈ P.

We now use the separating hyperplane theorem to find the existence of a
nonzero p ∈ Rℓ such that p · z ⩾ 0 for all z ∈ P . Since each Pi ⊂ P , for each i,

z ∈ Pi =⇒ p · z ⩾ 0. (9)

Now suppose ui(x) > ui(x̄i). Setting z = x − ωi we have ui(ωi + z) = ui(x) >
ui(x̄i), so z ∈ Pi. Thus (9) implies p · (x − ωi) = p · z ⩾ 0. Thus

ui(x) > ui(x̄i) =⇒ p · x ⩾ p · ωi.

Since utilities are monotonic, if ui(x) ⩾ ui(x̄i) there is a sequence xn → x with
u(xn) > ui(x) ⩾ ui(x̄i). Thus p · xn ⩾ p · ωi, so by continuity

ui(x) ⩾ ui(x̄i) =⇒ p · x ⩾ p · ωi.

In particular, p · x̄i ⩾ p · ωi for each i, and since ∑m
i=1 x̄i = ∑m

i=1 ωi, we conclude
that for each i,

p · x̄i = p · ωi.

Thus we have shown that p · x̄i = p · ωi and ui(x) ⩾ ui(x̄i) implies p · x ⩾ p · x̄i,
which proves that we have a Walrasian quasi-equilibrium.

12.7 Edgeworth equilibria

12.7.1 Definition An Edgeworth equilibrium for the economy E is an allo-
cation (x1, . . . , xm) such that for every n ⩾ 1, the nth replica

(x1,1, . . . , x1,n, . . . , xm,1, . . . , xm,n)

of the allocation belongs to the core of the nth replica economy En.

You can show that under the assumptions of the previous section, every Edge-
worth equilibrium is a Walrasian quasi-equilibrium.

I believe the term was coined by Aliprantis, Brown, and Burkinshaw [1].
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12.8 Approximate equilibria

Relevant cites include: Arrow and Hahn [4], Bewley [6], Anderson [2].

12.9 Complements

12.9.1 Exercise: Monotonicity vs. local nonsatiation

The following proposition shows that while locally nonsatiated utilities are more
general than monotonic utilities, the assumption of monotonicity is in a way harm-
less.

12.9.1 Proposition If u is an upper semicontinuous locally nonsatiated utility
on Rℓ

+, then the function v defined by v(x) = max{u(y) : 0 ≦ y ≦ x} is monotonic,
upper semicontinuous, and generates the same demand as u. Moreover, if u is
quasiconcave, then v is quasiconcave.

When I say that v generates the same demand as u, I mean that for each set
of the form

β(p, w) = {x ∈ Rℓ
+ : p · x ⩽ w}, (p ≫ 0, w > 0),

the set of maximizers for u and v coincide.

References

[1] C. D. Aliprantis, D. J. Brown, and O. Burkinshaw. 1987. Edgeworth equi-
libria. Econometrica 55(5):1109–1137.

http://www.jstor.org/stable/1911263

[2] R. M. Anderson. 1978. An elementary core equivalence theorem. Economet-
rica 46(6):1483–1487. http://www.jstor.org/stable/1913840

[3] K. J. Arrow. 1951. An extension of the basic theorems of classical welfare
economics. In J. Neyman, ed., Proceedings of the Second Berkeley Sympo-
sium on Mathematical Statistics and Probability II, Part I, pages 507–532.
Berkeley: University of California Press.

http://projecteuclid.org/euclid.bsmsp/1200500251

[4] K. J. Arrow and F. H. Hahn. 1971. General competitive analysis. San Fran-
cisco: Holden–Day.

[5] R. J. Aumann. 1964. Markets with a continuum of traders. Econometrica
32:39–50. http://www.jstor.org/stable/1913732

v. 2019.12.24::12.34 src: Welfare KC Border: for Ec 181, 2019–2020

http://www.jstor.org/stable/1911263
http://www.jstor.org/stable/1913840
http://projecteuclid.org/euclid.bsmsp/1200500251
http://www.jstor.org/stable/1913732


Ec 181 AY 2019–2020
KC Border Welfare and the Core of an Economy 12–13

[6] T. F. Bewley. 1973. Edgeworth’s conjecture. Econometrica 41:425–454.
http://www.jstor.org/stable/1913369

[7] J. S. Chipman. 1965. The nature and meaning of equilibrium in economic
theory. In D. Martindale, ed., Functionalism in the Social Sciences: The
Strength and Limits of Functionalism in Anthropology, Economics, Political
Science, and Sociology, number 5 in Monographs of the American Academy
of Political Science and Social Science, pages 35–64. Philadelphia: American
Academy of Political Science and Social Science. Reprinted in [22].

