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Cognitive Hierarchy/Level-k

Basic Version:

• Level 0 plays uniformly

• For all k ∈ {1, 2, . . .}, Level k best responds to Level k − 1.

• Variants:
• L0 plays undominated, truthful, focal, anti-focal...
• L0 exists only in belief of L1
• CogHi vs. Level-k
• Additional types:

• Nash, dominance, sophisticated, altruist...

“The applications illustrate the generality of the level-k
approach and the kinds of adaptations needed to use it in
different settings.”

–Crawford, 10/20/07
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Our Motivation

1 Applied as an Ex-Post descriptive model

2 Flexibility required ⇒ low predictive power

3 The underlying cognitive model must be too simple...

Question
Does “strategic sophistication” define a notion of ‘types’ that are
stable across domains?



The Cognitive Model

• What is the underlying invariant ‘type’ of a subject in Level-k?

• Strict interpretation: type = level

• Our interpretation:
• invariant type = ‘strategic sophistication’
• types are linearly ordered
• level = f(type,game)

(f(type,game) may not equal f(type,game’))
• ‘game’ may even include identities or properties of opponents
• Identifying assumption: ∀i , j

(typei ≥ typej ) ⇒ (leveli ≥ levelj ) for all games

• Rules out: levelgi > levelgj and levelg
′

i < levelg
′

j

• Strict interpretation ⊂ Our interpretation



Experiment Design Overview

1 Quizzes chosen to diagnose ‘strategic sophistication’

2 Four ‘undercutting games’

3 Six ‘2-person guessing games’ (CGC06)
Games played with revision + no feedback

4 Each game, play against:
• Highest quiz score opponent (other than self)
• Random opponent
• Lowest quiz score opponent (other than self)



The Quizzes

1 IQ test questions (MENSA)

2 ‘Eye Gaze’ test

3 Wechsler digit span test (memory)

4 Cognitive Reflection Test (CRT)

5 One-Player Takeover game



Eye Gaze Test

� jealous � panicked � arrogant � hateful

� aghast � fantasizing � impatient � alarmed



Cognitive Reflection Test

1 A bat and a ball cost $1.10. The bat costs $1.00 more than
the ball. How much does the ball cost?

2 If it takes 5 machines 5 minutes to make 5 widgets, how long
would it take 100 machines to make 100 widgets?

3 A patch of lily pads doubles in size each day. If it takes 48
days to cover the lake, how many days would it take to cover
half the lake?



One-Player Takeover Game

1 You are bidding to buy a company. To the seller it is worth
X ∈ {$0, $30, $60, $90, $120}, each with equal probability.
The seller knows X but you do not. You are the only bidder
and the company is worth 1.5X to you. The seller will only
sell if you bid more than X . How much should you bid?

• Samuelson & Bazerman 1985

• Ball, Bazerman & Carroll 1990 OBHDP



The Undercutting Game
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2-Person Guessing Games (GG)

Costa-Gomes & Crawford 2006 AER: 2-Person Guessing Games

GG5 Lower Limit Upper Limit Target

Your Parameters 215 815 1.40

Other’s Parameters 0 650 0.90

Errori = abs( guessi - guessj*targeti )
Paymenti = max{0, 10 − Errori/20} + max{0, 5 − Errori/200}



GG Payoffs



Zero-Sum 2-Person Guessing Games

(ZSGG)

Slight change to payoffs:

GG5 Lower Limit Upper Limit Target

Your Parameters 215 815 1.40

Other’s Parameters 0 650 0.90

Errori = abs( guessi - guessj*targeti )
Errorj = abs( guessj - guessi*targetj )
Player with lower error wins $10 from the other player.



Results

Aggregate level distributions



Level Distributions: Guessing Games Only
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Level Distributions by Game

Game L0 L1 L2 L3 L4–Nash

1 (UG) 7.47% 35.06% 21.84% 9.77% 25.86%
2 (UG) 6.90% 36.78% 25.29% 7.47% 23.56%
3 (UG) 4.02% 28.16% 25.29% 8.05% 34.48%
4 (UG) 8.05% 32.76% 28.16% 7.47% 23.56%

Total UG 6.61% 33.19% 25.14% 8.19% 26.87%

5 (GG∗) 5.88% 73.53% 8.82% 8.82% 2.94%
6 (GG∗) 1.47% 64.71% 13.24% 14.71% 5.88%
7 (GG∗) 51.47% 30.88% 14.71% 1.47% 1.47%
8 (GG∗) 7.35% 39.71% 25.00% 20.59% 7.35%
9 (GG∗) 7.35% 39.71% 22.06% 4.41% 26.47%

10 (GG∗) 5.88% 35.29% 29.41% 23.53% 5.88%

Total GG∗ 13.24% 47.30% 18.87% 12.25% 8.33%

Total 10.58% 41.66% 21.38% 10.63% 15.75%
∗Excludes zero-sum guessing games.



