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Lecture 1

Random Variables and Expectation

1.1 Metaphysical nonsense

The modern way to think about uncertainty is to take the view that there are several
conceivable outcomes to any uncertain phenomenon. We name these outcomes “states of
the world” or “states of the nature,” though some philosophers prefer the term “possible
worlds.” The canonical way to create a mathematical object to represent the set of states
of nature is take an appropriate language, and identify consistent sets of sentences with
the state of nature or possible world in which these sentences are true. (We won’t do that
here, but if you like that sort of thing see, e.g., Chellas [5, Chapter 1].) The important
thing about states is that they are assumed to be mutually exclusive and exhaustive of
all the possibilities. (This last assumption has to be suspect, since the set of states of
nature is a modeling construction.)

We know some things about the state of nature, but perhaps not enough to know the
state of nature exactly. The sorts of things we can know about are called “events,” which
are just sets of states that are consistent with our knowledge. The fact that we describe
states of the world as a collection of sentences means that by using the conjunctions
“or” and “and” and the modifier “not” means that the set of events ought to possess
a certain minimal set theoretic structure known as a field or algebra of sets. These
properties essentially require closure of the collection of events under pairwise unions
and intersections and under complementation.

We express our degree of belief about the likelihoods of events in terms of a probability
measure, which is a kind of set function defined on the field

of events. It assigns values between Q0 and 1, although certain Bayesian statisticians
entertain probability measures assuming values between 0 and oo inclusive. We shan’t
do that here. The main property of a probability measure is additivity: the probability
of disjoint events is the sum of their probabilities.

For technical reasons beyond the scope of these notes, probabilists prefer to work with
a little more structure. The collection of events is assumed to be a o-field (closed under
unions and intersections of infinite sequences of events) and the probability measure is

3



KCB A Few Things You Should Know About Probability 4

assumed to be countably additive (the probability of the union of a sequence of pairwise
disjoint events is the infinite series of their probabilities).

Why you may ask, do we take this approach? There are several physical phenomena
such as coin tossing, V2 hits on London, diffusion of ink in water, etc., that seem to be well
described by this approach. There are actually deep physical and mathematical reasons
why something as theoretically deterministic as coin tossing, which is after all governed
by Newton’s laws, should be best described probabilistically. For an introduction to this,
see Lasota and Mackey [12]. There are reasonable, if not compelling, reasons why purely
subjective beliefs may well be described by probabilities. The classic works here are of
course de Finetti [9] and Savage [18].

1.2 Probability Spaces

A probability space is a triple (€2, £, P} where {2 is a nonempty set of “states of nature,”
£ is a collection of subsets of € called “events,” and P is a probability measure.
We assume that £ is a o-field (also known as a o-algebra). That is, it satisfies:

1. €& Qel.

2. If E;,i=1,2,3,... belong to &£, then M, E; and U, E; belong to £.
3. fEe&, then Efe £,

A set function P: £ — [0,1] is a probability measure if:

1. P(@)=0;and P(Q) =1

2. P(UR,E;) = 2, P(E;) provided E; N E; = @ for i # j.

To cut down on the number of delimiters, when a set is delimited with braces, we may
omit the parentheses surrounding it and simply write something like P{w : f(w) = 1}
instead of P({w : f(w) = 1}). You will appreciate this later.

Elementary consequences:
1. PEUF)=P(EY+ P(F)—P(ENF),evenif ENF # @.
2. E, | implies P(N,E,) = lim, P(E,).
3. E, 1 implies P(U,E,) = lim, P(E,).

Elaborate on
atates of the world.
The g-ficld of
events represents
what is obscrvable,
E.g., two identical
dice {{1,6), (6, 1)}
can not be
distinguished.
Voting returns
from sceret ballota.
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1.3 Lebesgue measure

Far and away the most important example of a probability space is the unit interval of
the real line under Lebesgue measure, ([0, 1], B, A). In fact, probability spaces are called
standard if they look like a subset of this one.

First we have to describe the events. The smallest o-field of subsets of R containing
all the intervals is called the Borel o-field of R and is denoted B. More generally the
smallest o-field of subsets of R" containing all the open sets is called the Borel o-field
of R" and is denoted B". Sets belonging to B or B" are called Borel sets. The Borel
subsets of the unit interval [0, 1] comprise a o-field that we also denote B. These sets are
our events.

Our probability is Lebesgue measure A. It has the property that for any interval
[a,b] with a < b, its probability is its length, A([a,b]) = b — a. This is sometimes called
the uniform probability distribution. It turns out that there is only measure measure

on B with this property.
The curious among you may ask, “Are all subsets of the interval Borel sets?” The answer is no.

If you are a diligent student you will immediately demand, “Name one that isn’t.” The problem is
that until you take a serious course in real analysis, you will never be able to think of a set that is
not a Borel set. Really, you have to trust me (although I do have some good notes on the subject).
Then you might ask, “Why don’t we take the collection of all subsets to be our o-field of events?” The
answer is that there is no countably additive way to extend Lebesgue measure to all subsets of the unit
interval.! Finally, seeking a way around this madness you might ask, “Why don’t we just use additivity
instead of countable additivity?”’ Indeed some brave souls have taken this approach, notably Dubins and
Savage [6], but they encounter problems related to conditional expectations and uniqueness of infinite
product measures that are not obviously easier to deal with than restricting our attention to Borel sets.

The long and the short of it is that you have to learn to do things this way before you can hope to
understand the alternatives, and besides I had to learn it, so you should as well.

1.4 Random Variables and Vectors

A measurable space is a probability space without the probability measure. That is,
it is a pair (@2, £), where  is a nonempty set and £ is o-field of subsets of £2. Given
two measurable spaces (©2,€) and (A, F), a function ¢:Q — A is measurable, more
specifically (£, F)-measurable, if for every set F' belonging to F, its inverse image
©~![F] belongs to £.

Here is a fact: A function ¢ from the measurable space (€2, £) into the measurable
space (R, B) is (£, B)}-measurable if for every open subset U of R, its inverse image
©~[F] belongs to £. That is we don’t have to check the inverse image of every Borel set.
In fact, it is sufficient to check only the inverse images of intervals of the form (—o0,a}.
It is also sufficient to check only the inverse images of intervals of the form (—o0,a]. It
is a useful exercise to convince yourself of this. Actually, we always assume that R is a
measurable space with its Borel sets, and we often say that @ is just plain £-measurable.

A function g: R® — R™ is Borel-measurable if g~![u] € B" for any open U C R™.
It is not too hard to show that every continuous function from R" into R™ is Borel



KCB A Few Things You Should Know About Probability 6

measurable. (Try to prove it.)

A real random variable on (§2,€) is a measurable function from the measurable
space (§2,&) into the measurable space (R, B). For reasons I don’t understand, proba-
bilists and statisticians like to use uppercase Latin letters near the end of the alphabet to
denote random variables, that is, functions. This has confused generations of students,
who have trouble thinking of random variables as functions. For the sake of tradition,
and so that you get used to it, we follow suit. Thus a random variable X is a function
X:Q — R that is E-measurable, that is, X *[U] € £ for every open set U C R. A real
random vector is a function X:Q — R" that is £-measurable, that is, X ![U] € £ for
every open set U ¢ R".

