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Topic 10: Constrained optima and Lagrangean
saddlepoints

10.1 An alternative

As an application of the separating hyperplane theorem we present the following
result due to Fan, Glicksberg, and Hoffman [1].

10.1.1 Concave Alternative Theorem  Let C' be a nonemptly conver sub-
set of a wector space, and let fi,...,fmn: C — R be concave. Letting [ =
(fi,-- s fm): C — R™, exactly one of the following is true.

(FzeC)[f(x)>0] (1)

Or (exclusive),

(Fp>0) (Veel)[p-flx) <O]. (2)

Proof: Clearly both cannot be true. Suppose (1) fails. Let A = {f(z) : z € C}
be the image of C' under the function f, and let A be its decreasing hull,

A={yeR": (eC)[y< )]}

Since (1) fails, we see that A and RY, are disjoint. Consequently A and R, are
disjoint. Now R, is clearly convex, and observe that A is also convex. (The set

A itself need not be convex—see, for instance, Figure 10.3.1.) To see this, suppose
Yo, 1 € A. Then y; < f(x;), i = 0, 1. Therefore, for any A € (0, 1),

(1= Nyo+Mn £ (1= N f(wo) + Mf(z1) £ F((1 = Mo+ Azy),

since each f; is concave. Therefore (1 — A)yo + Ayy € A.
Thus, by the Separating Hyperplane Theorem 8.5.1, there is a nonzero vector
p € R™ properly separating A and RY',. We may assume

p-ﬁgp-erJr. (3)

Therefore p > 0 (Exercise 8.2.4). Let € > 0, so that €1 > 0, and note that (3)
implies for every y € A, we have p-y < ep- 1. Since € may be taken arbitrarily
small, we conclude that p-y < 0 for all y in A. Consequently, p- f(z) < 0 for all

zin C. [ |
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10.2 Saddlepoints

In this section we discuss the relation between constrained maxima of concave
functions and saddlepoints of the so-called Lagrangean.

10.2.1 Definition Let f: X XY — R. A point (z*;y*) ' in X x Y is a sad-
dlepoint of f (over X X Y) if it satisfies

fla;y) < fa™y") < fla™y) forall ze X, yeY.

That is, (z*;y*) is a saddlepoint of f if z* maximizes f(-;y*) over X and
y* minimizes f(z*;-) over Y. Saddlepoints of a function have the following nice
interchangeability property.

10.2.2 Lemma (Interchangeability of saddlepoints) Let f: X xY — R,
and let (x1;y1) and (x2;ys) be saddlepoints of f. Then

feiyn) = flzaiy) = f(@1592) = f(@2592)-
Consequently (z1;y2) and (xa;y;) are also saddlepoints.

10.2.3 Exercise Prove Lemma 10.2.2. O

10.3 Lagrangeans

Saddlepoints play an important role in the analysis of constrained maximum prob-
lems via Lagrangean functions.

10.3.1 Definition Given f,g1,...,9m: X — R, the associated Lagrangean
L: X x P — R is defined by

Lix:p) = f(z) + imgm — f(2) +p-g(a),

where p = (m,...,m,) and P is a subset of R™. (Usually P = RY.) The
components of p are called Lagrange multipliers.

The first result is that saddlepoints of Lagrangeans are constrained maxima.
This result is also called the easy half of the Saddlepoint Theorem, and
requires no restrictions on the functions.

! The use of a semicolon instead of a comma is to visually emphasize the differing roles of z
and y, but mathematically it plays the same role as a comma. On occasion I may forget this
convention and use a comma. Don’t fret about it.
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10.3.2 Theorem (Lagrangean saddlepoints are constrained maxima)
Let X be an arbitrary set, and let f,g1,...,gm: X — R. Suppose that (z*,p*) is
a saddlepoint of the Lagrangean L(x;p) = f+p-g (over X x RY). That is,

L(z;p*) < L(z*;p*) < L(z*;p) z€X, p=0. (4)
(4a) (4b)
Then x* maximizes f over X subject to the constraints g;(x) >0, j =1,...,m,

and furthermore
migi(r*) =0, j=1,...,m. (5)

Proof: Inequality (4b) implies p* - g(z*) < p- g(x*) for all p 2 0. By the Nonneg-
ativity Test 0.1.1, g(z*) 2 0, so =* satisfies the constraints. Setting p = 0, we see
that p*- g(2*) < 0. This combined with p 2 0 and g(z*) 2 0 implies p*- g(z*) = 0.
Indeed it implies 77g;(2*) =0 for j =1,...,m.

