1 The space N of natural sequences

Another fundamental metric space is the space N = NN of sequences of natural
numbers, endowed with its product topology. Since the discrete metric on N is
complete, N is a Polish space. Thus, Theorem 7?7 guarantees that N is Polish
too. As a countably infinite product of a countable space, countable products
of N all look alike, as the next theorem asserts.

Theorem 1 (Products of N) The Polish spaces N2, N3, ..., and NN are all
homeomorphic to N.

Proof: We prove only that N and N are homeomorphic. You can easily see
how to modify this proof to show that N and N™ are homeomorphic.

Choose an infinite countable partition {Ni, Na,...} of N such that each
N}, is countably infinite. That is, N = [J;2, N;, ;N N; = & for i # j,
and each N; is infinite. Let N; = {ki ki, ...} for each i. Now consider the
function f: N — NN defined by f(n) = (n1,ns,...), where n;, = (Mt s Mgt - -)-
Clearly, f is surjective and one-to-one. We leave the task of verifying that f is
a homeomorphism as an exercise. | |

As an aside, we mention the surprising fact that N is also homeomorphic
to the space of irrational numbers in (0,1) (with their usual metric topology).
Hence N has the cardinality of the continuum. In order to prove this, we must
develop the theory of infinite continued fractions, which is not widely taught
these days. Our exposition is based on C. D. Olds [?].

Theorem 2 (The space of irrationals) The Polish space N is homeomor-
phic to the metric space I of irrationals in (0,1), equipped with the usual absolute
value metric.

Proof: We start by describing an algorithm for mapping J into N. Given x € J,
set £y = x. Note that % > 1. Recursively define z,,, and n,, by % = an +

Tm41, Where ny,41 = [m } the largest integer less than or equal to T’ and
ZTmy1 € (0,1) is irrational. Notice that this process does not terminate. (Why7
1 1

1 —
Then x = g = e U1 = e, ete Consequently, z = = e = "1+n2+,2 ,

etc. We can express this sequence of equalities formally as an infinite continued
fraction:

1
= T . (1)

ng +
ns +

This algorithm assigns to each irrational z in (0,1) a unique sequence f(z) =
(n1,na,...) belonging to N. It is easy to see that if a sequence {x,, } of irrationals
converges to an irrational z, then f(z,,) converges to f(z) pointwise in N.



To see that f is surjective, we now describe an algorithm that inverts the
above process. This algorithm gives a meaning to the infinite continued fraction
(1) above. We start by recursively defining several sequences of functions. Let P
denote the set of strictly positive real numbers. For each k, define ¢;: P* — P
recursively by ¢;(aq) = a—ll, and for k£ > 1, define

Ck+1(ala'~-aakaak+l):Ck(al, cy Qg 17ak+ak+1) (2)

The value of ¢, is a “k-decked” continued fraction. Define py,qi: P* — P by
pi(a1) =1, qi(a1) = a1, p2(a1,a2) = aras, g2(a1,a2) = ajaz + 1, and for k > 2,
recursively define

Pryi(ar, ..., aky1) = argapr(ar, ... ax) + pre—i(ai,...,ap—1) (3)

and
Gk+1(015 -+ apg1) = app1qr(ar, ... ax) + qr—1(ar, ..., ax_1). (4)

(The functions py and g obey the same difference equation, but have different

initial conditions.) Observe that we have chosen p1, ps2, ¢1, and g2 so that

er(a) = 2L frawy

induction to show that

and ca(a,az) = for any (a1,as). We now proceed by

pr(ar, .. -ﬂk)
Qk(ah e 7ak)

(5)

ck(al,...,ak) =

for every k, and every sequence {a,} of strictly positive reals. So suppose that
(5) holds for k. Then:

ckr1(aly ..., ap11)
= ck(al, e, A 1,ak+ak+1)
pr(ar, ..., ap—1,ar + ak+1)
— qk(al"' Qe 1’ak+ak+1)
(ar + ak“ Jpe-1(a, ..., ax—1) + pr—2(ar, ..., ap—2)
= (a e )qkfl(al, cos@p—1) + qr—2(a1,...,ax—2)
~ (arrgr + )pr—i(ar, .- ak—1) + appipr—2(an, . .. ar—2)
 (agars1 + V) agr—1(ar, - ak—1) + app1qe—2(a, .. ., ag—2)
Okl lakpr—1(a1, ..., ax—1) + pe—2(a1,...,ar—2)] + pr—1(as,...,ax—1)
ks [akqr—1(ay, ... ap—1) + qu—2(a1,...,ax—2)] + @r—1(a1, ..., ap_1)
_agpapr(ar, ..., ap) Fpe—i(ar, ..., ap—1)
 apsrgr(ar, ... ak) + qre-1(ag, .. ap_1)
_ prsa(ar,. . akq)
C aei(an, . apg)’

where the last two equalities follows from the recursion relations (3) and (4).
This completes the induction argument.



Next we derive the recursion relation

pr(at,...,ar)qr—1(a1, .., ak—1) — pr—1(a1,...,ax—1)qr(ai, ..., ax) 6
— (_1)k+1 ( )

for kK = 0,1,..., where we artificially define pg =0, ¢qo =1, p_1 =1, g_1 = 0.
(This convention is consistent with our recursive definition above for k = 1,2.)
The proof is again by induction. The case k = 0 is verified by direct calculation.
So assume that the formula (6) is true for k. Then

prt1(ar, .., aps1)qr(an, ..., ax) — pr(ar, ..., ax)qeri(ar, ..., ax—1)
= |aps1pe(ar, ... ar) +pe—1(a1, ..., ap—1)|alas, ..., ap)
_pk(ala .- '7ak7)|:a/k+1qk(a’1) .- '7ak?) + qk?fl(a/la ... 7ak71)j|

= (=Dlpear-1 —pe—rax] = (=1)FFIFL
where the last equality follows from the induction hypothesis. This completes
this induction argument.

