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ABSTRACT. Motivated by past experimental results, we study the design of mechanisms
that implement Lindahl or Walrasian allocations and whose Nash equilibria are dynam-
ically stable for a wide class of adaptive dynamics. Previous research has focused on
designing supermodular mechanisms; we show that supermodularity can generate vac-
uous stability predictions and focus instead on designing contractive mechanisms. We
provide necessary and sufficient conditions for a mechanism to Nash implement Lindahl
or Walrasian allocations, show that these conditions are inconsistent with the contrac-
tion property when individual strategy spaces are one-dimensional, and then show how
to use additional dimensions to achieve dynamic stability.
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I INTRODUCTION

Mechanism design theory began as the evaluation of resource allocation processes in
general equilibrium settings (Hurwicz, 1959). Following the impossibility results for
dominant strategy implementation (Hurwicz, 1972; Gibbard, 1973; Satterthwaite, 1975),
Groves and Ledyard (1977) showed by construction that optimal allocations can be
achieved in economic environments with public goods when Nash equilibrium behavior
is assumed. Subsequent mechanisms implementing Walrasian or Lindahl allocations in
Nash equilibrium were provided by Hurwicz (1979b) and Walker (1981), among others.
The problem of implementing optimal allocations in economic environments was solved,
and the implementation literature moved on to study which objectives could be imple-
mented in more general environments and other equilibrium concepts (Maskin, 1999;
Moore and Repullo, 1988, e.g.).
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Despite the impressive accomplishments of this literature, there remains a sizeable
gap between the abstract mechanisms used to prove sufficiency results and the types
of mechanisms that practitioners would be willing to apply in real-world settings. Even
the relatively simple Groves-Ledyard, Hurwicz, and Walker mechanisms have not found
significant field applications. Intuition alone is unlikely to close the gap between theory
and applicability; instead, laboratory and field tests can provide key behavioral insights
into the failure of these mechanisms, which can then be overcome by modifying the
design process appropriately.

Early laboratory tests have already provided one persistent insight for mechanisms
in economic environments: when the mechanism is played repeatedly, subjects’ behav-
ior is well approximated by myopic learning dynamics, rather than static equilibrium
concepts (Chen and Plott, 1996; Chen and Tang, 1998; Chen and Gazzale, 2004; Healy,
2006). This literature supports the claim that play will converge to equilibrium in mech-
anisms that induce supermodular games, and behavior will fail to converge in mecha-
nisms that do not (Chen, 2005, 2008).! In this paper we take the next step, incorporating
this behavioral observation into the theory; we illustrate how one can design mech-
anisms that not only (fully) Nash implement Pareto optimal allocations in economies
with or without public goods, but are also globally stable for a wide class of learning

dynamics. We do this in four steps:

(1) We argue that supermodularity is not an appropriate notion of stability for mech-
anisms in many admissible environments because its stability predictions are
often vacuous. Instead, we require that mechanisms induce contractive games,
which are games whose best response functions are contraction mappings. We
show that contractive games are globally stable under a wide class of adaptive
learning dynamics (Theorem 1).2

(2) We identify strong necessary and sufficient conditions on the functional form of
a mechanism that Nash implements Lindahl or Walrasian allocations when the
type space is rich (Theorems 2-5).

(8) We prove that if a mechanism asks each agent to transmit a one-dimensional
real-valued message, then it cannot satisfy both the contractive property and the
necessary condition for implementing Lindahl or Walrasian allocations; dynamic

stability requires a larger strategy space (Theorem 6).

ISupermodular games are games in which players’ best responses are increasing functions of others’
actions and strategy spaces are compact; see Topkis (1979), Topkis (1998), or Milgrom and Roberts (1990).
2The contraction-mapping approach was first suggested by Van Essen (2009b), who designs a mechanism
that is both contractive and supermodular.
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(4) We show how to design mechanisms that are contractive and implement Lindahl
or Walrasian allocations using two-dimensional strategy spaces for each agent.

Examples of such mechanisms are provided (Theorems 7 and 8).

Our necessary and sufficient conditions for Nash implementing Lindahl or Walrasian
allocations provide a new understanding about the types of mechanisms that can be
used in general equilibrium settings. With one-dimensional message spaces, the neces-
sary condition is quite strong: agents’ announcements must represent individual pur-
chases of the non-numeraire good at prices determined by others’ messages. Thus, in
the public goods setting, the choice of announcement is equivalent to the choice of the
public good level taking prices as given. In this way, the mechanism must parallel the
consumer’s optimization problem given in the very definitions of Walrasian and Lindahl
equilibrium. Sufficiency is obtained by assuming in addition that every possible Lindahl
or Walrasian allocation can be reached by some announcement.?

The motivation for studying dynamic stability in mechanism design is manifold. First
and foremost, this paper continues the dialogue between theory and data that hopefully
will converge on acceptable mechanisms for real-world application. To aid in the con-
tinuation of this dialogue, we provide a recipe for designing stable mechanisms. New
ingredients can be added as new behavioral regularities are discovered. In contrast, a
single example of a stable mechanism is less desirable because these new behavioral
regularities may render that particular mechanism ineffective.

Dynamic stability of equilibrium also has appeal independent from the existing ex-
perimental results. If equilibrium is arrived at through iterated applications of best-
response in players’ internal logic, or through iterations of pre-play communication, then
stable equilibria are the most likely to arise. They are also the most robust to pertur-
bations in opponents’ logic or pre-play communication. Thus, we also view stability as a
device to make static Nash implementation more robust.

It is important to study stability under the widest possible class of dynamics since
experimental evidence suggests that the process of learning can vary dramatically from
one environment to another. Existing work on economic environments by Vega-Redondo
(1989); de Trenqualye (1989); and Kim (1993, 1996), for example, focus on particular

learning dynamics that may or may not be descriptive in various settings.

3These necessity and sufficiency results were suggested by Brock (1980) (see also Groves and Ledyard,
1987), though not proved generally. A proof of the necessity result can be gleaned from the differential
geometry arguments of Reichelstein and Reiter (1988). Our contribution is in making these conditions
precise for both one-dimensional and higher-dimensional strategy spaces, providing transparent proofs
for each, and showing the intuition behind the results.
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Requiring full implementation—where every equilibrium maps to a desirable out-
come, and vice-versa—is also important in a dynamic context, because it guarantees
that agents do not settle on equilibria whose outcomes are not desirable. By dealing
with full implementation, our paper presents an advantage over Mathevet (2007), who
builds supermodular mechanisms in Bayesian environments but focuses on weak imple-
mentation and minimizing the size of the equilibrium set.

We focus attention on Nash implementation in economic environments, where the
problem of stability is relatively long-standing. Muench and Walker (1983) study the
Groves-Ledyard mechanism as the number of agents grows large. If the punishment
parameter remains small then the mechanism becomes highly unstable under stan-
dard best-response dynamics. If the punishment parameter grows sufficiently fast then
payoffs become arbitrarily ‘flat’. In either case, attainability and sustainability of equi-
librium becomes a concern. If preferences are not quasilinear, then the Groves-Ledyard
mechanism may have many undesirable equilibria even with small numbers of agents
(Bergstrom et al., 1983); however, these equilibria may not be a concern since they are
unstable and disappear when the punishment parameter is sufficiently large (Page and
Tassier, 2004). Chen and Tang (1998) show that the mechanism also becomes super-
modular in quasilinear environments with a large punishment parameter, though the
critical requirement of a compact strategy space for supermodular games is neglected.
As we argue below, supermodularity may not guarantee any meaningful stability prop-
erties, especially with an unbounded strategy space.

