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An “obvious” fact

1 Theorem Let {x1,...,z,} be a linearly independent subset of RP. Let o, be a sequence
in R™. If 377 anjxj — > ity ajxj, then for each j = 1,...,m, we have an; — Q-

Proof: Let X be the p x m matrix whose j* column is x;j. Then a linear combination
=" ajzj of {z1,..., Ty} can be written as Xa, where « is the column vector of coordi-
nates az,...,a,. By the theory of ordinary least squares estimation, the coordinate mapping
T(z): x — « is given by

T(z) = (X'X)" 1 X'z,

which is clearly continuous. |

Alternate proof: (Franklin [2, pp. 54-55]) Since {z1,...,2,} is a linearly independent set,
(B1,...,Bm) # 0 implies that 3°7", Bjx; # 0. Consider the unit sphere in R™,

S={(Br...Bm) R 5 =1},
j=1
This is a compact subset of R™ so the continuous function
(Br, s Bm) = |32 B
j=1

attains a minimum g on . Moreover this minimum p is not zero. (For if || 327" Bz = 0, then
}":1 Bjxj = 0, which implies 3; = 0, j = 1,...,m by linear independence, which contradicts
> 6? = 1.)! Thus by homogeneity of the norm,

m m
YoBizp = HZﬁjl‘jH = pi- (1)
j=1 =

IN.B. This is where we use the assumption of linear independence.
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So assume that >0 | ay;; — >y ajry. Then 350 (any — o)z — > 0. Thus for

every € > 0, there is some n. such that for all n > n., we have

m
HZ(anj - aj)xjH <e,
j=1

so by the contrapositive of (1) we have

m € 2
o= < (3)

J:1

This implies that > 7 (an; — a;)? —= 0,80 for each j =1,...,m we have a,; — ;. |
n—oo

Note that the above proof also proves Theorem 1 for any normed vector space in place of
RP.

Despite the fact that many authors apparently believe that the result is trivial, it is in fact
rather delicate—it fails if {z1,..., 2} is linearly dependent.

2 Example (Theorem 1 fails without linear independence) Let z; = (1,1) and 2y =
(=1,—1) in R%. Then nxy + nxe = (0,0) — (0,0) = 0x1 + Oz, but n 4 0.
An even more trivial example is to let ;1 = (0,0), remembering that {(0,0)} is linearly

dependent. Then n(0,0) — 42(0,0), but n 4 42. O
Generalization
3 Theorem Let X be a Hausdorff topological vector space of dimension m, and let x1, ..., Tm

be an ordered basis for X. The coordinate mapping T: X — R™ defined by

(Z azxz) (a1, ...y Q)

is a linear homeomorphism. That is, T is well-defined, linear, one-to-one, maps X onto R™, is
continuous, and T~ is continuous.

Proof: We know from basic linear algebra that T is a linear bijection from X onto R™. We also
know that the inverse mapping T (a1, ..., am) — Y./, a;z; is a linear bijection. Moreover,
T—! is continuous, as scalar multiplication and vector addition are continuous. It remains to
prove that T is continuous. It suffices to prove that T is continuous at zero.

Let B be the open unit ball and let S be the unit sphere in R™. Since S is compact and T~
is continuous, T1(S) is compact. Since X is Hausdorff, T=1(S) is closed. Now Oy ¢ T~1(S),
as Ogm ¢ S, so there exists a circled neighborhood V' of zero such that VN T~1(S) = @. Since
V is circled, we have V C T~1(B): For if there exists some x € V such that ¢ T~!(B) (that
is, |T'(z)|| > 1), then ||T( mevnT 1(9), a contradiction.

Thus, T~!(B) is a neighborhood of zero. Since scalar multiples of B form a neighborhood
base at zero in R™, we see that T is continuous at zero, and therefore continuous. |
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Informally this says that R™ is the only m-dimensional Hausdorff topological vector space.
A useful corollary of this is the following.