The smallest o-field F such that X is F-measurable is called the o-field generated
by X, and is denoted F(X). Clearly F(X) C £ whenever X is a random vector.

1 Definition (Statisticians’ Notation) Statisticians often use the notation
[X € E] tomean {wef:X(w)e E}=X"'[E]

Likewise [X < t] means {w € Q : X(w) < t}, etc. We may also omit parentheses when
referring to the probability of such an event, like so: P[X < t].

2 Definition A property Q(w) parameterized by states of the world, is said to hold
almost surely, abbreviated Q) a.s. if the set of states of the world for which it fails to
hold is a subset of an event of probability zero. That is,

Qas. < JEcEPE)=0& {wefl: Qw)} CE.

Facts About Random Vectors

Here are some basic facts about random vectors and random variables. Remember the
hard part is showing measurability. Let X,Y:(Q,£) — R" be random vectors. Then:

1. aX + BY is a random vector, where (aX + 8Y)(w) = aX(w) + Y (w). That is,
the collection of random vectors is a vector space.

2. X -Y is a random variable, where - is the standard dot product of vectors.

3. XVvY and X AY are random vectors.

If X, is a sequence of random variables, then
4. sup, X, and inf X, are random variables.
5. limsup, X,,, liminf, X, lim X,, are random variables.

6. X~ ![I] € € for any interval I (open, closed, half-open, degenerate).
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[~

7. If E belongs to £, then its indicator function 1g is a random variable, where

0 E
1,,;(m}=I °"¢

8. If X;,---, X, are random variables, then
[X:]
[ |

is a random vector, and conversely.

1.5 Integration of Random Variables

A simple random variable is one that takes on only finitely many values. That is, it
is of the form ) | a;1g,, where each F; belongs to £.

3 Lemma If X is a nonnegative random variable, then
X (w) = sup{Y(w) : Yis a simple random variable and Y € X}.

Proof: Set Anyx = {w: £ < X(w) < ¥}, Observe that X is the supremum of the

n
. 2
sequence of simple functions X, = Y ;_, ﬁlAn,k- i

4 Definition Let ), a;1g, be a simple random variable and define its integral or
expectation by

f Yn‘a,‘lgi dP = Yn‘aiP(Eé)

2 51 i=1

It is a fact that fg X dP is well defined. That is, even though we can write a simple
random variable in several ways (e.g., 1o = 14 + 14:) the integral always turns out the
same.

5 Definition If X is a nonnegative random variable, define its integral by

/ X dP =sup rf YdP:Y € X and Y is a simple random va.riabIe]
It Q
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We say that a nonnegative random variable X is integrable if fﬂ | X|dP < oo.

For more general random variables X, set X™ = X V0 and X~ = (—X Vv0). Note that
X", X~ are nonnegative random variables by a previous fact. Unless neither [, X*+dP
nor fﬂ X~ dP is integrable define

fXdP= [X"dP fX'dP.
Q Q Q

We say that X itself is integrable if both X+, X~ are integrable. We can define inte-
gration over measurable subsets of §? as follows.

erP= fX-IEdP
E E

Notations for an integral

The following notations all mean the same thing:

[ xap, [ xw)drw), ! x@w)P@w), !xap
194 Q Q

1.6 Facts about Integrals

1. fEaX+ﬁYdP=afEXdP+ﬂrEYdP.

2. X >V implies [, XdP > [,Y dP.

3. X 20and [ XdP=0imply X =0as.

4. P(ENF) = 0 implies [, XdP = [, XdP + [, X dP.

1.7 Interchanging Integration and Limits

If X, is a sequence of integrable random variables and X,, converges pointwise to an
integrable random variable X, does it follow that [ X, dP converges to [ X dP? The
answer is unfortunately not necessarily.

6 Example (You can’t always interchange limits and integration) In this exam-
ple @ = [0,1), £ = B, and P is Lebesgue measure. Define the sequence X, by

Cwgi

( ) J 2” 2111
X, (w) =
L 0 otherwise.

Then each X, is an integrable random variable with [ X, dP = 1, but X, converges
pointwise to X = 0, which has [ X dP = 0. O

Define Riemann
integral?
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There are however some useful sufficient conditions for being able to interchange limits
and integration. They are given in the next two theorems.

7 Monotone Convergence Theorem If X, 1 X, all X,, nonnegative, then lim, [, g XndP
[, X dP

8 Lebesgue’s Dominated Convergence Theorem If Y is integrable and dominates
each X,, that is, | X,| <Y, and if X, — X pointwise, then lim,, [ X, dP fEXdP.

The next result is instrumental in proving the above and occasionally is useful in its
own right.

9 Fatou’s Lemma X, >0, X,, — X implies fEXdP < liminf fE X, dP.

Add 2 section on
differentiating
under an integral



Lecture 2

Distributions and densities

2.1 The Distribution of a Random Variable

Let ¢ be a measurable function from the probability space (Q, £, P) into the measurable
space (A, F). Then ¢ induces a probability measure ¢ on (A, F) by the formula

QUF) =P '[F])

for every F in F. This measure @ is often called Py~!. For random vectors we have a
special terminology. The distribution of the random vector X: — R" is the proba-
bility measure Px defined on (R", B") by

Px(E)=P{lu e Q: X(w) € E} = P[X € E} = P(X"YE)).

10 Definition For a random variable X: Q — R!, the cumulative distribution func-
tion Fy of X is a function Fx: R — [0,1] defined by

Fx(t) = Px((—OO,t]) = P{w S Q: X(W) S t}

N.B. Rao [16] and Breiman [4] and the French define the cumulative distribution function
using the strict inequality < rather than <.

11 Fact The cumulative distribution function Fx is nondecreasing, right continuous

function, and satisfies lim;_,_, Fx(t) = 0 and lim, o, Fx(t) = 1.

Constructing a random variable with a given distribution

The converse of Fact 11 is true.

12 Proposition Given any function F: R — [0, 1] that is nondecreasing, right continu-
ous, and satisfies lim;_, o, F'(t) = 0 and lim, .o, F(t) = 1, there is a random variable X
on the standard probability space ([0,1], B, A) with F = Fx.

10



KCB A Few Things You Should Know About Probability 11

Proof: Given such an F, define X:[0,1] — R by
X(t)=inf{z € R: F(z) 2 t}.

{(This makes X (0) = —co, but that’s okay since A{0} = 0.) When F is strictly increasing
and maps onto [0, 1], then X is just F'~'. More generally, flat spots in F' correspond to
jumps in X and vice-versa. See Figure 2.1.

z
s —
|7 ' Y
w|z Y z ’w—'&/ t s
0 1

Figure 2.1: Construction of X from F'.