Regardless of its stability properties, a major drawback of the Groves-Ledyard mecha-
nism is that it is not individually rational; agents’ final utility may be worse than that of
their initial endowments. Hurwicz (1979a) proves that, under a mild continuity require-
ment, if one wants to implement Pareto optimal and individually rational outcomes in
economic settings, then one must implement the Walrasian or Lindahl equilibrium al-
locations. From this view, the mechanisms of Hurwicz (1979b) and Walker (1981) that
Nash-implement Lindahl allocations are preferable. We refer to such mechanisms as
Nash-Lindahl mechanisms.

Unfortunately, the Nash-Lindahl mechanisms of Hurwicz and Walker are known to
have poor stability properties. Experimental results (Chen and Tang, 1998; Healy, 2006)
confirm that this severely hinders performance. Kim (1987) (following Jordan, 1986)
shows that for a certain class of preferences, all Nash-Lindahl mechanisms must be un-

stable for at least one preference profile in the class. As mentioned above, Vega-Redondo



STABLE MECHANISMS FOR ECONOMIC ENVIRONMENTS 5

(1989); de Trenqualye (1989) and Kim (1993, 1996) all design Nash-Lindahl mechanisms
that are stable for particular dynamics under various restrictions on preferences.

The first carefully-controlled laboratory experiments of Nash-Lindahl mechanisms
were performed by Chen and Plott (1996).* The subsequent experimental research
(Chen and Tang, 1998; Chen and Gazzale, 2004; Healy, 2006) suggests that supermod-
ularity is a sufficient condition for subjects to converge to Nash equilibrium.® Super-
modularity (following Milgrom and Roberts, 1990) in this context requires a compact
strategy space, and implies monotone best-responses. Based on the learning result from
Milgrom and Roberts (1990), Chen (2002) provides a family of “supermodular” Nash-
Lindahl mechanisms, though their strategy spaces are not compact. Unfortunately, the
compact strategy space assumption is important for the Milgrom-Roberts stability re-
sult.

Even with a compact strategy space the Milgrom-Roberts stability result may be of
little use. It is easy to imagine a supermodular game with three equilibria: an un-
stable interior equilibrium and two stable corner equilibria at the smallest and largest
points in the strategy space. The equilibria to which play will converge are the corner
equilibria. Full implementation would require that these corner allocations are Lindahl
allocations for every environment in which the corner equilibria exist. This is a very
stringent condition; all existing Nash-Lindahl mechanisms avoid corner equilibria by
using unbounded strategy spaces. But in that case, “supermodularity” does not guaran-
tee stability, even if the equilibrium is unique. We illustrate these points in Section III
and focus instead on designing mechanisms whose best response functions are contrac-
tion mappings. We show in Theorem 1 that this guarantees stability for a wide family
of adaptive dynamics even when the strategy space is unbounded.

There has been comparatively little work on implementing Walrasian allocations, pre-
sumably because the competitive mechanism generally performs well, both in the field
and in the laboratory. But there are cases where an alternative mechanism may be
desirable. If the number of agents is small then the price-taking assumption becomes
tenuous; a mechanism with a game-theoretic foundation is more likely to succeed. Dy-

namic stability then guarantees that adaptively-adjusting agents can still arrive at the

4Scherr and Babb (1975); Smith (1979); Harstad and Marrese (1983); and Tideman (1983) ran earlier ex-
periments and many authors tested inefficient public goods processes such as the voluntary contributions
mechanism (see Ledyard, 1995) but Chen and Plott (1996) were the first to test directly a theoretically
optimal mechanism without modifications in a controlled laboratory setting.

5Unpublished experimental work by John Ledyard and Jasmina Arifovic show that supermodularity is
not necessary; Healy (2006) suggests that a strictly weaker dominant diagonal condition may be sufficient.
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Walrasian allocations. Furthermore, adaptive learning models in the competitive mech-
anism focus on tatonnement-like adjustment processes where stability is, in general, not
guaranteed (Scarf, 1960; Hirota, 1985); in fact this instability has been observed in the
laboratory (Anderson et al., 2004; Crockett et al., 2009). We focus instead on designing
game-theoretic mechanisms that are stable under a family of learning dynamics that is
known to be reasonably descriptive. To our knowledge, the only other paper to focus on
the design of dynamically stable (approximate) Walrasian mechanisms is Walker (1984).

Various methods for generating stability directly through the solution concept have
also been studied. For example, dominant strategy equilibria are certainly dynamically
stable for nearly any reasonable learning process. Unfortunately, standard impossibil-
ity results severely limit its applicability and the set of available mechanisms (Green
and Laffont, 1977; Roberts, 1979). Furthermore, if the dominant strategy is not strict,
then myopically-adapting agents may converge to undesirable Nash equilibria, as was
observed in tests of the Vickrey-Clarke-Groves mechanism (Healy, 2006).

Abreu and Matsushima (1992) provide a mechanism that has a (unique) dominance-
solvable equilibrium whose outcome is a lottery placing an arbitrarily large weight on
the desired allocation. From a theoretical standpoint, the result is very strong; equilib-
rium in iteratively undominated strategies implies convergence of a wide class of learn-
ing dynamics to the equilibrium point. Yet their mechanism is of limited practical use.
As the mechanism becomes more precise (placing more weight on the desired allocation)
the dimensionality of the message space becomes infinite. Furthermore, laboratory tests
of the mechanism (Sefton and Yavas, 1996, inspired by Glazer and Rosenthal, 1992) find
that subjects do not move toward the equilibrium over 14 periods of play. This suggests
that the speed at which iterated dominance is respected by learning is slow, or non-
existent. These results are in line with the findings of McKelvey and Palfrey (1992);
Stahl and Wilson (1995); Nagel (1995); and others, showing that subjects do not learn to
respect iterated dominance arguments over relatively short time frames. These results
apparently limit the applicability of mechanisms that rely on iterated-deletion solution
concepts.®

Sandholm (2002) studies stable Nash implementation of efficient resource utilization
in congestion games. These games admit a strictly concave potential function (Mon-

derer and Shapley, 1996) which then guarantees a unique Nash equilibrium of a simple

6Bergemann and Morris (2009) consider rationalizable implementation, which is equivalent to iterated
deletion of strictly dominated strategies when the strategy space is finite. They show that virtual imple-
mentation in iteratively undominated strategies requires a social choice function to select agents’ favorite
social choice outcome when preferences are identical.
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pricing mechanism that is globally stable for a large family of adaptive dynamics. Sand-
holm (2005, 2007) extends this result to more general externality-abatement problems.
A common feature of these environments is that agents must choose one action from a
fixed set of available actions and externalities occur only through the number of peo-
ple choosing each action. In settings with continuous levels of public and private goods
and rich type spaces, it is typically not possible to use potential function techniques to
guarantee stability.