Now note that (4a) implies f(z) + p* - g(z) < f(z*) for all . Therefore, if
satisfies the constraints, g(x) = 0, we have f(z) < f(z*), so 2* is a constrained
maximizer. |

Condition (5) implies that if the multiplier 77 is strictly positive, then the
corresponding constraint is binding, g;(z*) = 0; and if a constraint is slack,
gj(x*) > 0, then the corresponding multiplier satisfies m; = 0. These conditions
are sometimes called the complementary slackness conditions.

The converse of Theorem 10.3.2 is not quite true, but almost. To state the
correct result we now introduce the notion of a generalized Lagrangean.

10.3.3 Definition A generalized Lagrangean L,: X x P — R, where u > 0,
is defined by

%WM—MN®+im%@,

where p = (7y,...,m,) and P is an appropriate subset of R™.

Note that each choice of i generates a different generalized Lagrangean. How-
ever, for P = R, aslong as y1 > 0, a point (x;p) is a saddlepoint of the generalized
Lagrangean if and only if (z;p/u) is a saddlepoint of the Lagrangean. Thus the
only case to worry about is p = 0.

The next results state that for concave functions, constrained maxima are
saddlepoints of some generalized Lagrangean.

10.3.4 Theorem (Constrained maxima are not quite saddlepoints) Let
C C R" be convex, and let f,q1,...,9n: C — R be concave. Suppose x* maxi-
mizes f subject to the constraints gj(x) > 0, j =1,...,m. Then there exist real
numbers p*, 7}, ...,k > 0, not all zero, such that (z*;p*) is a saddlepoint of the
generalized Lagrangean L,-. That is,

WF) + o) < @ FET) + Yo meet) < w )+ Yome(et)  (6)
=1 (6a) =1 (6b) =1

KC Border: for Ec 181, 2019-2020 src: SaddlePoint v. 2019.12.23::02.49



Ec 181 AY 2019-2020

KC BORDER CONSTRAINED OPTIMA AND LAGRANGEAN SADDLEPOINTS 104
for all x € C' and all mq, ..., 7, > 0. Furthermore
m:g;(z") = 0, j=1,....,m. (7)

Proof: Since z* is a constrained maximizer there is no z € C satisfying f(x) —
f(z*) > 0 and g(x) = 0. Therefore the Concave Alternative 10.1.1 implies the
existence of nonnegative p*, 7y, ..., 7}, not all zero, satisfying

phf(x) + > migi(x) < p'f(a*)  for every x € C.
j=1

Evaluating this at x = 2* yields 37, 77g;(#*) < 0. But each term in this sum

is the product of two nonnegative terms, so (7) holds. This in turn implies (6a).
Given that g;(z*) > 0 for all j, (7) also implies (6b). |

10.3.5 Corollary (When constrained maxima are saddlepoints)  Under
the hypotheses of Theorem 10.3.4 suppose in addition that Slater’s Condition,

(3 € C) [g(z) > 0], (S)

is satisfied. Then p* > 0, and may be taken equal to 1. Consequently the pair
(x*; (mf,..., 7 )) is a saddlepoint of the Lagrangean for x € C', p =2 0. That is,

L(z;p*) < L(z*;p*) < L(z%; p), reC, pz0, (8)
where L(z;p) = f(z) +p - g(2).

Proof: Suppose p* = 0. Then evaluating (6) at x = z yields p* - g(z) < 0, but
g(r) > 0 implies 77 =0, j = 1,...,m. Thusp=0and 7; =0, j =1,...,m, a
contradiction. Therefore p* > 0, and by dividing the Lagrangean by p*, we may
take p* = 1. The remainder is then just Theorem 10.3.4. |

Combining these results gives us the following.

10.3.6 The Saddlepoint Theorem Let f,g1,...,9m: C — R be concave,
where C' C R" is convex. Assume in addition that Slater’s Condition,

(3 € C) [9(z) > 0] (S)

is satisfied.
The following are equivalent.

1. The point x* mazximizes f over C subject to the constraints g;(z) > 0,
j=1,...,m.
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2. Then there exist real numbers ©y,... 7 > 0 such that (x*;p*) is a saddle-
point of the Lagrangean L. That is,

fa)+ > mgi(x) < fa™) + D migi(a") < f(a7) + X_migi (™) (9)
j=1 j=1 j=1
forall x € C and all 7y, ..., 7, = 0. Furthermore
migi(x") =0, j=1,...,m.