First note that X is nondecreasing, and therefore Borel measurable (inverse images
of intervals are intervals). To see this, let ¢ < s. Then

{zeR:F(z) 2s}c{zeR:F(z) 2 t},
SO
X(t)=inf{z€ R: F(z) 2t} <inf{z € R: F(z) > s} = X(s).
Thus X is a random variable on the probability space[0, 1]. Since F is right continuous,
another key property is that
X(t)<y = t<F(y),
which implies that
{te(0,1]: X(t) <y} =[0,F(y)),

50
Mt e(0,1]: X(8) <u} = Fly)

In other words, F' is the cdf of X. [ |
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Fractiles are uniformly distributed

Another interesting property of the cdf of X is that if the cdf Fx is continuous, so that
its range has no gaps (that is, includes (0, 1)), then Fx o X is a random variable that is
uniformly distributed on [0, 1]. In other words,

PlweQ: Fx(X(w)) <t} =t, 0<t<l

To see this, fix t € [0,1], and let © = sup{z € R : Fx(z) < t}. By continuity, Fx(z) = ¢.
Then F(z) £t < 2z <z, 50 Fx(X(w)) £t < X(w) < z. Thus P{w € Q:
Fx(X(w)<t})=PlweQ: X{(w) <z} =Fx(z)=t

The Change of Variables Formula #1

The following formula actually allows one to convert integrals on abstract probability
spaces to integrals on the real lines, and so allow the use of calculus.

13 Proposition
[ [
X{w) dP(w) tdPx(t)
Q R
and for any Borel-measurable g: R — R,

rgonP= rg(t)dPX.
Q R

In other words, Only distributions matter! Some people write [ gdF for [ gdP.

2.2 Densities

A measure P on (R, B), has a density f (with respect to A) provided
P& = [ 10 /(0ax
R

for every set E in B. Note that densities are not unique, they may differ on sets of
measure zero.

14 Fact Let F be the cumulative distribution function of the measure P, that is, F(t)
P((—o0o0,t]). If P has a density f, then F'(t) exists a.s. and f = F'(t) a.s.

15 Fact If X is a random variable whose distribution Py has a density fy,and ¢ R — R
is Borel measurable, then

[ yx@)aPw) = T g fx®)dr@®.

Q R
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2.3 Marginal Distributions

Move Lo a zection
on product

Let measures.,

[ X1

X = : |

Xn

be a random vector with distribution v on R" (with density g(z1,...zn)).
The marginal distribution of X; is given by

PX;eB] = f1R><---XRxBxRX--->(R(ﬂ:l,...,L'Cn)dll(xl,...,:rn)
R ith place
= f f [g(:cl,...,:cn)da:]...dxn
R B R

Then the density g;(z;) of X; is given by

h. "l

gi(a:,;) = . g(fEl, 000 ,In) Ei.’l']l OJG G d.’l’,'i_ldﬂ'li.|.1 000 dl‘.,ﬁ.
R

v
x; is not included
n—1 times

2.4 Moments of a Random Variable or Distribution

Let P be a probability measure on (R, B). The first moment of P is
[ tap@).
R
If P has a density fp, this becomes
/ dA
tfp(t) dA(2).
R

The first moment of a random variable X is just the first moment of its distribution.
The first moment is also called the mean or expectation.
The second moment of P is [, t*dP(t). The second central moment of P is

f(t —m)2dP(t),

where m is the first moment of P. This is also called the variance of X.
We will now adopt the following notation for random variables.

Bo(X) = | gx(w)) dp(o).
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Thus the variance can be written
E((X — EX)?).
The n** moment of X is EX". The n** central moment is
E[(X — EX)"]

Do the moments determine the distribution? In general, no—see [4, 8.12]. But if my
denotes the k** moment and limsup, [mx|* < co then there is at most one distribution

with all these moments.
We can rewrite the variance:

E[X? - 2X(EX) + (EX)Y
E(X?) - 2(EX)EX + E[(EX)?
E(X?) - (EX)?

var X = E[(X - EX)}]

2.5 Some Important Examples

Bernoulli random variables
Let (£2, £, P) be a probability space. Let F € £ have P(F) = p, and let X = 1g. Then

x I 1 with probability p
L 0 with probability 1 — p.

The cumulative distribution function of X is given in Figure 2.2 Such a random variable

Figure 2.2: The cumulative distribution of a Bernoulli random variable.
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is called a Bernoulli random variable with parameter p, or a Bernoulli trial. The
value 1 is often referred to as a success.
A Bernoullie random variable X does not have a density. But [, g(t)dPx = (1 -

P)g{0) + pg(1). Clearly,

Ex=xap= T tapet)=(1-p)o+p1=p.
1) R
EX?=p1® =p,
and
var X = E(X?) —(EX)? =p - p*
Normal random variables

A random variable X is said to have a normal (or Gaussian) distribution N (u, o?)
if Px has a density fx given by

1 1 2
¢ e 77 (t=ge)
fx(t) V2no

The standard normal case is x = 0 and o = 1. A graph of the standard normal density
is given in Figure 2.3. The value of the density at t = 0 is about 0.39894 and at ¢t = £3
is about 0.00443. We show in Proposition 18 below that

L e‘%; dt = 1.
2 R
The cumulative distribution function for the standard normal is graphed in Figure 2.4. Its
value at —3 is about 0.00135 and at 3 is 0.99865. (Note that the scale of the vertical axis
exaggerates the curvature in both graphs.) For a more precise estimate of the behavior
of the tails, Pollard [15, p. 191] proves that

—142 _ 142
/l_ls\ M £ Prob [N(O,l) ;t] < lM
t t Ve t Vo

fort > 0.
The relationship between the standard normal distribution and the others is quite
simple.

16 Proposition Let Z be a standard normal. Then 6Z + p has the N(u,c*) normal
distribution.

Conversely, if X has the N{u,c?) normal distribution, then X;

# is a standard

normal.
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-3 2 1 1 2 3

Figure 2.3: The Gaussian density function

-3 -2 -1 1 2 3

Figure 2.4: The Gaussian cumulative distribution function.
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Pmof We prove only the first half. Let Y = o X + p. We wish to show that fy(z) =

e-4(52)"
‘/_"a 1.2
We know fx(z) = S=e"7"
Fy(t) = PlY <t]=PloX+pu<t]
= plx itz
o
t=p
- LI e 3% dg
Ve2T _x
This is differentiable so the density of Y is Fy.(¢) = T=e 2(_2) |
What is the mean of a normal random variable X7
Ex=xap = Tiyare
Q R
LI R
te 2T TR dt
n 1 V2roc R
setting z ,u} so that dz = dt,
1 f
= — +oz)e 2% dz
o R(ﬂ )
b f ~3% g f 1z2
= — dz + —_ e" d
V2T Re ’ ‘\/21r RZ :i
7:;:([;)0028 dz — f 262 dz)
=7 1-1)
as
[ ze=#/2 = —e- %
pof 12
= — ' e 2% dz
\/211‘ R
= u

by Proposition 18 below.
The variance is given by E(X — EX)? = E(X — p)?
f 2 11 ()
= D (t—p)P—me—e 2T ) g
R( ) o=

Set z = £ and use integration by parts:

[

21TR

var X = — ! o%2%~ Zdz
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22 22 22
Integrate by parts, [vdu = uv — [udv withu =e™ 7, -‘% = —ze 7, du = —ze 7dz,
U= -2, d t = ~1, dv = —dz, to get
o? f
var X = 22e " 4 dz
V2T
a? [ ( 2
= — —2)l —2e" 2 1 d2
o R( )
ol L2 |Hoo a2 I‘ 2 q
=l—— —ze” T —— ' —e Tz
Ve -00 V2T R
=0-0

as exponential dominates
(use I'Hépital’s rule)

[ 2
\/57_1_(04- e~ 7 dz)

=O'.