Cabrales (1999) shows that, in the canonical mechanism of Maskin (1999), adaptive
Markovian dynamics (placing positive probability on better responses to opponents’ last-
period strategies) will converge to and remain at the Nash equilibrium. Cabrales and
Serrano (2009) extend this result, proving that a quasimonotonicity condition is nec-
essary for implementation in the steady states of these dynamics; when a no-worst-
alternative condition is also satisfied implementation can be achieved using a variation
on the canonical mechanism. In experiments of the standard canonical mechanism with
three agents and only three states of the world, Cabrales et al. (2003) find that the
mechanism successfully implements the given social choice function in 68% of trials.
Adding a fine to make the equilibrium strict raised the success rate to 80%. Whether or
not these positive results would extend to larger environments remains an open ques-
tion. Cabrales (1999) also shows that the Abreu-Matsushima mechanism is vulnerable
to ‘drift’ when agents use adaptive Markovian dynamics, since the equilibrium features
non-equilibrium best responses for each agent. Sjostrom (1994) provides a mechanism
that exactly implements most social choice functions assuming two rounds of iterated
deletion of dominated strategies (one weak and one strict), but Cabrales and Ponti (2000)
prove that monotone adaptive dynamics (in the sense of Samuelson and Zhang, 1992)
converge to other Nash equilibria that do not result in the social choice outcome.

A small strand of the literature has focused on implementation with bounded ratio-
nality in games without repetition. Eliaz (2002) studies necessary and sufficient condi-
tions for Nash implementation when some agents tremble in their strategy choice. Tu-
mennasan (2008) finds that the quasimonotonicity and No Worst Alternative conditions
(Cabrales and Serrano, 2009) are necessary and almost sufficient for implementation in
logit quantal response equilibrium (McKelvey and Palfrey, 1995) as the noise in players’
strategies is reduced to zero.

The structure of the paper is as follows: We introduce a two-good general equilib-

rium model and the basic definitions of implementation in Section II. In Section IIT
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we demonstrate the weakness of supermodularity as a stability concept, formally de-
fine the contraction property, and demonstrate its stability properties. We then provide
necessary and sufficient conditions for a mechanism to implement Lindahl or Walrasian
allocations in Section IV; we first study the case of mechanisms with one-dimensional
strategy spaces for each agent, and then generalize the results to higher-dimensional
mechanisms. The procedure for designing contractive Lindahl and Walrasian mecha-

nisms is given in Section V. We conclude with a brief discussion in Section VI.

II THE MODEL
Economic Environments

Consider a two-good general-equilibrium economy in which agents i € {1,...,n} = . have
endowments w; = (w7 ,wi.v ) € R?, make net trades z; = (x;, ;) € R2 — {0;}, and have pref-
erences over net trades representable by a utility function u;(x;,y;|0;) where 0; € ©;
identifies i’s type drawn from i’s type space ©;. We assume that for each i and 0;
u; is increasing in x; (the numeraire good) for all y; and differentiable in both goods;
in our discussion of stability, we restrict attention to the special case of quasilinear
preferences where u;(x;,y;10;) = vi(y;10;) + x;. Let w = (w1,...,0,), z = (21,...,2,) and
6 =(064,...,0,)€ 0 =x,;0; and let p € R represent the price of the non-numeraire good,
normalizing the numeraire price to one. A net trade vector z € R?" is balanced if ¥; z; = 0.

Unlike most general equilibrium models, ours does not restrict the feasible consump-
tion set to the positive orthant. Since no mechanism can Nash implement Walrasian
or Lindahl equilibria when boundary equilibria are permitted (see Hurwicz, 1979a or
Jackson, 2001), it is necessary to rule out such equilibria either by allowing unbounded
consumption bundles, or by restricting preferences so that boundary equilibria never ob-
tain. The latter approach is more common (see Groves and Ledyard, 1977, for example),
but may be incompatible with our notion of dynamic stability. We discuss this in Section
V.

As specified, the model describes an exchange economy with purely private goods. But
we can easily reinterpret the model to allow the second good to be a purely public good
by making four changes: (1) every feasible net trade must be such that y; = y; for all
agents i and J, (2) wly = w§ for all 7 and j, (3) there is a single firm, capable of producing
y units of the public good from c(y) units of the numéraire, that aims to maximize the
profit function py—c(y), and (4) an allocation is now said to be balanced if c¢(y)+)_; x; = 0.

In this paper, we assume a constant marginal cost of production x > 0 so that c(y) =«xy.
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A Walrasian equilibrium of a private goods economy at type vector 6 is a net trade
vector z* and a price p* such that z* is balanced and maximizes each u;(-,-|0;) subject
to the budget constraint z;p* < 0. Here z* is referred to as a Walrasian equilibrium
allocation.

A Lindahl equilibrium of a public goods economy is a net trade vector z* (the Lindahl
equilibrium allocation) and a vector of individual prices p* = (p7J,...,p,) such that z*
is balanced, maximizes each u;(-,-;) subject to the budget constraint z;p < 0, and
maximizes the firm’s profit of (X; p})y — c(y).

Note that Lindahl equilibria are of the same dimensionality as Walrasian equilibria;
the latter consists of 2n quantities and only one price while the former has n + 1 quanti-

ties but needs n prices.

Mechanisms & Implementation

A social choice correspondence f : © — R2® maps type profiles into sets of net trades.
For example, / might identify all Pareto optimal net trades for each 6 (the Pareto corre-
spondence), all Walrasian equilibrium allocations (the Walrasian correspondence), or, in
a public goods setting, all Lindahl equilibrium allocations (the Lindahl correspondence).

A mechanism I = (U, h) consists of a message space 4 = x; 4; and an outcome func-
tion h : 4 — R?" mapping each message profile m = (m1,...,m,) into a net trade vector
z. A mechanism I is also called a game form; when combined with a particular type
profile 6, the mechanism induces a well-specified game with strategy spaces .#; for each

i and utilities over strategy profiles given by
Ui(m|0;) := u;(h(m)|0;).
We let
Bi(m10;)={m; e ; :Uj(m;,m_;16;) =U;(m},,m_;16;) Vm € M;}

represent i’s best-response correspondence and define g = (f1,...,8,). The Nash cor-
respondence v : ® — _/ identifies the set of pure-strategy Nash equilibrium message
profiles m™* of I' at each 0; formally, v(0) = {m € .4 : m € f(m|0)}. A mechanism (. ,h) is

said to (Nash) implement a social choice correspondence f if, for all 6 € O,
(1) h(v(0)) = f(0).

We sometimes refer to (1) as full implementation; if A(v(0)) € f(0) we say that I" weakly
Nash implements f and if A(v(0)) N f(0) # @ then I" partially Nash implements f.
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In the case of economic environments with two goods, the outcome function A can
equivalently be written as a pair of functions of the form x;(m) and y;(m) for each i € .#.
In this paper, we consider mechanisms for which .#; < RXi for some K; € {0,1,...} for
each i. When .#; has J; < K; dimensions that enter into the y; function, and K; — J;
dimensions that do not, then we may, for notation’s sake, partition agent i’s strategy
space into /; = R; x F; with Z; € RYi and % c REKi~7i, Letting Z = x;Z; and & = x;.%
we have that y; : Zx %, - R and x; : Z x ¥ — R. In a public goods setting, it must be
that y : Z — R since no s; may enter into y.