Given a point (nj,nsg,...) € N, the numbers c¢1(n1), c2(n1,ng), etc., are
called the convergents of the continued fraction (1). (Note that since each n; >
1, for k > 1 we have pr(n1,...,nk) > pg—1(n1,...,nk—1) and gx(n1,...,nK) >
qk—-1(n1,...,nx—1).) Using (5) and (6), we see that

Pk Dk—1 —1)k+l
o cpy = 2 Bt DT (7)
gk dk—1 qrqr—1-

We also have that

Pk Pk—2
Ch—Chg = — —
k. qrk-2
_  PrGr—1 — Pr—2qk
qkqk—2
_ (mepr—1 +pr—2)@r—1 = pr—2(nrge—1 + qr—2)
Ak qk—2 (8)
_ "k (Pr—19k—2 — P—2qk—1)
. qkqr—2
-1
A Gl
kqk—2
Equations (7) and (8) in turn imply that
O0<eca<e<e< -+ —-<es<ez<c <1, (9)
and that
ce(ni,y .. .,ng) — ce—1(n1, ..., ng—1) — 0.
k—o0
Therefore there is some © € R with ¢x(nq,...,ng) k—> z. We claim that for
— 00
this « the first algorithm yields f(x) = (n1,n2,...). To see this, observe that if
x is the specified limit, then (9) implies that mﬁ <z < n% From this we see

n2



that if we write x = ﬁ, then it must be the case that 0 < 21 < n% <1, s0
that n, is the first term generated by our first algorithm. Proceeding inductively,
you can see that f(z) = (n1,ng,...), as desired.

There is one point left. How do we know that the x generated by the second
algorithm is irrational? The answer is that if that if x is rational, eventually
the first algorithm stops, so it cannot generate an infinite sequence of natural
numbers. (Remember, zero is not a natural number here.) To see this, recall
the familiar Euclidean algorithm

%:n1+%7 %:n2+%7 %:n3+%7"'7
where r; > 0 and r; < r;_1. Hence, if x is rational, r; must eventually be zero,
so the process stops after a finite number of steps. Thus z is irrational.

Finally, we leave the verification that f is indeed a homeomorphism as an
exercise. [

Since we can write J = (1, ,.iiona1{9}¢, We see that Jis a G5 in R. Therefore
Alexandroff’s Lemma ?7? implies that it is completely metrizable, even though
the usual metric is not complete. The result above describes another complete
metric on J.

Just as Theorem ?7? showed that every compact metrizable set is a continuous
image of the Cantor set, every Polish space is a continuous image of N. A naive
attempt to show this might run like this. In a separable space X, we can fix a
countable dense subset D = {x1,xo,...}. If X is metrizable, any point in X is
the limit of a sequence in D. We can in the natural way identify this sequence
with an element of N. (Identify the sequence {2y, Zn,,...} of points in D with
the point (ni,n9,...) in N.) Thus, we can view X as the image of a subset of
N. But clearly our naive approach will not work, since not every sequence in
D is convergent. The proof of the next theorem presents a precise construction
along these lines of thought that actually works.

Theorem 3 Fwvery Polish space is a continuous image of N.

Proof: Let X be a Polish space, and let d be a compatible complete metric.
Since X is separable, there is a countably infinite family {F}, Fb, ...} of (not nec-
essarily pairwise distinct) nonempty closed subsets of X, each with diam F), < 1,
and satisfying X = (J,2 | F},. Then each F, is also a Polish space, so it may be
written as a countably infinite union in a similar fashion, but this time requiring
that the diameter of the closed sets be no more than % We repeat this process ad
infinitum, so that for every finite sequence (nq,no,...,n,,) of natural numbers
we have selected a closed subset Fi,, n,, .. n,, of X with diam F},, n,.... n,. < L

m’
and also satisfying

oo
Foimoynm, = U Foy oo k- (%)
k=1

(A family of sets satisfying (x) indexed by finite sequences of natural numbers
is called a Suslin scheme. If it satisfies the additional properties of our family,



closedness and diameters decreasing to zero, it is sometimes called a Polish
scheme.)

Now let n = (n1,n2,...) € N be a sequence of natural numbers. Then notice
that the sequence of closed sets {Fnlnk k=1,2,.. } satisfies

Fﬂl DFnhnZ 3"'3Fﬂ1,-~,nk D

and limg_,o diam F,,, ., = 0. Since X is d-complete, it follows from The-
orem ?7?7 that ﬂzozl Fr,,..n. is a singleton. Thus, we can define a mapping
f: N = X, vian— f(n), where {f(n)}= N2 Fu,....n.. Since each point of
X belongs to some F),,, and so to some Fj,, ,,, etc., it is easy to see that the
mapping f: N — X is also surjective.
The continuity of f is easy to verify. Fix k = (k1,ke,...) € Nand let € > 0
be given. Choose some m such that % < 5. Then the set
U= {’I’LGNZTLl :kl,...,nm:km}
is a neighborhood of k in N (why?), and satisfies f(U) C Fg, ko, k,,- Since
diam F, jy,...k, < = < 5, if n € U, then d(f(n), f(k))< e. That is, f is
continuous at k, and the proof is finished. | |