10.3.7 Remark Sometimes it hard to see the forest for the trees. The most
important consequence of the Saddlepoint Theorem is that for the concave case
satisfying Slater’s condition,

the constrained maximizer z* of f is an
unconstrained maximizer of the Lagrangean

L(-;p").

The role of a Lagrange multiplier is to act as a conversion factor between the
g-values and the f-values that transform the constrained maximization problem
to an unconstrained maximization problem.

10.3.8 Example Concavity is crucial for these results. Even in the classical

case of an interior constrained maximizer of a smooth function, even when the

Lagrange Multiplier Theorem applies, the constrained maximizer may not be an

unconstrained maximizer of the Lagrangean. Sydsaeter [1] points out the following

simple example. Let f(z,y) = zy and ¢g(z,y) = 1 — (z + y), so the Lagrangean is
L(z,y;m) =2y +m(l —x —y).

Note that ¢ is linear and so concave, but f is quasiconcave, but not concave, since
it exhibits “increasing returns.” The point

(z%,y7) = (1, 1)

maximizes f subject to the constraints g(z,y) > 0, z > 0, y > 0. The point
(z,y) = (0,0) verifies Slater’s condition. The multiplier

=2
satisfies the conclusion of the classical Lagrange multiplier theorem, namely the
first order conditions

oL,y ) <x’y’7r):2ac*y*—7r*:() and oL@, yim’)
ox dy

But (z*,y*) does not maximize

=2z"y" — 7" =0.

L(z,y;2) =2y + 2 — 22 — 2y.

Indeed there is no unconstrained maximizer of the Lagrangean for any 7 > 0. [
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Karlin [2, vol. 1, Theorem 7.1.1, p. 201] proposed the following alternative to
Slater’s Condition:

(Vp>0) (32p) € C) [p-9(2(p) > 0],
which we may as well call Karlin’s condition.

10.3.9 Theorem Let C' C R" be convex, and let gy, ..., g,: C — R be concave.
Then g satisfies Slater’s Condition if and only it satisfies Karlin’s Condition.

Proof: Clearly Slater’s Condition implies Karlin’s. Now suppose g violates Slater’s
Condition. Then by the Concave Alternative Theorem 10.1.1, it must also violate
Karlin’s. |

The next example shows what can go wrong when Slater’s Condition fails.

10.3.10 Example In this example, due to Slater [3], C' = R, f(z) = z, and
g(z) = —(1 — x)2, so both f and g are concave. Note that Slater’s Condition
fails because g < 0. The constraint set {g > 0} is the singleton {1}. Therefore f
attains a constrained maximum at x* = 1. There is however no saddlepoint over
R x R, of the Lagrangean

Lzn) =2 —7(1 —2)*= -7+ (1 + 2n)2z — nz?.

To see that L has no saddlepoint, consider an arbitrary (z,7) € Rx R,. Since
L(z;0) = z, if 7 = 0, then no value for z maximizes L(-;7).
On the other hand if 7 > 0, the first order condition for a maximizer at z is

OLET) — (), or 1427 — 27% = 0, which implies 7 = 1+1/(27) > 1. But for 7 > 1,
L(z;m) is strictly decreasing in 7, so no 7 is a minimizer. O

10.3.1 The role of Slater’s Condition

In this section we present a geometric argument that illuminates the role of Slater’s
Condition in the saddlepoint theorem. The saddlepoint theorem was proved by
invoking the Concave Alternative Theorem 10.1.1, so let us return to the under-
lying argument used in its proof. In the framework of Theorem 10.3.4, define the
function h: C — R™ by

hz) = (91(2), .., gm(), f(2) — f(2"))
and set

A={hx)e R™" :zeC} and A={yec R™": (wecC)[y<h(z)]}

Then A is a convex set bounded in part by A. Figure 10.3.1 depicts the sets A
and A for Slater’s example 10.3.10, where f(z) — f(z*) is plotted on the vertical
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fx) = f(a¥) f(x) = f(z")
A 1 1
h(z*)
B g(x) -g(x)
A -1t
Figure 10.3.1. The sets A and A for Slater’s example.

axis and g(x) is plotted on the horizontal axis.  Now if z* maximizes f over
the convex set C' subject to the constraints g;(z) > 0, j = 1,...,m, then h(z")
has the largest vertical coordinate among all the points in H whose horizontal
coordinates are nonnegative.