Poisson random variables

A random variable X has a Poisson distribution if
/\k -2
k!

P[X = k] =

2.6 Change of Variables in a Multiple Integral

Whon! What i= a
R" has its own collection of Borel sets B" generated by rectangles. n-dimensional =uitiple intesmal?

Lebesgue measure A", is defined for rectangles to be their volume. It has a unique
extension to all of B".

For f: R® — R that is Borel measurable, that is, f~1(B) € B" for every B € B', we
can define [g. f(z)dA"(x) in the usual way.

There are however some computational tricks. Let’s let n = 2. Consider

I N y)

AxBCR?
Put
o(z) = f f(z5) AN ()

Is

Ity ai@y 2 | g@) v
Ax DB A
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YES, provided f is integrable with respect to A2. This result is known as Fubini’s
theorem. Also, if f(z,y) = g(z)h{y), then

[ fan)d¥ey) = | g@)an(@) x f3 h(y) (@),

AxB A

Thus we can reduce an integral over R" to an iterated sequence of 1-dimensional integrals.

2.7 Change of Variables

17 Theorem (Change of Variables # 2) cf. Hogg and Craig [11, G4.3 and 4.5].
Let EC R, H:E — F C R", and let  denote a typical element of F' and u a
typical element of E. Let f: F — R be integrable. Then

£ f(z)dX"(z) = fE FCH )| Tr ()] AN )

where Jy(u) = det r%—’f(u)] provided H is one-to-one and Jy(u) # 0 except for a set of
n-dimensional Lebesgue measure zero.

18 Proposition {The Gaussian Density) The standard normal density

| R
z)= ——e 2
1) = —=
is truly a density. That is, [ f(z)dz=1.
Proof: Set / ,
1 o _f£2)
I =— e 2 dz
V2T —eo
We will show 72 =1 hence I = 1. Now
1 [® _z2 1 [* =2
rr = — ez dz — e 7 dx
VeT _eo V2T _eo
- 1 f —L(z2+22) ;42
= 5 Rze 2 dA*(z, z).
Let

H:(r,8) — (rcos8,rsinf)
so H: (0,00) x [0,21) — R?\ {0} is one-to-one, and

[ cos® sinf |

. =rcos®+rsin’ 8 = r.
—rsinf rcosf

Ji(z,8) = det
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By the change of variables formula

i f 6_%(I2+z2)dA2(.'B,z)

2 pe
i i I. e_%((rCOSB}z‘I[TSin0]2]|T|dA2(T’9)
2T (0,00)x[0,2)
1
_ 1 e r dA3(r, 0)

2m (0,00) x[0,27)
by Fubini’s Theorem this is equal to

27 [+5]
LTI e gy avge)
2w 0

= LTl e
0

2
0-i~1)
1

el
= 5 | ldi=1

Thus I? = 1, and since clearly 1 =2 0, I = 1.



Lecture 3

More on Integration

3.1 Integration by Parts

Let f,g: R — R continuously differentiable. Then
(f(hg®) = f'(W)g(t) + ')/ (2)

50
fg= ff’gdt+ fg’fdt
SO

[ [
f@)g () dt = fb)g(b) = fla)ga) = * g()f'(¢)dt

a

19 Fact Let F,G be cumulative distribution functions. By { dF we mean [ dP where
F' is the cumulative distribution function of P. Then

! Pwdow = FOGE - Fe6@ - | curare),
where G(y~) = limg o G(y — 8). The limit y~ can be replaced by y if either F or G is
continuous.

20 Corollary Let F' be a cumulative distribution function with F(0) = 0, that is, the
curnulative distribution function of a nonnegative random variable Then for any p > 0,

[ P dF(z)=0p [ (1 — F(z))zP ldz
[0,00) 0
Proof: Set Gp(z) = zP A bP. By Integration by Parts (2)
I I
PdF = FOWP - ! F(z)dGy(x).
0

0

[t r
= Fb)¥ -p i F(z)z*'dz=p ) (F(b) — F(z))z"" dz.

21
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since G} has derivative pzP~!. Now let b — oo. |

3.2 Chebychev’s Inequality

Let X be a random variable on (£2,&, P}, let ¢ be a nonnegative and nondecreasing
function, and let o € R satisfy ¢(a) > 0. Then

PlIX| > o] E%

Proof: Now
Bex) = | p(xpap
= T uxpe I X,

[1X]>al _liX|<al
N

7

Therefore

E(x)) > | oixpaP> | p(0)dP = o(@)P[X| > o],

(1X1>a] {|X]>e]
where the second inequality follows from the monotonicity of ¢. Now divide by ¢(c). B

21 Corollary Let X be a random variable with mean u and variance ¢ > 0. Let k > 0.
Then

1
P(X = pl > ko] < 7.

Proof: Apply Chebychev’s Inequality to p(z) =z? and ¥ = | X — . |

3.3 Jensen’s Inequality

Let X be a random vector on (2, £, P) and let the range of X lie in some convex subset
C of R". Let ¢:C — R be convex. That is, o(tz + (1 — t)y) < tp(z) + (1 — t)e(y) for
t € [0,1]. If X is integrable and ¢ is subdifferentiable at EX (e.g., if EX is interior to
C), then E(p o X) is defined (but possibly +o00), and

©(EX) < Ep(X).
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Proof: Let p € R" be a subdifferential for ¢ at £X. That is,
plz) 2 p- (z— EX) +o(EX)
for all z in C. Then
Eo(X} 2 p- (EX — EX) + Ep(EX) = ¢(EX).

=0

3.4 An Inner Product for Random Variables

Let Lo(Q, €, P) denote the set of random variables X on (2, £, P) such that E(X?) < oo
(modulo null sets). Define

x,v) = | XYW dpPw) = B(xY).
0

I claim (X,Y) is an inner product. That is,
1. (X,X)=EX?>0 with =0 only if X =0 as.
2. (X,Y) = (Y, X).
3. {aX,Y) =a(X,Y).
It follows from the Cauchy Schwartz inequality that:
(XY < (X, X)(Y,Y)
with equality only if X and Y are linearly dependent, that is, there exist @, not both

zero aX + bY = 0 a.s. We also have a notion of orthogonality, etc.