Level Distribution by Game: CGC06

Game L0 L1 L2 L3 Eq

1 7.95% 47.73% 12.50% 19.32% 12.50%

2 14.77% 21.59% 45.45% 18.18% 0.00%

3 14.77% 55.68% 18.18% 11.36% 0.00%

4 14.77% 35.23% 50.00% 0.00% 0.00%

5 14.77% 73.86% 4.55% 6.82% 0.00%

6 7.95% 54.55% 37.50% 0.00% 0.00%

7 9.09% 62.50% 26.14% 2.27% 0.00%

8 5.68% 71.59% 20.45% 2.27% 0.00%

9 13.64% 38.64% 40.91% 2.27% 4.55%

10 0.00% 37.50% 32.95% 26.14% 3.41%

11 10.23% 36.36% 46.59% 2.27% 4.55%

12 1.14% 45.45% 34.09% 18.18% 1.14%

13 4.55% 23.86% 40.91% 10.23% 20.45%

14 10.23% 35.23% 28.41% 18.18% 7.95%

15 7.95% 36.36% 30.68% 13.64% 11.36%

16 9.09% 46.59% 36.36% 2.27% 5.68%

Total 9.16% 45.17% 31.61% 9.59% 4.47%



An Aberrant Game: 2PGG#7

2PGG7 (51% Level-0): [100,500] 0.5; [100,900] 1.3
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A Non-Aberrant Game: 2PGG#8

GG8: [0,650] 0.9; [215,815] 1.4
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Exact Hits

What % of guessing game observations are exact level-k plays?

Data L1 L2 L3 L4–Nash Total

New Data 5.88% 2.45% 0% 5.64% 3.49%

CGC06 25.36% 21.16% 13.71% 17.61% 19.46%

CGC06 instructions: 19 pages, asked to calculate best responses
GHW instructions: 5 pages, shown how to calculate payoffs only

Which is ‘right’??



Dominant Strategies

Two ZSGGs have dom. strategies that guarantee a win.
But...

• Game 6: 11.3% play a dominant strategy

• Game 8: 10.4% play a dominant strategy

• 4/106 subjects play a D.S. in both games

• K-S tests comparing ZSGG strategies to standard GGs:
• Game 6: p-value = 0.70
• Game 8: p-value = 0.24
• Games 5,9 also not sig. different
• Games 7,10 sig. different (not clear why)



Results

Level-switching



Markov Transition: UGs

• Pr(Switching from one level to another in UGs)

From ↓ To → L0 L1 L2 L3 L4-Eq

L0 40.6% 23.9% 9.4% 10.9% 15.2%
L1 4.8% 62.3% 15.7% 4.6% 12.6%
L2 2.5% 20.8% 60.6% 8.8% 7.4%
L3 8.8% 18.7% 26.9% 22.2% 23.4%

L4-Eq 3.7% 15.5% 7.0% 7.1% 66.7%



Markov Transition: GGs

• Pr(Switching from one level to another in GGs)

From ↓ To → L0 L1 L2 L3 L4

L0 8.9% 48.1% 17.0% 12.6% 13.3%
L1 13.5% 50.2% 18.2% 11.4% 6.7%
L2 11.9% 45.7% 24.4% 10.6% 7.3%
L3 13.6% 44.0% 16.4% 14.4% 11.6%
Eq 21.2% 38.2% 16.5% 17.1% 7.1%

Any (if i.i.d.) 13.2% 47.3% 18.9% 12.3% 8.3%



Results

Quiz scores vs. levels



Total Earnings vs. Total Quiz Scores
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Rank-Correlation: 0.2745 p-value: < 0.001



Quizzes vs. Earnings

TotEarnings = β0 + β1SIQ + β2SEyeGaze + β3SMemory + β4SCRT+TO

Const. IQ EyeGaze Memory CRT+TO

Est. -0.969 -0.302 1.943 0.528 0.894

p-val. 0.459 0.375 0.006 0.156 0.017

High EyeGaze score ⇒ Able to empathize ⇒ Able to predict



Quizzes & Level 1

Which quizzes predict Level 1 play?