The semipositive m + 1-vector p* = (nf, ..., 75, p*) from Theorem 10.3.4 is

obtained by separating the convex set A and R‘ff. It has the property that

p* - h(z) < prh(a’)

for all z € C. That is, the vector p* defines a hyperplane through h(z*) that
supports A at h(z*). Tt is clear in the case of Slater’s example that the supporting
hyperplane is a vertical line. The fact that the hyperplane is vertical means that
pu* (the multiplier on f) must be zero.

If there is a non-vertical supporting hyperplane through h(z*), then p* is
nonzero, so we can divide by it and obtain a full saddlepoint of the true La-
grangean. This is where Slater’s condition comes in.

In the one dimensional, one constraint case, Slater’s Condition reduces to the
existence of z satisfying ¢g(z) > 0. This rules out having a vertical supporting
line through h(z*). To see this, note that the vertical component of h(z*) is
f(z*) = f(z*) = 0. If g(z*) = 0, then the vertical line through h(z*) is simply the
vertical axis, which cannot support fl, since h(z) € A lies to the right of the axis.
See Figure 10.3.2.

In Figure 10.3.2, the shaded area is included in A. For instance, let C' =
(—00,0], f(x) = , and g(z) = £+ 1. Then the set A is just {y € R? : y < (0,1)}.

Later we shall see that if f and the g;’s are linear, then Slater’s Condition is not
needed to guarantee a non-vertical supporting line. Intuitively, the reason for this
is that for the linear programming problems considered, the set Ais polyhedral,
so even if g(z*) = 0, there is still a non-vertical line separating A and eril. The
proof of this fact relies on some results on linear inequalities that will be proven
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Figure 10.3.2. Slater’s condition rules out a vertical supporting line.

later. It is subtle because Slater’s condition rules out a vertical supporting line.
In the linear case, there may be a vertical supporting line, but if there is, there
is also a non-vertical supporting line that yields a Lagrangean saddlepoint. As a
case in point, consider C' = (—00,0], f(z) = x, and g(z) = z. Then the set A is
just {y € R*:y < 0}, which is separated from Ri + by every semipositive vector.

10.4 Lagrangean Saddlepoints and Minimization

Minimizing f is the same as maximizing —f so we can consider a constrained
minimization problem for convex functions as maximization problem for concave
functions. So assume f, g, ..., gy, are convex functions and we wish to

minimize f () subject to

gi(x) <0, i =1,...,m.

Note that since we are assuming that each g; is convex rather than concave, and
we are writing the constraints as g;(x) < 0, the constraint set is still convex.
This problem is the same as the concave maximization problem

maximize — f(z) subject to

—gi(x) =20, i =1,...,m.

The Lagrangean for this is
L(z;p) = —f(x) — Zﬂzgz(x)
i=1

So if (Z,p) is a saddlepoint of this Lagrangean, then Z solves the constrained
minimization problem. Now (z, p) is a saddlepoint of this Lagrangean over X x R}

if
—f(x) =p-9(z) <=f(z) —p-9(x) < —f(Z) —p- g(T)
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for all z € X and all p € R}'. Multiplying by —1 will flip the inequalities so

f@)+p-g(x) = f(x)+p-9(x) = f(Z) +p-9().

At this point it might be useful to introduce the notion of a reverse saddle-
point, which is not a standard term.

10.4.1 Definition Let f: X x Y — R. A point (z*;y*) in X x Y is a reverse
saddlepoint of f (over X X Y) if it satisfies

fl@y") = f(a%y") = f(a™y) forall z€X, yey.
So if (z,p) is a reverse saddlepoint of
L(z;p) = f(z) +p-g(z)

then z solves the constrained minimization problem. A useful consequence of this
approach is that if z,p is reverse saddlepoint of L, then z is an wunconstrained
minimizer of L(-,p).

A note on writing Lagrangeans

Suppose we wish to minimize a convex function, but the constraints are given
as g;(z) > 0, where each g¢; is concave. Then I argue it is useful to write the
Lagrangean as

L(z,p) = f(z) = Y migi(x) = f(z) —p- g(x)

for then the constrained minimizer corresponds to a reverse saddlepoint of this
function over X x RY'. Again, a useful consequence of this approach is that if z,p
is reverse saddlepoint of L, then 7 is an unconstrained minimizer of f)( D).