Covariance
Let X,Y be random variables on (2, &, P). Then

E((X — EX)(Y — EY))

is called the covariance of X and Y (provided the integral exists). We can rewrite this
as

cov(X,Y)

il

E((X - EX)(Y - EY))
= E(XY —Y(EX) - X(EY) + (EX)(EY))
= E(XY) - (EX)(EY)
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The correlation coefficient between X and YV is defined to be

cov(X,Y)
(var X)z(varY)z

provided var X = 0 and varY > 0. By the Cauchy-Schwartz Inequality

cov(X,Y)
D (var X)2(varY)s 3

When is the correlation coefficient equal to £17 By Cauchy-Schwartz this occurs only
if (X — EX) and (Y — EY) are linearly dependent, that is, there are a,b not both zero
such that a(X — EX) + b(Y — EY) = 0. Suppose a # 0. Then

b b
X = —<Y + (EX — —EY)
a a

or in other words

X =cY +d
When EX = EY = 0, then d = 0 and cov(X,Y) = EXY = cEY? s0o ¢ > 0 if the
correlation = +1 and ¢ < 0 if correlation = —1. If the correlation between X and Y is
zero, then X — FX, Y — EY are orthogonal in terms of our inner product. Expand on this

point?

Let Y, Xi,...,Xn € L2 have mean 0. Let M = span(X;,...,X,). We can or-
thogonally project ¥ onto M to get Y = Y. a;X; + U where U L M, that is, U is
uncorrelated with each X;.

Variance-Covariance Matrices

[X:] [EX)]
Let X = | : | be a random vector on (£2, &, P). Define EX = | : | .
Xa EX

22 Exercise Let Y = AX. Then EY = A(EX)

23 Definition For a random vector X, define var (X) to be the matrix defined by
var(X) = E((X - EX)(X — EX))

E[(X; — EX:)(X; — EX;)]

[COV (X,', XJ)]
E(XX") — (EX)(EXY

i

I
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3.5 Stochastic Independence

A family & of random variables on (2, &, P) is (stochastically) independent if for all
X1 X, € X, and all By,...,E, €€,

P[Xl € F, X EEQ,...,XﬂFEn]

ﬁ P[X, € E|].

Let X, ..., X, be independent and let v be the distribution of

[X:]

Xi= |Xn|

V(A X A % -+ X AL) = 1 (A e(Ag) - - v (Ay)

where v; is the distribution of X; on R.
Under independence, if v has a density f: R" — R, then the density f(¢1,...,%,)
factors, i.e.,

Then

fltr, - otn) = i) f2(t2) - faltn)

where f; is a density for ;. The converse, that is, factorization of densities or distributions
implies independence, is true (provided all the random variables are defined on the same
probability space).

Let X,Y be independent random variables on (2, £, P) with joint distribution v on
R?. Then

E(XY) I;# zy dv(z,y)
s=ul [ zydvx(z)dvy(y) by Fubini and independence
R R
= Bx [ yan()
R
= EXPEY.

Therefore
cov (X, Y} = E(XY) - ExEy = (.

The converse is not true in general.
24 Corollary If X,Y random variables on (2, €, P} are independent and E|f(z)| < oo

and Elg(Y)| < oo, then B((X) - g(¥)) = (E(z)) - (Bg(Y)).
Also f(X) and g(Y') are independent for f, g Borel measurable.
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3.6 Moment Generating Functions

25 Proposition Let F,G be cumulative distribution functions with F(0) = G(0) = 0.
If

[ e dF(z) = J e “dG(z) for allt > 0,
R R

then F = G.
Proof: Breiman [4, Ch. 8.13, Prop 8.51]. [ |

26 Definition The moment generating function My of a random variable X is
defined by

Mx(t) = E(e%)

— | mar(a)

provided the integral exists.
27 Fact If there is some & > 0 such that Mp(t) = Me(t) for all t € [0,6), then F =G.
See, e.g., Billingsley [3, p. 305, prob. 26.7].

28 Proposition Suppose Mx(t) is defined and n-times differentiable at t = 0. Then

Mi(t) = fq (&Y dF(z)

- fa:e“"dF(:c).
R

Thus M%(0) = [pzdF(z) = EX. Similarly,
MO = [ et ar(z)

so MM(0) = EX™.

3.7 The Characteristic Function of X

The characteristic function ¢ x: R — C of the random variable X is a complex-valued
function defined on the real line by

px(u) = Be™”,

where of course i = v/—1. This expectation always exists as a complex number (integrate
real and imaginary parts separately) as |e®**| =1 for all u, z.
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29 Proposition (Properties of ¢x) The characteristic function ¢ satisfies
L px(0)=1.
2. |px(uw)]| €1 for all u.
3. ¢x(—u) = px(u), where the bar denotes complex conjugation.

4. ¢ is uniformly continuous.

Also if X and Y have the same characteristic function, they have the same distribu-
tion. Thus we can taik about the characteristic functions of distributions. For a random

vector I_ .I
X1
X :
H
define ¢x : R" — C by

(,Ox(ul e 1“1;) = E[e‘{Z? ,u.X.-]l] = Fev X

Observe that in the one-dimensional case

di;cpx (u) = EiXe™* = [ igetes dFx(z)
80 y
—-vx(0) = {(EX)
and more generally .
& ox(0) = (EX™).

30 Fact If F has a density f and characteristic function ¢, then

o =1 efz)de

-0

and we have the inversion formula

f@ =1 ey du

—Co

Characteristic Function of ¢ X + b

Pax+o(t) = €™px (au).

Setting @ = 0 we get the characteristic function of a constant random variable as

Wy (u) _ eiub.
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Independence and Characteristic Functions
Let X},..., X, be random variables on (Q, &, P).

[X:]

i

31 Fact Then X,,..., X, are stochastically independent if and only if
ex{u, ... ux) = [l ox,(w)
im]
Partial proof: (=) Assume a density f:
ex(uy,. .., up) = [ e L= %% flgy L x,)dry .. da,
Rn
3
= fﬂ €% f.(z;)dzy,. .. ,dz, by independence
=1
= T1 [ gwe fi{z;)dz; by Fubini’s Theorem

=1

= ]T‘Px,- (u;).

j=1

Characteristic Function of an Independent Sumn
32 Lemma Let X,Y be independent random variables on (0, £, P). Then
pxav(u) = B
= E(eiuxeiuY)
E*XEe™Y by independence

wx(u)py (u).
Characteristic Function of a Bernoulli Random Variable
Let X be a Bernoulli random variable, that is,

x I 0 with probability 1 — p
! with probability p.
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ox(u) = EetX
peiul + (1 _ p)ez‘uﬂ
pe + (1~ p)

Characteristic Function of a Normal Random Variable
Let X be a standard normal random variable. Then

1 f iux  Lz?
— ! e"™e2" dx.
Vi2r R

Now use the fact for any complex number z,

px(u) = Be™* =

fea] n
SN
|
o ™
(see, e.g., Rudin [17, p. 1]} to get
1 rutr"
plu) = — [ e~ dx
\1211' R,.g n!
1 ; ity
= — f lim T/ e'l"z\ dx
V2r gk n
Now
1T T T
: ":“:r: e~ ig?| < eluel-1e?
n=>0 ’
and el=l=37" ig integrable:
o0
[ elwl=32" gy = 2 [ =37 dg
R 0
fz("H) 1.2 [ 1.2
= et.l.-'E—El' d:c+ eu:r i:t d.’B
0 2(1+u}
oo
< / e *dzx
2(1+u)
e—2(]+u)

Therefore by the Dominated Convergence Theorem

k.
1 ()" [ o 1.2
w(u) =94== Nor nio i R:B e dz.