Pr(L1≥3) = φ(β0 + β1SIQ + β2SEyeGaze + β3SMemory + β4SCRT+TO)

UGs Const. IQ EyeGaze Memory CRT+TO

Coefficient 0.766 0.014 -0.053 -0.030 -0.018
p-Value 0.003 0.574 0.012 0.035 0.112

GGs Const. IQ EyeGaze Memory CRT+TO

Coefficient 0.766 -0.048 -0.003 0.030 0.031
p-Value 0.146 0.381 0.940 0.297 0.139

ZSGGs Const. IQ EyeGaze Memory CRT+TO

Coefficient 0.207 0.048 -0.052 0.000 0.027
p-Value 0.499 0.115 0.045 0.990 0.063



Quizzes & Higher Levels

But quizzes don’t predict L2 (or L3 or L4+).

UGs Const. IQ EyeGaze Memory CRT+TO

Coefficient -0.170 0.013 0.023 0.007 0.010
p-Value 0.477 0.577 0.240 0.589 0.344

GGs Const. IQ EyeGaze Memory CRT+TO

Coefficient -0.129 -0.001 0.023 -0.004 0.026
p-Value 0.700 0.985 0.388 0.814 0.059

ZSGGs Const. IQ EyeGaze Memory CRT+TO

Coefficient N/A N/A N/A N/A N/A
p-Value N/A N/A N/A N/A N/A

(All p-values are > 0.10 for L3 and L4+.)



Level Distributions by Opponent
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Quizzes vs. Avg. Level Increase

AvgLevelIncr = β0 + β1SIQ + β2SEyeGaze + β3SMemory + β4SCRT+TO

Variable Const. IQ EyeGaze Memory CRT+TO

Est. 0.302 -0.033 0.022 -0.018 0.019

p-val. 0.184 0.166 0.217 0.171 0.100



Super-Stable Players

The flip side: 38 ppl. play same level in all 4 UGs, all 3 opponents:
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Contradicts idea that ‘high levels’ should switch more.



Pair-Switching

Recall:

Hypothesis

Players’ levels should ‘move together’ across games.



Pair-Switching

Randomly draw 2 players and two games.

Event Frequency i.i.d Prob.

Same level in both games: 8.5% 5.3%
Same level in one game: 37.5% 35.6%
Higher level stays higher: 30.8% 29.6%

Higher level becomes lower: 23.2% 29.6%



Pair-Switching

Randomly draw 2 players and two games.
UGs ONLY

Event Frequency i.i.d Prob.

Same level in both games: 11.1% 6.6%
Same level in one game: 29.0% 38.2%
Higher level stays higher: 46.5% 27.6%

Higher level becomes lower: 13.4% 27.6%



Pair-Switching

Randomly draw 2 players and two games.
Standard GGs only

Event Frequency i.i.d Prob.

Same level in both games: 14.0% 8.9%
Same level in one game: 44.7% 41.9%
Higher level stays higher: 21.7% 24.6%

Higher level becomes lower: 19.7% 24.6%



An Alternative Restriction
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Game-Switching

Hypothesis

Game ‘difficulty’ ranking should be consistent across players.



Game-Switching

Randomly draw 2 players and two games.

Event Frequency i.i.d Prob.

Neither player changes level: 9.5% 5.3%
One player changes level: 36.7% 35.6%

Both change in same direction: 28.0% 29.6%
Players change in opposite directions: 25.8% 29.6%



Game-Switching

Randomly draw 2 players and two games.
UGs ONLY

Event Frequency i.i.d Prob.

Neither player changes level: 34.0% 6.6%
One player changes level: 48.7% 38.2%

Both change in same direction: 9.3% 27.6%
Players change in opposite directions: 8.0% 27.6%



Game-Switching

Randomly draw 2 players and two games.
Standard GGs only

Event Frequency i.i.d Prob.

Neither player changes level: 10.8% 8.9%
One player changes level: 42.1% 41.9%

Both change in same direction: 30.3% 24.6%
Players change in opposite directions: 16.8% 24.6%



Summary

1 Aggregate level distribution looks fine
Individual-game distributions shift drastically
UGs more stable than GGs

2 Exact conformance depends on training/subj. pool

3 Quizzes: Only EyeGaze↔Level-1 correlation

4 Information about opponent affects play
But quizzes & levels don’t predict who adjusts

5 Significant opposite-direction ‘pair-switching’
Evidence against our identifying assumption



Conclusions

1 Level-k model reasonably stable within very similar games

2 Across different games stability is weak

3 Definite heterogeneity

4 Theory of Mind matters

5 Information about opponents matters, though unclear how

6 2nd Generation Model??



Future: Dynamics
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THE END
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