Given any mechanism with functions y;(m), it is without loss of generality that we

can express i’s net trade of the numéraire as
(2) xi(m)=—qi(m_;)y;(m)—g;(m)

so that the per-unit ‘price’ term ¢; does not depend on m;. Thus, any mechanism can
be equivalently described by a list of functions of the form q;(m_;), g;(m), and y;(m) for

each i. This formulation makes explicit the ‘price’ and ‘penalty’ components of x;(m).

III NOTIONS OF STABILITY

Past experimental results suggest that behavior in repeated mechanisms in economic

environments is best described through learning dynamics rather than through repeated

game equilibria.” Formally, a learning dynamic is a function m : {1,2,...} — . specifying
a strategy profile m(¢) for each point in ‘time’ t € {1,2,.. }.8 For example, a Cournot best-
response dynamic would be a function satisfying m(t) € f(m(¢ —1)|0) for all ¢ > 1.

If a single learning dynamic were known to describe human behavior in these dynamic
settings, then a desirable mechanism would be one such that for all 8, the sequence of
outcomes A(m(t)) converges quickly to f(6). Since the debate over which dynamic best
describes behavior is far from resolved, a more practical approach is to design mecha-
nisms that induce games such that A(m(¢)) converges to f(6) for a large family of dy-
namics. The existing literature takes this approach by requiring a mechanism to induce
supermodular games, which are known to have certain stability properties. We examine
the shortcomings of this approach in the next subsection, and instead focus on designing

mechanisms that induce contractive games, described in the subsequent subsection.

"We say ‘suggest’ rather than ‘prove’ here because it is possible—though in our view extremely unlikely—
that the dynamic patterns observed in experiments are supported as repeated-game equilibria with com-
plicated and unobserved off-path punishment strategies.

8This definition could be generalized to allow for continuous or finite time intervals.
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Supermodular Games

Consider the game induced by some mechanism I' = (., h) at type profile 0. If each U; is
twice differentiable everywhere then, following Milgrom and Roberts (1990), this game

is said to be supermodular if

(1) 82U;/0m;z0m;; =0forallie . and k #1€(1,...,K;},
(2) 62Ui/6mik0mﬂ >0foralli#jes, kell,... ,K;},and [ €{1,...,K}}, and

(8) .#; is a compact interval in RXi for all ;.

Properties (1) and (2) guarantee that f; is increasing in others’ strategies. If conditions
(1) and (2) are satisfied but (3) is not then, we say the game is open-supermodular.
Milgrom and Roberts (1990) prove that for every supermodular game, there is a smallest
and largest Nash equilibrium, denoted here by m* and m”, and if a given learning
dynamic is ‘adaptive’—roughly, if it selects undominated strategies against a not-too-
distant history of past play—then that dynamic will converge to the interval [m*,m™].
If the game has a unique equilibrium (m* =m™), then the equilibrium point is globally
stable under all adaptive learning dynamics.

Unfortunately, the usefulness of this stability result is sometimes quite limited—a
fact not well appreciated in the existing literature. Since the strategy space is required
to be compact, then m* and m™ may well be corner equilibria. In this case, the stability
result is vacuous, placing no restrictions on the path of adaptive learning dynamics.

To illustrate, consider a simple two-player game with .4; = [-100,100] for each i,
parameter a € R, and

Ui(mi,m;)=—(m;—am;)*
for i € {1,2}. The unique best-response of agent i is §;(m) = am;. If a =0, then this game
is clearly supermodular. If a € (0,1), then the game also has a unique Nash equilibrium
at m; = (0,0) and, by Milgrom and Roberts (1990), all adaptive dynamics converge to
m*.

If @ > 1, then the game is still supermodular but now it has three Nash equilibria:
m* =(-100,-100), m; = (0,0), and m”* =(100,100). In this case, the stability theorem
of Milgrom and Roberts (1990) is vacuous. Furthermore, the interior equilibrium is un-
stable under most adaptive dynamics; a simple Cournot best-response process initiated
away from mJ will converge monotonically to either m* or m™. If these corner equilib-
ria are eliminated by setting .#; = R for each i (making it an open-supermodular game),
then m, continues to be unstable and most adaptive dynamics will diverge. These games

with a > 1, despite their supermodularity, have a fundamental instability generated by
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the slopes of their best response functions. Clearly, it is the absolute magnitude of the
slopes—and not their sign—that determine dynamic stability.

Existing work on supermodular mechanism design fails to appreciate this issue.’
Chen (2002) designs an open-supermodular mechanism that Nash implements the Lin-
dahl correspondence with .#; = R? for each i. Given the discussion above, however, it
is unclear whether (open-)supermodularity will guarantee the convergence of adaptive
learning dynamics to equilibrium strategy profiles; the mechanism may induce steeply-
sloped best response functions that lead to divergent dynamics.

The following example clearly demonstrates that designing a supermodular (or open-

supermodular) mechanism does not guarantee dynamic stability.

Example 1. Let .#; = R! for each i and suppose 7 is even. Take any quasilinear public
goods environment of the form v;(y|6;) + x; where there exists some B > 1 such that

v;’ € (-B,—1/B) for every i and 6;. Consider the mechanism with free parameter y > 0

given by
qi(m) = %_Yzj?f{i,w%}mj if i<n/2
4 - . . b
B +Yzj;£{i7i—%}mj if i>n/2
gi(m)=0,
and
n/2 n
y(m) = Z m;— Z m;
i=1 i=n/2+1

and for each i.
One can show that this mechanism implements the Lindahl correspondence using a
proof very similar to that of Walker (1981). Calculating the slopes of the individual

best-response functions, however, gives

0p; Y 4
— = -1==-1
0mj —v;’ B

for each j ¢ {i,i + n/2} and 08;/0m; n2 = 0. If y > B, then f; is non-decreasing in m; for
all 6; and so the game is open-supermodular. If y > 2B, however, then the slopes of the
best response functions are larger than one, and the Cournot dynamics are unstable.
Figure I shows a simulation of the best-response dynamics for the case of n =4, v;’ =1
for each i, k =4, and y = 2. The dynamic diverges exponentially and is unstable.

9See Chen and Tang (1998); Chen (2002); and Healy (2006), for example, or Chen (2008) for a survey.
Mathevet (2007) is an exception; he considers Bayesian implementation and studies a direct mechanism
(M; = ©;) with compact type spaces.
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FI1GURE I. Simulated best-response dynamics for an unstable supermod-
ular mechanism.

Contractive Games

Given the difficulties with supermodularity we follow a different tack suggested first
by Van Essen (2009b). In the simple examples above, what distinguishes stability from
instability is whether or not a € (—1,1). This coincides with whether or not the best-
response functions form a contraction mapping in ./ . If a game’s best response function
is a contraction mapping, then its equilibrium will be unique, and we show below that
a wide range of learning dynamics will converge to this unique equilibrium from any
starting point. Therefore, the contraction property will serve as our notion of stability

when designing stable mechanisms for economic environments.

Definition 1. If (/,d) is a complete metric space with metric d, then a (single-valued)
function fB: .4 — . is a d-contraction mapping if there is some constant ¢ € (0,1) such
that for all m,m’ € .4,

d(B(m), Bm") <Ed(m,m').