Wl
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Let us break this into its pieces. Set I, = | I e~ dr. Using integration by parts
2

32 T
fudv=uwv— [vdu, withu = —2"!, du = —(n—~1)z"2dz,v=e"7, dv = —ze” 7 dz,
we get

Iy = [ e~ 1% dr
Rn
=2 +o0 =2
= —z"le™ T _ —(n—1)z" %" 7 dzx
0 R
—
= (TL - 1)In_2

But Iy = fe‘% dr = V27 and I, = f:ne‘% dzr = 0. (We've done these before.)
Therefore:

For n odd, I, =0.

For n even, n = 2m,

Im = l@m—1)---5-3.1.v27]

L (2m)!
T 2m)(2m - 2). ..2‘/2_7r

_ m)

2m(ml)

So

1 S
plu)ag= J@mm; (2n)!

1 (@)™ (2n)
N MZO (2n)! 2“n!m

IQn

n=_0
[o.9]
_ [—u*\ n
N Z:o 2 nl
ll2
= e 'z,

Now for X normal N(0,1), X + p is normal (u,5?), but @ex4, = e™px{ou), so

152424
(PN(,u.,crz) =e FO°U +1u,u..
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Characteristice Function of a Poisson Random Variable

The characteristic function is given by

o

) 2k
p(u) = Ee™* = Y e"‘"e'*F
k=0 )

ad A iuyk iu
- e—,\ Y‘ ( (;:| ) 2 e—A(eAe )
k=0 ’

)



Lecture 4

The Law of Averages

What is the probability that in 2n independent Bernoulli random variables with p = ;
that there are n 1s? (coin-tossing)

(2n\ (IN"(1N" _ (2n)) 1

n 2 2 ninl 220

Use Stirling’s approximation n! = e *n"v/2mn(1+¢,) where £, — 0 asn — oo (Feller [8,
p. 52]} so
(2n)! e (2n)*"Vdmn
nln!  e-ne-nprnny/27ny/21n

where §, — 0 as n — 00. So the probability of n 1’s in 2n attempts is

(1+6,),

2211

—=2""(1+4,
=2 (L 6a)
1
= — (144,
= (1+0n)
—_— 0
as n — oo.
What about the probability of between n — k and n + k heads?
2k
< —[1+4é
\/ﬁ( +6n)
— 0
as n — oo.

To get a law of averages, we need to let k& grow with n. Hmmm.
Let € > 0 be given. What is

Prob [# of ones/n € (1 —¢,1 +¢))?

32
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This turns out to go to one as n — oo for any £ > 0.

This sort of phenomenon is called a weak law of large numbers. It says if you
look at all n-length sequences of independent Bernoulli random variables the proportion
of ones is close to 3 (within ) with probability 1 —  if n is big enough. A strong law
would say that in almost every infinite sequence the fraction of ones in the first n values

b % as 1 —r OQ.

4.1 A Weak Law

Let X, X2,... be ii.d. random variables with mean g, variance 0% < oo, and let S, =
3% 1 Xi- Then for any £ > 0

T
Pr%—u sJ—»l as 1 — 00.

Proof: By Chebychev’s Inequality (P[|X| > of < Eﬁl:)fl))’

E(s — py?
PlI% >l < B2 oo
n =
What is E (£ — 1)*?
2 {1 \?
E/ﬁ—,u\ = E =N Xi—p
n ni=1
1/ / AR
i J
/ \
1
= 3 SN B —u)(X; - )
i J =0nn?:ssi=3
by independence
1 n
= —2Y\V8.I‘X@'
T
i=1
1
= ---g'2
T
Thus B )
P[—"—p >e]sa—2—+0 as n — oo,
n ne

How about a strong law?
Time to talk about different notions of convergence.
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Convergence in Probability
We say that Y, converges in probability to Y, written ¥, &5 Y or Y = plimVY,, if
Ve >0 Pl{w: |Ya(w)—Y(Ww)|<e} =1 asn— oo

The above weak law says plim %’1 = 1.

Almost Sure Convergence

We say that Y, converges almost surely to Y, written ¥, 2% Y or Y =limY,, as. if

PlY, =2 Y]=Plw: Yalw) = Y(w)} = 1.
Comparison

Y, 5 Y
means
V6>0Ve>03aNVn2 N Pl{w: |Ya(w) —Y(Ww)| e} 2 (1 —4)

Y, 25,y
means
P{w:Ve>03IN Vn 2 N|Y {w) - Y(Ww)| e} =1

33 Proposition
Y, 2 Y =Y, 5Y
Proof: Put Ay = {w:Vn 2 N |Yo(w) - Y(w)| < €}. We want that P{Jy_, Anx) = 1.
This is clear from ¥, 2% Y. [ |
Converse Not True
Consider the sequence defined by Draw & piceure.

Yi=lpyy Ya=1yy
Ys=1py, Ya=1py, Ys=1gs Yo =13
Y: = 1[()‘%), etc.

Then Y, -5 0, but ¥, A& 0.
However we do have the following result.

34 Proposition IfY, © Y, then for some subsequence Y,, 2%+Y.

Proof: Later. It uses the Borel-Cantelli Lemma, [4, p. 44]. [ |



KCB A Few Things You Should Know About Probability 35

4.2 Kolmogorov’s Strong Law of Large Numbers

35 Theorem (Strong Law) Let X, X,,... be a sequence of i.i.d. random variables
and set S, = Yo, X;. Then

Sn
;L'S%,u<oo <= F|X;| < oo and EX; = p.

Proof: Hard. | |

4.3 L, Convergence
We say that Y,, converges in the ¢** mean, written
Y, LY

if
anrJmemmzqya

36 Proposition
Yn L Y = Yn ‘L) Y

Proof: By Chebychev’s Inequality,

PlYa—¥] > < Y1
[
37 Proposition
Y, 2 Y [VI<Z EZ<co = Y,BHY
Proof: Use Lebesgue Dominated Convergence Theorem. [ |

4.4 Convergence in Distribution

Let F,, F' be cumulative distribution functions. We say that F, converges in distri-

bution to F, written
F,F

if Fi(t) — F(t) for all ¢ at which F is continuous.
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Let X,,, X be random variables we say
X, 2+ X
if
F Xn 2, F X

For example, if X,(w) = 2 for all w, and X{w) = 0 for all w, then X, 2+ X since
Fx, (t) = Fx(t) for all ¢ except 0, but F isn’t continuous at 0.