4 Corollary Let X be a Hausdorff topological vector space, and let {z1,...,zy} be a linearly
independent subset of X. Let a;, be a sequence in R™. If 377" apjx; —= > ey ajxj, then
n—oo
for each j = 1,...,m, we have a,; —— «;.
m—00

Proof: The linear subspace X spanned by {z1,...,z,} is a Hausdorff topological space in the
relative topology, and Theorem 3 gives the conclusion. |

5 Corollary A finite-dimensional subspace of a topological vector space is closed.

6 Example (Corollary 4 fails without Hausdorff property) Let X = R? under the
semi-metric d((z,y), (¢/,y")) = |z — 2/|. (This topology is not Hausdorff.) Then X is a topo-
logical vector space. Let x; = (1,0) and z2 = (0,1) be the unit coordinate vectors. Then
L1 4+ 022 = (1/m,0) — (0,1) = 0z + lza, (since d((1/m,0),(0,1)) = 1/m, but the second
coordinates do not converge (0 /4 1). O

Appendices

The next sections cover some of the prerequisites for the results above, just in case some of the
terms are new.

A Topological spaces

You should know that the collection of open subsets of R™ is closed under finite intersections
and arbitrary unions. Use that as the motivation for the following definition.

7 Definition A topology T on a nonempty set X is a family of subsets of X, called open
sets satisfying

1. gerTand X € 7.

2. The family T is closed under finite intersections. That is, if Uy,...,U,, belong to T, then
Nix, U; belongs to 7.

3. The family 7 is closed under arbitrary unions. That is, if Us, o € A, belong to T, then
Uaeca Ua belongs to 7.

The pair (X, 7) is a topological space.

The topology T is a Hausdorff topology if for every two distinct points x,y in X there are
disjoint open sets U, V withx € U andy € V.

The set A is a neighborhood of x if there is an open set U satisfying x € U C A.

A set is closed if its complement is open.

8 Lemma A set is open if and only it is a neighborhood of each of it points.

v. 2016.01.15::00.28
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Proof: Clearly an open set is a neighborhood of each of its points. So assume the set G is a
neighborhood of each of it points. That is, for each = € G there is an open set U, satisfying
x €U, CG. Then G = |J,¢q U, is open, being a union open sets. |

The collection of open sets in R™ is a Hausdorff topology. A property of X that can be
expressed in terms of its topology is called a topological property.

9 Definition Let X and Y be topological spaces and let f: X — Y. Then f is continuous if
the inverse image of open sets are open. That is, if U is an open subset of Y, then f~1(U) is
an open subset of X.

This corresponds to the usual e-¢ definition of continuity that you are familiar with.

10 Definition A family G of open sets is a base (or basis) for the topology T if every open set
in T is a union of sets from §. A neighborhood base at x is a collection N of neighborhoods
of x such that for every neighborhood G of x there is a neighborhood U of x belong to N
satisfying x € U C G.

In a metric space, the collection of open balls {B:(z) : € > 0, = € X} is base for the metric
topology, and {By/,(z) : n > 0} is a neighborhood base at .

Given a nonempty family A of subsets of X there is a smallest topology 74 on X that
includes A, called the topology generated by A. It consists of arbitrary unions of finite
intersections of members of A. If A is closed under finite intersections, then A is a base for the
topology 74.

11 Definition If X and Y are topological spaces, the collection sets of the form U x V', where
U is an open set in X and V is an open set in Y, is closed under finite intersections, so it is a
base for the topology it generates on X x Y, called the product topology.

12 Definition Let X and Y be topological spaces. A function f: X — Y is a homeomor-
phism if it is a bijection (one-to-one and onto), is continuous, and its inverse is continuous.

If f is homeomorphism U < f(U) is a one-to-one correspondence between the topologies of
X and Y. Thus X and Y have the same topological properties. They can in effect be viewed
as the same topological space, where f simply renames the points.

13 Definition A set K in a topological space X is compact if for every family G of open sets

satistying K C UG (an open cover of K ), there is a finite subfamily {G1,...,Gr} C G with
K c U, G; (a finite subcover of K).

The following is well known.