When the metric d is understood, we simply refer to 8 as a contraction mapping.
When S describes the best-response function of a particular game, we say that the game
is contractive. The following useful lemma provides a simple sufficient condition for a

continuously differentiable function f to be a contraction mapping.

Lemma 1. If .4 < RX for some K € {1,2,...}, then a continuously differentiable func-
tion B : .4 — M is a contraction mapping if sup,,. ,|IDB(m)|| < 1, where Df(m) =
[O,Bk/aml] 5 18 the K x K matrix of derivatives of § and ||-|| is any matrix norm.
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The proof of this lemma follows easily from Conlisk, 1973. Using the absolute row-
sum norm, for example, one can show that f is a contraction mapping, if ) ; |08,(m)/0m;|
< 1 at every m for each dimension k. In games, this sufficient condition is somewhat
simplified, because agent i’s best response function does not respond to changes in his
own messages; therefore, the row sum condition given above only needs to sum over
those dimensions [ # &.

Note that supermodularity and contractiveness are logically unrelated; a game may
satisfy one, both, or neither of these properties. In the linear two-player example above,
supermodularity corresponds to a =0, while contractiveness corresponds to a € (—1,1).

Since mechanisms induce different games for different type profiles 6 € ©, we must

extend our definition of a contractive game when describing mechanisms:

Definition 2. Let (/,d) be a complete metric space. A mechanism I' = (.4 ,h) with
outcome function A is d-contractive on 0, if for every 6 € ©, the induced game with
preferences U;(m|0;) has a single-valued best-response function B(-,0) : .4 — .4 that is

a d-contraction mapping.

Again, we drop the reference to d when the metric is understood. Contractiveness
is a strong property to require of a mechanism; by the Banach fixed point theorem, it
guarantees the existence of a unique Nash equilibrium of I at 6. This equilibrium is
globally stable under the Cournot best-response dynamic. This means that, if I' also
Nash implements some social choice function f, then the outcome f(8) will in fact be
realized in the limit, when agents’ play is described by Cournot best-response.

Clearly, the processes that best describe dynamic human behavior are more complex
and subtle than the simple Cournot best-response dynamic, so guaranteeing stability for
a larger family of dynamics is desirable. In this vein, we provide a contraction-mapping
analogue of the Milgrom-Roberts stability result for supermodular games: There is a
family of adaptive best response dynamics (ABR dynamics) such that every dynamic in
this family is globally stable in any game with a contractive best response function.

To describe ABR dynamics formally, let H(¢',#) = {m(s) : t' < s < #} denote the his-
tory of play from time # up to (but not including) ¢ and let m* denote the unique
Nash equilibrium of the game under consideration. Fix a metric d. For any r =0 let
B(rim*)={m € 4 :d(m,m™) < r} be the closed ball with center m* and radius r. Given
any bounded set ./’ c ./ define

By =(B@rim™): 4" <B(rim™)}

to be the smallest closed ball centered at m™* that includes .#'.
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Definition 3. A learning dynamic {m(¢)} is an adaptive best-response dynamic (ABR
dynamic) if (V¢ )3t > t')(Vt = £), m(t) € B(B(B(H(t',1)))).

To understand this definition, consider first two points in time ¢’ and ¢. Take the
point m' € H(¢',¢t) that is farthest from the equilibrium m*, and consider all points in
A that are closer to the equilibrium than m’. Calculate the best response to each of
those points, and among those calculated best responses, let m” be the farthest from the
equilibrium. The requirement that m(¢) € B(B(B(H(t',t)))) simply states that the date-¢
strategy cannot be farther from m* than m”. Thus, players observe history H(¢',t), form
a ‘belief’ that the next profile will be in B(H(¢,t)), and choose any profile that is either
a best response to this belief, or is at least no farther from equilibrium than any best
response to this belief.

The quantifiers then say that for any date ¢/, there is some later date £, after which
the dynamic ignores the history of play prior to #'. Thus, the effect of early strategies
must eventually vanish.

The ABR family of dynamics encompasses most variants of Cournot dynamics and
many processes with bounded memory, including the k-period best response dynamic
suggested by Healy (2006) to be a reasonable approximation of dynamic behavior in

repeated economic mechanisms.

Theorem 1. If a game is contractive then all adaptive best-response dynamics converge

to the unique Nash equilibrium.

Formal proofs appear in the appendix.
If actual play of repeated mechanisms is well described by an ABR dynamic (as Healy,
2006 suggests) then Theorem 1 implies that one should design mechanisms that not only

Nash implement desirable social choice functions, but are also contractive on ©.

IV CHARACTERIZATIONS OF IMPLEMENTING MECHANISMS

Before adding stability to the list of mechanism design constraints, we first identify
necessary and sufficient conditions on the functional form of a mechanism, if it is to
Nash implement Walrasian or Lindahl allocations. The necessary condition is particu-
larly useful in understanding how much freedom is available in the construction of new
mechanisms and, therefore, how one might consider new constraints such as dynamic
stability. These characterizations also have implications about the complexity that is
necessary for a mechanism to Nash implement Walrasian or Lindahl allocations, com-

plementing earlier results by Reichelstein and Reiter (1988).
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One-Dimensional Mechanisms

In this section, we restrict attention to one-dimensional mechanisms where .#; = R! for
each i € . Our proofs rely heavily on differentiability arguments, so we also require

that mechanisms have twice-continuously differentiable outcome functions.

Assumption 1 (Differentiability). For each agent i, the message space .#; equals R!
and, for each message vector m € .4, the functions x; and y; are twice continuously

differentiable in m; at m.

Consider now an agent i who believes the other agents will submit a message vec-
tor m_;. Given a twice continuously differentiable mechanism with outcome functions
(vi,qi,gi)i, agent i is able to trace out a continuously differentiable manifold of (x;,y;)
pairs in R? that he can unilaterally achieve by varying m;, holding fixed m_;. Iden-
tifying an agent’s best-response message m; in response to m_; is then equivalent to
identifying the point on this manifold that maximizes i’s utility.

Our next assumption explicitly rules out cases where agent i’s manifold becomes ar-
bitrarily flat in (x;, y;)-space by requiring that dy;/0m; is uniformly bounded away from
zero. To the authors’ knowledge, this does not rule out any existing mechanisms; most

use linear functions such as y;(m) =3 ;m;.

Assumption 2 (Responsive y;). For each i there exists some ¢; > 0 such that for all
me M, |0y;(m)om;| = e.

Under Assumption 2, each agent i’s manifold can now be thought of as the graph of a

single-valued mapping from y; into x;. We denote this mapping by
Xiilm i) == 2i(y; yilm_i),m ),

where yi_l( yilm_;) identifies the unique m; such that y;(m;,m_;) = y;. This construction
highlights the fact that each agent i can choose any level of y; € R because the function
yi(-,m_;) is bijective for all m _;.

We show an example of y;(y;|m_;) in Figure II. At the point m*, the outcome (x;(m™),
yi(m™)) is realized by agent i. As i differentially changes his message m;, he differ-
entially changes his allocation (x;,y;) along the graph of y;. The downward slope of
this graph at m*—which we label P;(m*)—therefore serves as the effective price of y;
charged by the mechanism at m*. Formally,

O0x;(m)/0m;

(3) = Gy myiom:
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FIGURE II. The mapping y;(y;|m_;) and the effective price P;(m) at m*.