38 Proposition If F, 5 F, then [ gdF, — [ gdF for any bounded continuous g.

39 Corollary If F, 2 F, and if the k** moments of F,, and F exist, then the moments
converge.

Proof: Use Proposition 38 applied to truncated t*, and use monotone convergence. 1l
40 Proposition Let X, I+ X, and let ¢: R — R be continuous a.e.-F. Then

9(Xn) 2+ g(X).
Proof: Breiman [4, 8.19). |

Note: X, 2 X does not imply that X, — X 2 0. For example, let X, X, ~ N(0,1).
Then X, — X ~ N(0,2).

4.5 Convergence in Distribution and Characteristic
Functions

Let F,,, F be cumulative distribution functions and @,, ¢ be the corresponding charac-
teristic function

w(u) = fei“tdF(t).
R

41 Theorem
Fo D F &= po(u) — o(u) forallu.
Proof: Breiman (4, 8.30 and 8.31]. |

42 Theorem Let F,,, F be cumulative distribution functions and suppose that there is
some interval (—§,§) about 0 on which all their moment generating functions

M) = | e=ar(z)
R
are defined. Then
F, v F < M,(t) — M(t) for all t € (-4, 6).
Proof: Billingsley [3, p. 7]. [
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37

Method of Moments

Let p = [Rt*dF(t). Suppose limsup,_, J”—';Ji < oo. If [pthdF,(t)
integer k& = 0, then F, 2+ F.

Proof: Breiman [4, 8.48 and 8.49].

—_—
n—oc

y for every



Lecture 5

Central Limit Theorem(s)

43 Theorem {Version 1) (Loéve [13, 21.1]) Let X;,X.... be iid. with EX; = 0
EX? = 0% < co. Then

Vno
Compare this to the Strong Law, which states Xif=tXn as., g
X1+ + X,
Sketch of proof: Compute the characteristic function ¢, of —lj;\/#.

E ei“{ x +7”r;a+xn }
= E o lelu{ 7;5; }

©n(u)

. X,
= E=1E'ew{ 7} { independence)
rEew{ 7 }.| (identical distribution)

i FE/1+_ X 1/, X\ +Or/iuX1\2]\]n
3 Tt e N
{Taylor SeriesasEXl—OEXf-a2)

g e, (=]

n 02 2n

Now use the following well known fact: lim;_o(1 + az + o(bz))* — €2, s0 as n — oo,

oq(u) — e"“;, which is the characteristic function of N(0,1). |

Proof of the well known fact:
1 1
In(1 + az + o(bz))z = - In(1 + az + o(bx))

38
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Ini+ ezln’(1) + o(z)]
zlaz +o(z)]
a+ ‘-)%c-l —agas — 0,

1
Therefore el tez+rbells _, oo 55 24 (. |

5.1 A More General CLT

What if the X;s are not identically distributed? We can deal with this using triangular
arrays. A triangular array is sequence of rows, that is, finite sequences, of random
variables, where each row is independent.

Xig - Xk
Xz'l . . )(2';‘,i

Xn1 ... oo Xug,

1

A sequence of independent random variables generates a triangular array in the following

natural fashion.
X1

X1 X,
X1 Xo Xs

We still need to assume that all random variables have mean zero, and finite second
movements. Let S, = Ef;l X,,; denote the sum of n*® row and ¢z = var §,. Assume

¢ > 0 from some 7 on.

44 Theorem (Lindeberg’s CLT) If for every € = 0,

lics [
=3 t2dF, (t) = 0asn — 00

2
Ch j=1 [t:]t]=ecn)

(that is, if the fraction of the variance in the tails goes to zero) then

Sn N(0,1).

Cn

Proof: Logve [13, 21.B, p. 292}; Hall and Heyde [10, 3.2]. |
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Hall and Heyde argue that this implies 22Xt £, g (7)

This condition is not necessary. For instance, let

0 J<kn
N(0,1) 7=k,

Then S, is N(0,1) but rlt:ItIBEI 2dF(t) 4+ 0 as n — co.

Xpj = [

Lindeberg’s Theorem Implies Version I

Assume the hypothesis of version 1, and form the triangular array
Lx _LYx
Ve 'l as 2

1 1
X o X,
Then ¢ = 1 for each n. We want to show that S, 2+ N(0,1). Now

Yn‘ [ e dFp;(t)

n 2
X
=t [l 1V
2
_1 [ ﬁdP — 0
T 1X1|2ev/na] 9

finite as EX? < oo
45 Corollary Let EX? = 0 < 00; Fx = Fx: = Fx» X', X" independent. Suppose
x 2 X'+ X
V2
Then 1 X ~ N(0,1)

Proof
EX = %(EX'-{—EX") = %EX as Fy = Fyxr = Fyun
= EX =0
Forn =27 1. o0 lXi+ - +X,
- X=—-——"—" - N(0,1).
o o NG

Exd



KCB A Few Things You Should Know About Probability 41

A Converse
46 Proposition (Jain—-Feller) X;, Xs,... i.i.d. Then

Xi+ -+ Xn
/n

We also have the following result.

2, N(0,1) = EX;=0and EX? =1

47 Proposition (Breiman [4, 9.6]) Let S, = Y™ X, where X, are i.i.d.

M, = max |X,

1<1<k“n

Suppose S, 2+ X.
Then M, 2 0 < X is normal.

Rate of Convergence to Normal
48 Theorem (Berry—Esseen) X,... iid., EX; =0, EX? = 0%, E|X;|® < 0co. Then

sup |Fa(t) - G(B)] < —m EIX[*
i

03\/_

Cf. Breiman [4, p. 184], Loéve (13, p. 300]. Le Cam proved ¢ < 4; Breiman claims
unpublished work gives ¢ < 2.05.

5.2 Binomial and Poisson Convergence

Proposition 48 leads to the question, what happens if | X, ;| does not get small?
Let X, be a triangular array of Bernoulli trials with prob of success p,, in row n.
Suppose p,k, — A > 0. Put

kn
Sn = T Tpi

i=1
(1 _pn)k“
A
— {1- k_n)
— e #0

(Note: P[M, = 0] = P[S, =0].) Then S, -2 P(\).
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Proof:

ka
Characteristic Function of S, = [ Ee™*~i iid.
i=1
kn
= n(pnem + (1 = pn))

im]

kn
TT[1 + pa(e™ = 1)]

’\ iu kn

eMe-1).

The next result is a converse of sorts.

49 Theorem (Poisson Convergence Theorem) Triangular array X,; independent
in rows such that

kn

2 S 2

m?‘xan,i n—00 Oi an,i n—oeo ’\
i=1

Then S, 2 P()) if and only if

N
E(S,) = AandVe >0 Y f 2dF(t + piag) — 0

k=1 "t_ 1|2£]

See Lotve [13, p. 308].



Lecture 6

Conditioning: The straight dope

Cf. Hogg and Craig [11, ch 2].