14 Heine—Borel-Lebesgue Theorem A subset of R™ is compact if and only if it is closed
and bounded.

15 Lemma A closed subset of a compact set is compact.
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Proof: Let K be compact and F' C K be closed. Let G be an open cover of F. Then §U {F*}
is an open cover of K. Let {G1,..., G, F°} be a finite subcover of K. Then {Gy,...,Gi} is a
finite subcover of F. |

16 Lemma A compact subset of a Hausdorff space is closed.

Proof: Let K be compact, and let z ¢ K. Then by the Hausdorff property, for each y € K there
are disjoint open sets U, and V,, with y € U, and x € V,,. By compactness there are yq,...,yx
with K C Ule Uy, =U. Then V = ﬂle Vy, is an open set satisfying x € V C U° C K¢. That
is, K¢ is a neighborhood of x. Since x is an arbitrary member of K¢ we see that K¢ is open
(Lemma 8), so K is closed. |

17 Lemma Let f: X — Y be continuous. If K is a compact subset of X, then f(K) is a
compact subset of Y.

Proof: Let G be an open cover of f(K). Then {f~}(G) : G € G} is an open cover of K. Let
{f~1(G1),..., f1(Gk)} be a finite subcover of K. Then {Gj,...,Gy} is a finite subcover of
f(K). u

18 Definition (Relative topology) If (X, 7) is a topological space and A C X, then (A, T,)
is a topological space with its relative topology, where T4 = {GNA:G € 71}.

Not that if 7 is a Hausdorff topology, then 74 is also a Hausdorff topology.

19 Lemma If (X, 1) is a topological space and K C A C X, then K is a compact subset of
(A, 74) if and only if it is a compact subset of (X, ).

Proof: Assume K is a compact subset of (X, 7). Let G be a 74-open cover of K in A. For each

G € G there is some Ug € 7 with G = UgNA. Then {Ug : G € G} is a 7-open cover of K in X,

so it has a finite subcover Ug,,...,Ug,. But then G1,...,Gy, is a finite subcover of K in A.
The converse is similar. |

20 Lemma Let f: X — Y be one-to-one and continuous, where Y is a Hausdorff space and
X is compact. The f: X — f(X) is a homeomorphism, where f(X) has its relative topology
as a subset of Y.

Proof: We need to show that the function f~!: f(X) — X is continuous. So let G be any
open subset of X. We must show that (f~1)~}(G) = f(G) is open in f(X). Now G¢ is a closed
subset of X, and thus compact. Therefore f(G€) is compact, and since Y is Hausdorff, so is
f(X), so f(G€) is a closed subset of Y. Now f(X)Nf(G°)¢ = f(G), so f(G) isopenin f(X). &

B Topological vector spaces

21 Definition A (real) topological vector space is a vector space X together with a topol-
ogy T where T has the property that the mappings scalar multiplication and vector addition
are continuous functions. That is, the mappings

(o, ) — ax
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from R x X to X and
(z,9) =z +y

from X x X to X are continuous. (Where, of course, R has its usual topology, and R x X and
X x X have their product topologies.)

For a detailed discussion of topological vector spaces, see chapter five of the Hitchhiker’s
Guide [1]. But here are some of the results we will need.

A set A in the vector space X is circled if for each z € A the line segment joining the
points z and —x lies in A.

Let X be a topological vector space. For each fixed scalar a # 0 the mapping z — ax has
an inverse x — éa: Each of these maps is continuous, so each is a homeomorphism. Thus oV is
a neighborhood of zero whenever V is and « # 0. Now if V is a neighborhood of zero, then the
continuity of the function (a, ) — ax at (0,0) guarantees the existence of a neighborhood W at
zero and some «g > 0 such that x € W and |a| < ag imply ax € V. Thus, if U = Ulaj<ao @W,
then U is a neighborhood of zero, U C V, and U is circled. Therefore there is a neighborhood
base of circled sets at zero.

For each vector y the maps x — = + y and x — x — y are continuous and mutual inverses,
and so homeorphisms. Thus a set G is open if and only its translation y + G. Therefore the
topology on X is completely determined by its neighborhoods of zero and a linear mapping
between topological vector spaces is continuous if and only if it is continuous at zero.
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