The effective price in a mechanism serves the same role locally as prices in a Wal-
rasian or Lindahl equilibrium.

If m* is a Nash equilibrium then the standard first-order conditions imply that

oui(x;,yil0;)/0y; %
(4) =P,(m"),
ou;(x;,y;10;,)/0x;

so that the marginal rate of substitution between y; and x; equals the effective price of

the mechanism at m*.1°

If this mechanism Nash implements a Walrasian or Lindahl equilibrium, then the
marginal rate of substitution must also equal the Walrasian or Lindahl price. Thus,
the effective prices at the equilibrium message profile m* must match the Walrasian or

Lindahl price for each environment 6. This leads to the following observation:

Observation (The Triple Tangency Property). If a mechanism Nash-implements
Walrasian or Lindahl allocations then at any Nash equilibrium point m* each agent’s
indifference curve in (x;,y;)-space must be tangent to both the mechanism’s outcome

manifold )(,-(-Imfi) and the Walrasian or Lindahl equilibrium price hyperplane.

The Triple Tangency Property is illustrated in panel (A) of Figure III; for type 6; the

point z; is both a Nash equilibrium outcome and a Walrasian allocation at equilibrium

10Recall that . is open so there are no boundary Nash equilibria.
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F1GURE III. (A) The Triple Tangency Property, and (B) a ‘bad’ Nash equilibrium.

price p. Similarly, z; is a Nash equilibrium point and a Walrasian allocation (at price
p") for type 0.

Now consider panel (B) if figure III. If the type space is sufficiently ‘rich’—meaning
that every outcome z is a Nash equilibrium outcome for some environment—then there
will exist some 6" € © such that the point z is also a Nash equilibrium outcome. This
must be a ‘bad’ Nash equilibrium, however, because i’s indifference curve is not tan-
gent to the price hyperplane passing through w; and so 2} cannot possibly be Walrasian
or Lindahl allocation under 0”. Because of this bad Nash equilibrium the mechanism
represented by y; does not fully implement the Walrasian or Lindahl correspondence.

If the type space is rich, then every point z; along y; can be made into a Nash equi-
librium outcome by selecting an appropriate type profile. Thus, a mechanism that Nash
implements the Walrasian or Lindahl correspondence must not allow for points such as
z;’ (in Figure IIT) where y; is not tangent to the hyperplane passing through z;’ and w;.
But this can only be accomplished if y; is linear and passes through w;. This observation

generates our key necessary condition.
Assumption 3 (Rich Type Space). v(0) = .« .11

Theorem 2 (Necessity). Under Assumptions 1, 2, and 3, if a mechanism I' = (.4, q;,g;,
v;); weakly Nash implements the Walrasian or Lindahl correspondence with .#; = R! for

each i then for every i € .# and every m e ./,

(5) x;(m)=—-q;(m_;)y;(m)

11Assumption 3 may appear unsatisfactory because it places restrictions on the equilibrium set rather
than on the primitives of the model; in an online appendix we provide two linked assumptions on the
primitives—one for the type space and one for the mechanism—that together imply Assumption 3.
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and

(6) Y qilm_y)=x,
i

so that ¢; does not depend on m; and g;(m)=0.

Theorem 2 is stated for weak implementation, but obviously applies to full implemen-
tation as well. This theorem gives a strong but intuitive result: If a mechanism is to
Nash implement the Walrasian or Lindahl correspondence, then each agent’s message-
choosing problem in the mechanism (taking others’ messages as fixed) must be identical
to the quantity-choosing problem in an exchange economy when prices are taken as
given. In the case of a mechanism, the quantity y; is chosen indirectly through the
choice of m;, and the ‘price’ is determined endogenously as a function of m_;. In ex-
change economies, agents choose y; directly and face exogenously-given prices.

Conversely, if an agent has the ability to change both his chosen quantity and his
per-unit price then such a mechanism cannot fully implement the Walrasian or Lindahl
allocations.

For the case of public goods economies, compare Theorem 2 with the mechanisms
of Groves and Ledyard (1977), Walker (1981), and Tian (1990). All three are one-
dimensional mechanisms in which ¢; depends only on m_;, but the Groves-Ledyard
mechanism has a non-trivial penalty function g; while the latter two do not. Conse-
quently, Walker’s and Tian’s mechanisms Nash implement the Lindahl correspondence
while the Groves-Ledyard mechanism does not (its outcomes are Pareto optimal but not
Lindahl).

For private goods economies, Theorem 2 is in fact excessively strong. If no agent is
allowed to affect their own per-unit price, if all agents must have the same price at every
equilibrium message, and if every message is an equilibrium message for some type
profile, then the only admissible price function g; is a constant function that depends on
no agents’ reports. But clearly such a mechanism cannot fully implement the Walrasian
correspondence on a rich type space, so we arrive at a contradiction. This proves the

following corollary:

Corollary 1. Under Assumptions 1-3 there does not exist a one-dimensional mecha-

nism that Nash implements the Walrasian correspondence.

Corollary 1 was first proven by Reichelstein and Reiter (1988) using substantially
different mathematical techniques. They provide a tight lower bound on the dimension-

ality of a mechanism that Nash implements the Walrasian correspondence. This lower
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bound is larger than the number of agents, ruling out the one-dimensional case and
proving the corollary.

Finally, we show that for public goods environments the necessary condition of Theo-
rem 2 becomes sufficient for weak implementation of the Lindahl correspondence. Full
implementation is achieved if for each Lindahl equilibrium there is some message m' €
A that maps to it.

Assumption 4. For every (x,y",p}); € R27+1 that is a Walrasian or Lindahl allocation

for some 0 € O there is a message m' € ./ such that
(x;(m'), yi(m"),qi(m")); = (], 57, p} )i

Note that Assumption 4 is slightly stronger than requiring f(®) € h(.#) because it

also requires that every possible Lindahl price be achievable by the ¢; functions.

Theorem 3 (Sufficiency). In a public goods environment, if a mechanism I' satisfies
Assumptions 1 and 2 and equations (5) and (6) of Theorem 2 then I' weakly Nash imple-
ments the Lindahl correspondence. If, in addition, I" satisfies Assumption 4 then I" fully

Nash implements the Lindahl correspondence.

Thus, under Assumptions 1-4, equations (5) and (6) are necessary and sufficient for
full implementation of the Lindahl correspondence.

The proof of sufficiency for weak implementation is intuitive: Since y(m;,m_;) is bijec-
tive in m;, choosing m; is equivalent to choosing y with ¢;(m_;) fixed. Equations (5) and
(6) guarantee that the mechanism’s outcome manifolds (the graphs of y;) are linear and
pass through the endowment. If y; also passes through the Lindahl allocation then y;
is uniquely determined and must exactly correspond to the Lindahl budget hyperplane
defined by the Lindahl price p;. Choosing m; along y; is thus identical to choosing y
along the budget hyperplane and so the budget-constrained optimal choice of y must be
equal to the mechanism-constrained optimal choice of y(-,m” ).

