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1 Stochastic Taylor’s Theorem
Taylor’s Theorem is standard, see, e.g., [1, Theorem 10, p. 179].

1 Taylor’s Theorem  Let h: [a,b] — R be continuous and possess a
continuous n"-order derivative on (a,b). Fiz ¢ € [a,b] and let ¢ + x belong
to [a,b]. Then there is a point & satisfying & € [0,z] (where [0, z] is the line
segment joining 0 and x, regardless of the sign of x), and

n—1

1 1
h(c+x) = h(c) + Z Eh(k)(c) k4 Eh(") (c+&) "
= k! !

The next result seems obvious, but I don’t know an easy proof. It is
implicitly assumed by Pratt [5] in his analysis of risk aversion.

2 Stochastic Taylor’s Theorem Let h: [a,b] — R be continuous and
possess a continuous n'"-order derivative on (a,b). Fiz c € [a,b] and let X
be a random variable on the probability space (5,8, P) such that ¢ + X (s)
belongs to [a,b] for all s. Then there is a measurable function & satisfying
&(s) € [0,X(s)] for all s (where [0, X (s)] is the line segment joining 0 and
X (s), regardless of the sign of X(s)), and

n—1

hle+ X(9) = h(e) + X 2 hO () XE(s) + h®) (e + €(3)) X7 (s).
25 i

Proof: Taylor’s Theorem asserts that there is such a &(s) for each s, the
trick is to show that there is a measurable version. To this end define
the correspondence ¢: S — R by ¢(s) = [0,X(s)]. It follows from [I,
Theorem 14.78, p. 501] that ¢ is measurable and it clearly has compact
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values. Set g(s) = h(c+ X(s)) — h(c) — Sp= B () Xk(s), f(s,2) =
%h(") (¢4 2)X™(s). Then g is measurable and f is a Carathéodory func-
tion. (See sections 14.12-14.14 of [1] for the definitions of measurable cor-
respondences and Carathéodory functions.) By Filipov’s Implicit Function
Theorem [I, Theorem 14.89, p.507] there is a measurable function ¢ such
that for all s, £(s) € ¢(s) and f(s,&(s)) = g(s), and we are done. i

2 Spaces of Probability Measures

Let f: X — Y be a measurable mapping between measurable spaces (X, X x)
and (Y, Xy). Then a probability P on (X, X x) induces a probability Po f~1
on (Y,Xy) via

Po f7H(A) = P(f71(4)).

The probability P o f~! is sometimes called the distribution of f un-
der P. When X and Y are metrizable spaces and f is continuous, then
we have the following result (cf. [I, Lemma 12.12, p. 419]). It has applica-
tion to the construction of universal type spaces in a framework similar to
Brandenburger and Dekel [2].

3 Theorem Let X and Y be metrizable spaces, and let f: X — Y be
continuous. Define f: P(X) — P(Y) via f(P) = Po f~'. Then f is
continuous. If f is injective, then f is injective. If f is surjective and Y is
Polish, then fis surjective. If f is a homeomorphism, then so is ]?

Proof: We first note that if P is a regular Borel measure on X, then Po f~1
is a regular Borel measure on Y. This is just [I, Theorem 11.22].

To see that f is continuous, observe that if A is a bounded continuous
real function on Y, then h o f is a bounded continuous real function on X.
Furthermore for any P € P(X),

[ het@dr@ = [ swdrew = [ 1w di@)e):
X Y Y

(§ee, e.g.,A[ , Theorem 10.46, p. 365].) Thus if P, — P, it follows that
(P > f(P).

To see that f is injective, suppose P and @ belong to P(X) and P # Q.
Since P and @ are regular, there is some compact subset K of X such that
P(K) # Q(K). Now f(K) is a compact subset of ¥ and hence a Borel
subset. Since f is injective, K = f~1(f(K)). Thus f(P)(f(K)) = P(K) #

Q(K) = f(Q)(f(K)), so f(P) # f(Q), which shows that f is injective.
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Now suppose f is surjective and Y is Polish. Let @) be a Borel probability
measure on Y, and let ¥ denote the collection of Q-measurable sets. (That
is, if A belongs to X, then there is a Borel subset B of Y such that AAB is
included in a Borel set of Q-measure zero. See [1, Definition 8.50, p. 293ff].)
Consider the correspondence 1 : y ~ f~!(y) from Y into X. Since f
is continuous, the graph of 1 is closed in Y x X, so a fortiori the graph
belongs to By ® Bx C ¥Xg ® Bx. Since Y is Polish, by a measurable
selection theorem [, Corollary 14.87, p. 506] there is a selection g from
that is (3¢, Bx)-measurable. The selection g acts like an inverse of f: for
any y in Y, f(g9(y)) =y, and for any subset 4 of X, f~1(g71(A)) = A.

Define the Borel measure P on X by

P=Qog %

I claim that f(P) = Q. But first let us verify that P is a Borel measure. For
any Borel subset B of X, g~!(B) belongs to X¢, so Q(g~(B)) is defined,

~

and it is easy to see that P is a probability measure. Now f(P) is the Borel
probability on Y defined by

~

whenever A is a Borel subset of Y. That is, f(P) = Q. Since @) was
arbitrary, fis surjective.!

Finally, assume f is a homeomorphism. Then fis a continuous bijection,
and f71: Y — X induces a continuous bijection ¢: P(Y) — P(X). It
suffices to show that ¢ = f_l. So let @ = fA‘(P), i.e., Q= Po f~!. Then for
any Borel subset A of X,

$(Q)(A) = Qo f(A) = Po f1(f(A)) = P(A).
That is, 1 = L. |
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