[8] G. Debreu. 1956. Market equilibrium. Proceedings of the National Academy
of Sciences, U.S.A. 42(11):876–878.

http://www.pnas.org/cgi/reprint/42/11/876

[9] . 1959. Theory of value: An axiomatic analysis of economic equi-
librium. Number 17 in Cowles Foundation Monographs. New Haven: Yale
University Press. http://cowles.econ.yale.edu/P/cm/m17/m17-all.pdf

[10] . 1963. On a theorem of Scarf. Review of Economic Studies 30(3):177–
180. http://www.jstor.org/stable/2296318

[11] G. Debreu and H. E. Scarf. 1963. A limit theorem on the core of an economy.
International Economic Review 4(3):235–246.

http://www.jstor.org/stable/2525306

[12] . 1972. The limit of the core of an economy. In C. B. McGuire and
R. Radner, eds., Decision and Organization: A Volume in Honor of Jacob
Marschak, pages 283–295. Amsterdam: North Holland.

http://cowles.econ.yale.edu/P/cp/p03b/p0369.pdf

[13] R. Dorfman, P. A. Samuelson, and R. M. Solow. 1987. Linear program-
ming and economic analysis. New York: Dover. Reprint of the 1958 edition
published by McGraw-Hill in New York.

[14] F. Y. Edgeworth. 1881. Mathematical psychics: An essay on the application
of mathematics to the social sciences. London: Kegan Paul.

[15] A. M. Feldman. 1980. Welfare economics and social choice theory. Boston:
Kluwer Nijhoff Publishing.

[16] D. B. Gillies. 1953. Some theorems on n-person games. PhD thesis, Depart-
ment of Mathematics, Princeton University, Princeton, New Jersey.

[17] W. Hildenbrand and A. P. Kirman. 1976. Introduction to equilibrium anal-
ysis. Number 6 in Advanced Textbooks in Economics. Amsterdam: North
Holland.

KC Border: for Ec 181, 2019–2020 src: Welfare v. 2019.12.24::12.34

http://www.jstor.org/stable/1913369
http://www.pnas.org/cgi/reprint/42/11/876
http://cowles.econ.yale.edu/P/cm/m17/m17-all.pdf
http://www.jstor.org/stable/2296318
http://www.jstor.org/stable/2525306
http://cowles.econ.yale.edu/P/cp/p03b/p0369.pdf


Ec 181 AY 2019–2020
KC Border Welfare and the Core of an Economy 12–14

[18] T. Negishi. 1960. Welfare economics and existence of an equilibrium for a
competitive economy. Metroeconomica 12(2–3):92–97.

DOI: 10.1111/j.1467-999X.1960.tb00275.x

[19] H. E. Scarf. 1962. An analysis of markets with a large number of participants.
In Recent Advances in Game Theory, pages 127–155. Princeton, New Jersey:
Princeton University Press.

[20] M. Shubik. 1959. Edgeworth market games. In R. D. Luce and A. W. Tucker,
eds., Contributions to the Theory of Games, IV, number 40 in Annals of
Mathematics Studies, pages 267–278. Princeton: Princeton University Press.

[21] A. Takayama and M. El-Hodiri. 1968. Programming, Pareto optimum and
the existence of competitive equilibria. Metroeconomica 20(1):1–10.

DOI: 10.1111/j.1467-999X.1968.tb00117.x

[22] H. Townsend, ed. 1971. Price theory. Penguin Modern Economics Readings.
Middlesex, England: Penguin Books.

v. 2019.12.24::12.34 src: Welfare KC Border: for Ec 181, 2019–2020

http://dx.doi.org/10.1111/j.1467-999X.1960.tb00275.x
http://dx.doi.org/10.1111/j.1467-999X.1968.tb00117.x

	Welfare and the Core of an Economy
	The First Welfare Theorem
	The Second Welfare Theorem
	Digression: Drawing the Scitovsky set
	Saddlepoints and the Second Welfare Theorem
	Core of a pure exchange economy
	Core of a replica economy
	Edgeworth equilibria
	Approximate equilibria
	Complements
	References