Assumption 4 guarantees that any Lindahl equilibrium allocation can be reached by
some message m' € .4 with q;(m’ ) equalling the Lindahl price for each i. Because
the Lindahl equilibrium allocation is budget-constrained optimal, y is bijective, and the
linear mechanism mimics this budget constraint, the m’ mapping to y(m/,m’ ) must be
a best response for agent i. Thus, every Lindahl allocation is a Nash equilibrium and
full implementation is achieved.

To demonstrate the gap between weak implementation and full implementation, con-

sider the equal-tax voluntary contribution mechanism, where .#; = R! for each i, y(m) =
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Y.,m; and x;(m) = —xy(m)/n (see Groves and Ledyard, 1980 or Healy, 2006). The hy-
potheses of the first part of Theorem 3 and satisfied, so this mechanism weakly Nash
implements the Lindahl correspondence. But Assumption 4 fails at any 0 that has a
Lindahl equilibrium (x;,y",p;); with p> # p;. for some i,j (which is true generically)
because q;(m_;) = q j(m_;) for every m € /. In these environments the mechanism has

no Nash equilibrium and full implementation fails.

Higher-Dimensional Mechanisms

When the strategy space of each agent has multiple dimensions, recall that we can
further break apart a mechanism by distinguishing those strategy space dimensions
that affect the quantity of the non-numeraire good from those that do not. Specifically,
we let 4 = R#; x %, where, for each i, Z; <R’ represents those dimensions that affect
yi(r,s_;) and % < REi~Ji be those dimensions that do not.

With the partitioning of the strategy spaces into Z; and .%; we can modify equation 2

slightly and write any mechanism’s numéraire outcome function as
(7 x;(r,8)=—q;(r,s)yi(r,s_;)—g(r,s).

(Again, in a public goods environment y depends only on r.) Unlike equation 2, this
formulation allows the ‘price’ term g; to depend on agent i’s message. We will show,
however, that along the equilibrium set of announcements agent i cannot affect ¢;, even
though he may be able to affect q; at points off the equilibrium set.

We now reformulate our previous assumptions for the case of multiple dimensions.

Assumption 1’ (Differentiability). For each agent i and each message vector m € ./ the

functions x; and y; are twice continuously differentiable in every dimension of m;.

Assumption 2’ (Responsive y;). For each i there exists some ¢; > 0 such that for all
(r,s)€ 4 and all dimensions & € {1,...,J;}, |0y;(r,s_;)/0r;;| = €.

As for Assumption 3 with extra dimensions, it becomes overly restrictive to assume
that v(0) = .4 because the dimensionality of v(®) may be strictly less than that of /.
Specifically, for any I' we can rule out two types of messages as messages that can never
be Nash equilibria of I" for any 0 € O.

The first type of message m = (r,s) that cannot be an equilibrium are those for which
s is not a best response given r. Because s only enters into the determination of the
numeraire, and utility is strictly increasing in the numeraire, the mechanism designer

can identify those values of s (if any) that are best responses to each r. Formally, it must
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be that

!/
s;€0i(r,s_;):= argmax x;(r,s;,s_;)
sieS

for each i, or
seo(r):={s"eF:(Vie I)s; eoi(r,s*))}.

Thus, o(r) represents the pure-strategy equilibria of a ‘transfer-maximizing game’ in
which agents pick s; to maximize x; given r. If s ¢ o(r) then the pair (r,s) cannot be a
Nash equilibrium of the mechanism for any 6.

The second type of messages that cannot be equilibria are those for which some agent
has different effective prices along different dimensions of his strategy space. Formally,
for each agent i and dimension & € {1,...,J;} define the effective price along dimension %

at message (r,s) by
0x;(r,s)/or;p,

 0yi(r,s_)/or
and note that by the same first-order argument as in the one-dimensional case, it must

Pip(r,s):=

be that P;.(r,s) equals i’s marginal rate of substitution between y; and x; at any equilib-
rium point (r,s). Therefore, if a point (7', s’) is such that P;,(r',s’) # P;;(r',s’) then (+',s’)
cannot be a Nash equilibrium.

Given these two restrictions, we now define

(8) ME = {med :(Vie I)VE,1e(l,...,J;}) Pir(m)=P;;(m)}

N{im=((r,s)e M :seo(r)

to be the set of ‘candidate equilibrium’ points in .#. The natural extension of our rich
type space assumption (Assumption 3) is that every candidate equilibrium is an equilib-

rium for some environment.
Assumption 3. v(0) =« * .12

Finally, we define regular candidate equilibrium points for which our theorem will
apply. Let Z* be the projection of .4 * onto Z.

Definition 4. A candidate equilibrium (r*,s*) € .4 * is regular if o(r) is locally threaded
by some differentiable function ¢ = x;¢; for each i; formally (r*,s*) is regular if for each i
there is some open set %? c %;“ containing r;.* and a differentiable function ¢; : Zx .%_; —
; such that ¢;(r*,s* )=s* and (v, ,¢i(r},s* ),s*.)e 4" for all ' € %(i).

1275 with Assumption 3, we provide in an online appendix two linked assumptions—one on the type space
and one on the mechanism—that together imply Assumption 3’.
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A candidate equilibrium (r*,s*) is regular if differential deviations in r; can always be
accompanied by a differential change in s; such that the joint deviation does not lead to
a strategy profile outside of .4 *. We refer to ¢; as i’s adjustment function. An example
of a non-regular equilibrium would be one for which a differential change in r; leads to
a point at which o(r) is empty or has a jump discontinuity.

We now prove a higher-dimensional analog to Theorem 2.

Theorem 4 (Necessity). Suppose a mechanism I' = (4, x;,y;)ic.# Nash implements the
Lindahl or Walrasian correspondences and satisfies Assumptions 1’, 2’, and 3’. Writing
the mechanism as

xi(r,s) =—qi(r,s)yi(r,s_;) - gi(r,s),
it must be the case that for every regular point (r*,s*) € .4 * with adjustment functions
(i,

d '(r*,C'(r*,si')’si')
qi i 17 V=0 VieSke(l,...,d;)

drik
and
g:(r*,s*)=0.

Thus, higher dimensional mechanisms may allow agents to affect their own prices and
face non-trivial penalty functions, but the penalty function must equal zero on the equi-
librium set, and each agent’s price must not change as the agent unilaterally changes
r; and adjusts s; appropriately. At off-equilibrium or non-regular equilibrium points,
however, we derive no restrictions on the shape of the mechanism. It is this freedom
that allows us to introduce global stability properties into a mechanism. Intuitively, one
should be able to take a mechanism satisfying the restrictions of Theorem 4 and alter
the mechanism on .4\ .4 * so that any adaptive dynamic process that wanders off of ./ *
will eventually return back to the appropriate point in .4 *, restoring the equilibrium.

Finally, we identify sufficient conditions for Nash implementation of the Walrasian or

Lindahl correspondence that will be useful in constructing stable mechanisms.

Assumption 4’. For every (x”,y’,p}); € R27+1 that is a Walrasian or Lindahl allocation

for some 6 € O there is a message m' € .4 * such that
(xi(m"),yi(m"),q:(m"); = (x}, 57, p})i.