Let X:Q — R be a random variable, i.e., X }(B) € £ for any B € B. Recall that
the collection {X![B] : B € B} is a o-field contained in £ and is denoted F{X), the
o-field generated by X.

E.g let A€ F andlet X =14. Then F(X) = {Q,2, A, A°}.

50 Fact Let X:$2 — R be a random variable. Let Y:{} — R be a random variable that
is F(X)-measurable. Then there is a Borel-measurable function g: R — R such that

Y(w)=g(X{w)) forallwe.
Proof: Breiman [4, Appendix A.21]. |

51 Definition Let X,Y:Q — R be random variables such that EY exists. The expec-
tation of Y given X, E(Y|X), is a random variable(!) satisfying

1. BE(Y|X) is F(X)-measurable
2. [,E(Y|X)(w)dP(w) = [,Y(w)dP(w) for any A € F(X).
52 Fact E(Y|X) exists (provided EY exists). Several “versions” do, but any two ver-
sions disagree only on a set of probability 0.
Since E(Y|X) is F(X)-measurable there is some function g: R — R such that
E(Y|X)(w) = ¢(X(w)) for all w.
Let B € B. Then E = X}[B] € F(X) so
[yviwydPw) = | Ex|X)(w)dPw)
E E=(XehB)

= 1 gxw))dPw)
E

= | y@dx(a),
B

43
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where vy is the distribution of X. It is customary to write g(z) as E(Y|X = z). Thus

/ Y(w)dP(w) = / E(Y|X = z)dvx(z) for any B € B.

[XeB)

[x]

Suppose v has a density f(z,y), and X has density f(z). (Then f(z) = [ f(z,v)dy.)
Now for any B € B,

I;E(Y|X =z)f(z)dz = rBE(Y]X=3:)dux(:r)
= I ywdrw)
[X€B]

. [yf(w,y)dxdy
BxR R

= f{fyf(w,y)dy\ dz
B R

Thus
E(IX =2)f@) = | uf@dy aeos
E(Y|X =z) = [ f( )dy provided f(z) > 0.
ic)
Define

flz,y)
x)= .
flz) )
This is called the conditional density of ¥ given X.
Let h: R — R be Borel measurable, and Y be F(X)-measurable. Then A(Y) is
F(X)-measurable as well. So what is E(h(Y)|X)? A random variable satisfying

[ Ba)X)wdpw) = | hy)w)dPw).

[XeB] [XeB]
Similarty E(h(Y)|X = z) satisfies

[ ) dPw) = | BRy)|x = n)dv.(a).
[XeB) B

[X1

Suppose v

has density f(z,y), X having density f(z). Then Bad Nota-
tion City!)

[ ww)iiepdedy = 1 b)) dPw)
BxR [Xen)

= T BERy)|x = 0)f(@) da.
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Conclude as before that

E(h(Y)|X = 2)f(z) = Q h(y)f(z,v) dy
or

Beix=o)= | h(y)%dw ! h) s dy

Some Facts
1. E(aY; + 8Ys|X) = aE(Y1|X) + BE(Y2|X) as.
2. E(E(Y|X)) = EY (Since € F(X).)
3. If X and Y are independent, then E{(Y|X) = EY as.
4. E(h(X)Y|X) = h(X}E(Y|X) as.

Conditional Expectation as Projection

Let
Lo(), F, P) = {X|X:Q — R is F-measurable and E|X?| < co}.

Then L2(§2, F, P) is a vector space, and we can define an inner product by
(1) = | Xy are)
Q

Let 7' € F. Then Ly(2, F', P) is a linear subspace of L,(Q}, F, P).
53 Proposition E(Y|X) is the orthogonal projection of Y on L,(Q, F (X}, P).

6.1 Back to Basics

Whatever happened to P{B|X) = Eg-gf—%ﬂ for P(A) > 07

Look at E(1p|14 = 1). Let v be the distribution of 14. Then v{0} = P(A¢) and
v{1} = P(A). We know that F(1,) = {@,Q, A, A°} so

PBA) = ! 15w)dPw)
A

- I BEasnaw dPw)
A=[14=1)

= T B =) dv@)
{1}
= P(A)- E(114=1).
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Therefore P(BN A)
Similarly
; Wy | P(BnN A .
.&-(13'1,4—0)— P(Ac) if P(A)>O
Likewise S.,Y () dP(w)
B(Y|4) = =P E(Y|14=1).

So all our simple ideas are included.
What is E(Y|1,4)7

I E(Y|Ad) we4

E(Y[1p)(w) =
L B(Y14%)  we 4

It’s a random variable, you know.



Lecture 7

Metric spaces of probability
measures

Let (X,d) be a metric space. (See my notes on metric spaces.) Recall that a set U is
open if for every z € U there is an ¢ > 0 such that B.(z) = {y € X : d(z,y) < €} is
included in U. The e-neighborhood N, (A) of a set A is the open set defined by

N.(A) ={ye X:IzeAd(z,y) <e} = | B.(z).

TzEA

A set is closed if its complement (in X) is open. The closure of a set A , denoted A, is
the smallest closed set that includes A it consists of the limit points of sequences in A.
A set D is dense if its closure is X. The space X is separable if it includes a countable
dense subset. The Euclidean space R" is separable.

The Borel o-algebra of X is the smallest c-algebra that contains all the open sets.
Members of this g-algebra are called Borel sets. The collection of bounded continuous
real-valued functions on X is denoted C*(X). A Borel probability on X is a probability
measure on the Borel g-algebra of X. Every continuous real-valued function on X is a
random variable (that is, measurable) with respect to this o-algebra. Let P(X) denote
the set of all Borel probability measures on X.

We say that a sequence P, of Borel probabilities converges weakly to a Borel
probability P, written P, 2 P, if

ffdPn—> {fdP for every f € C*(X).
X X

This convergence can be described by a metric, provided X is separable.
The Prohorov metric on P(X) is defined by
o(P,Q) = inf{e > 0 : for all Borel sets B P(B) < Q £ (N.(B)) +¢}.

It is not obvious that this is symmetric, but it is indeed a metric, see Dudley [7, Theo-
rem 11.3.1, p. 309].

47
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54 Theorem For a separable metric space (X, d),
For a proof see Dudley (7, Theorem 11.3.3, p. 310].

55 Theorem The metric space (P(X), p) is separable if and only if X is separable, and
compact if and only X is compact.

See Aliprantis and Border {1, Theorems 14.11, 14.12, p. 482| or Parthasarathy [14, The-

orems 6.2, 6.4, pp. 43-44].
When the space X is the real line there is another metric that is useful. Let P and
(2 be Borel probabilities on the real line R. Define the Lévy metric A by

MP,Q)=inf{e >0:forallz € R Fp(z —¢) < Fy(z) < Fe(z +¢€) +€}.

Then ) is a metric and P, % P < A(P,, P) — 0. See Dudley (7, Problem 8, p. 313]
or Billingsley [2, Problem 4, p. 21).
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