Similarly if we wish to maximize a concave f subject to constraints of the
form g;(z) < 0 where each g; is convex, then it also makes sense to write the
Lagrangean this way too as a constrained maximizer corresponds to a saddlepoint
of this function over X x RZ. That is, the Lagrange multipliers will still turn
out nonnegative. If the constraint functions are affine, they are both concave and
convex, so you have some leeway as to how to write things.

I leave it as an exercise to reformulate the Saddlepoint Theorem in each of
these contexts. We shall use this observation later in Section 28.1 on dual linear
programs.

10.5 Decentralization and Lagrange Multipliers

This section is inspired by Uzawa [0]. Consider the case of a firm that has n
departments, each of which can produces a single product, according to a one-
product concave production function f; of £ inputs or factors. This means that
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if department j uses & units of input k£, k =1,...,/, it can produce

y;i = fi(&, -, &)

units of product j.

The firm has already contracted to have a stock o, > 0 of factor k available
for use. (Alternatively, consider a country with n industries that sell their outputs
on world markets and each factor is immobile and fixed in supply.) If the sale
price of the j'™ output is 7; > 0, then the firm (or country) faces the constrained
maximization problem of maximizing the value of output, that is, revenue, subject
to the resource constraint on each factor.

To keep track of all these variables, use an n x ¢ matrix X, and let z; =
(&1, - -+, &je) be its i row. That is,

&,k is the quantity of factor k devoted to the production output j.

The firm’s objective is to

n
max)i(mize j;wjfj(xj) subject to

ijk<0k, kzl,,g
j=1

j=1....n
% =0, .
Son k=1,...,0
Let w = (wy,...,wy) be vector of Lagrange multipliers for the resource con-

straints. The Lagrangean for this problem can be written as:
n )4 n
L(X,w) :Z’ﬂ'jf]<$])+zu%(0'k—z€]k> (10)
j=1 k=1 j=1

By assumption, each f; is concave, so the objective function Y%, m;f;(z;) is
concave. Moreover, the constraint function gp(X) 1= oy — Xj_; & is affine in
X, and so concave. Note that as long as each o, > 0, then Slater’s Condition is
satisfied.

Therefore by the Saddlepoint Theorem 10.3.6, a point 2 solves the constrained
maximization problem if and only if the there is a vector @ such that (Z;®) is a
saddlepoint of the Lagrangean over (Rﬂ)n X Rﬂ. Now regroup the Lagrangean
as

4

L(X;w) = <71f1(551) - Z Wk£1k> +eeet (ann(ﬂfn) —éwkﬁnk> +kzi:1wk0k~ (11)

k=1
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By the Saddlepoint Theorem the constrained maximizer Z is an unconstrained
maximizer of the Lagrangean evaluated at w = w. But note that this implies that
foreach j =1,...,n,

¢
&; maximizes 7; f;(z;) Z Okjk-

In other words, the saddlepoint values of the Lagrange multipliers are factor wages
such that each optimal Z; unconstrainedly maximizes the profit at the price 7;
and the vector of factor wages w. These multipliers, sometimes known as shadow
wages, allow the constrained problem to be decentralized as n independent
profit maximization decisions.

We now verify that the converse is true, namely, if

1. each Z; unconstrainedly maximizes the profit at price 7; and factor wages
w, and

2. the market for inputs clears, that is, if 3°7 ; Zj, < oy for k =1,...,¢, and

N VAN
each @y (ak — Y1 k) =0,

then X solves the constrained maximization problem.
To see this, write the profit maximization condition as

mifi(z;) Zwkfjk i fi(Z;) Zwk@k, for all z; 20 .

Sum over j = 1,...,n and add Yt_, &0k to both sides to get
¢ ¢ ¢
<7Tlf1 1) Z kfm) -+ (ann Tn) — Y kfnk) + > Okok
k=1 k=1 k=1

¢ ¢ ¢
< <7T1f1 ) Z@k§1k> -+ (ann ) Z@kfnk) + > oy
=1 k=1 k=1

for all X. Comparing this the Lagrangean as written in (11), we see that this is
the first inequality of the saddlepoint condition for the Lagrangean. The market
clearing condition, (2.) above implies that for any vector w = (wy,...,w;) = 0, we
have Y, w (O’k — > #1) = 0, so comparing this to the Lagrangean as written
n (10), the second inequality of the saddlepoint condition holds. Thus by the
easy half of the Saddlepoint Theorem, X solves the firm’s revenue maximization
problem

Thus the prices of the outputs determine the wages of the factors as saddlepoint
Lagrange multipliers.
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