Theorem 5 (Sufficiency). If I' is a mechanism satisfying Assumptions 1’ and 2’ and for

every i,

(1) qi(r,s)=qi(r—i,s—;)
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(2) ¥,qi(r—i,s_;j)=x«for all (r,s)e.«",

3) gi(r,s) =0 for every (r,s) € 4, and

4) gi(r,s)=0if seo(r),
then I" weakly implements the Walrasian or Lindahl correspondence. If, in addition, I
satisfies Assumption 4’ then I" fully Nash implements the Walrasian or Lindahl corre-

spondence.

Note that Theorem 3 is a direct corollary of Theorem 5 for the case where .#; = R! for

each i; we prove only the latter in the appendix.

V CONTRACTIVE MECHANISMS

From this point forward, we restrict attention to concave, quasilinear preferences of
the form u;(x;,y;10;) = v;(y;10;) + x; with v} <0. In order to establish stability results
under our assumptions, however, we must place bounds on the concavity of agents’ pref-
erences. By way of contradiction, suppose instead that v is arbitrarily close to zero.
Nash implementing a Walrasian or Lindahl allocation requires the first order condition
vi(yi(m*)|6;) = q;(m™) to be satisfied at the equilibrium point m*. Consider any differ-
ential change in m; for some j # i that alters q;. Agent i’s best response to this change
must alter v} by an equal amount to restore the first-order condition. When v/ is very
small, however, this requires a very large shift in y(m), which can only be accomplished
by a large change in m;.'® Since the response in m; is larger than the original shift in

m ;, the mechanism cannot be contractive.

Proposition 1. Suppose preferences are quasilinear and Assumptions 1-3 (or 1’-3’) are
satisfied. If for every £ < 0 there is some i, 6;, and y such that v/ (y|0;) € (¢,0) then no

mechanism that implements Walrasian or Lindahl allocations is contractive on ©.

Given Proposition 1, we must explicitly assume that the concavity of v; is bounded
away from zero if we are to construct contractive mechanisms.!* Recall that we use
unbounded feasible consumption sets in our model of the economy. Proposition 1 shows
that this is necessary when studying stability; the alternative assumption that indiffer-
ence curves do not cross the consumption set boundaries (Groves and Ledyard, 1977)
would require v to approach zero at some y for every i and 6.
13Clearly there is an offsetting effect if 0y;/0m; or 8y;/0m j is large near m*. But a rich type space requires
that this offsetting effect be present at every point m. No one y function can compensate for every possible
“flat spot” in v/,

14These bounds are inconsistent with Assumption 6A in the appendix but, depending on the mechanism,
may or may not be consistent with Assumptions 3 or 3’.
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Assumption 5. For all types 6 € ©, all agents i have quasilinear preferences of the form
vi(yil0;) +x; where v: >0 and there is some B >0 such that v} € (-B,-1/B).

Contractive One-Dimensional Mechanisms

We now show that there cannot exist a mechanism with one-dimensional strategy spaces
(; = R! for each i) that Nash implements the Lindahl or Walrasian correspondence

under our maintained assumptions.

Theorem 6. Under Assumptions 1-5, there does not exist a mechanism with .#; =
R! for each i that is both contractive and Nash implements the Lindahl or Walrasian

correspondence.

Note that proof for the Walrasian correspondence is trivial since there does not exist
any one-dimensional mechanism that implements the Walrasian allocations.

Inspection of the proof reveals that Theorem 6 holds true even if v can take any value
in (—o0,0); the bounds on v;’ from Assumption 5 are needed in the sequel to generate

higher-dimensional mechanisms that are contractive.

Contractive Mechanisms for the Lindahl Correspondence

This above impossibility result for single-dimensional mechanisms forces us to consider
higher-dimensional mechanisms when seeking contractive implementation of the Lin-
dahl correspondence. We proceed by taking any two-dimensional mechanism (where
m; = (ri,s;) € R? for each i) of the form y(r) = ¥, r; with q;(r_;,s—;) and g;(r,s) unspec-
ified. The first-order condition that oU;/0r; = 0U;0s; = 0 for any m™* € 4™ allows us
to use the Implicit Function Theorem to derive closed-form expressions for the slope of
the various best-response functions. If p;(r_;,s_;) is i’s best response value of r; and
o(r_;,s_;) is i’s best response value of s; then, for example, the slope of p; with respect

to r; is given by

dp; (62Ui °*U; U, 02Ui)/(02Ui 02Ui_( °U; )2)

9 — =
01”]’ ariasiasirj as? Orirj ar? as? Or;0s;

Using Lemma 1 (and the row-sum matrix norm), the mechanism is contractive if

(10) Z( )<1

J#

op;
or;

0p;
|2
0sj
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<1

Thus, designing a contractive mechanism amounts to satisfying the sufficiency condi-

and

(11) z(

J#i

0G;

0Sj

00‘i

arj

tions of Theorem 5 and then verifying that the particular functional forms of y;, ¢;, and
gi are such that (10) and (11) are satisfied for every 6 € O.

We now present one example of a mechanism satisfying these conditions for Lindahl
implementation. Let .#; = Z; x %, for each i with Z; =%, = R, choose & >0, and set

(12) y(r)=) ri
i
kK 1 n-1 1
(13) qilm_j,s_))=—+—(ri-1-ris1)+0—5- (Si—l - —ri+1),
n 0 n n
and
1 1 .6 1 )2
(14) gilr,s)=c|si——ris1| +5|si-1——rif .
2 n 2 n

Theorem 7. The mechanism defined by equations (12)—(14) fully Nash implements the

Lindahl correspondence. Under Assumption 5, it is contractive on ® when § = Bn?2.

That this mechanism fully implements the Lindahl correspondence follows from The-
orem 5 because g; = 0 with g; =0 when s € o(r), q; depends only on m_;, 3 ;q; = x if
s € o(r), y is bijective in r;, and for every Lindahl equilibrium there is some message
m' € # that maps to the Lindahl equilibrium allocation and prices. The contractive
property of the mechanism is proven by checking that equations (10) and (11) are satis-
fied when § = Bn?; this is done in the appendix.

One downside of this mechanism is that it fails to balance the budget at certain off-
equilibrium message profiles. This occurs both because the penalty terms (g;) may all be
strictly positive and the price terms (g;) may sum to something other than the marginal
cost. Both of these sources of imbalance can be corrected, however, by adding appropri-
ate terms to the penalty functions. For the case of n =4, this can be done by taking the

gi function from equation (14) and modifying it to equal

(15) gi(r,s)=gi(r,s)+A;(r,s)
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where

1+6 1\ 6 1 8 1
Ai(r,s)=— (Si+1 - —ri+2) -— (3i+1 - —ri+2) (Z T‘j) -= (Si+2 - —ri+3) Ti+l.
2 n n n iz n n

Corollary 2. If n = 4 and § = Bn?, then the mechanism defined by equations (12)—(15)
fully Nash implements the Lindahl correspondence, is contractive on ®, and is budget
balanced for all m € ..

Chen (2002) provides a parameterized mechanism such that for large parameter val-
ues, the mechanism induces an open-supermodular game (see Section III) with boundedly-
concave quasilinear preferences. Van Essen (2009a) shows that Chen’s mechanism is
also contractive for some parameters, and Van Essen (2009b) provides a mechanism
that is contractive for large parameter values and induces a ‘supermodular’ game with
an open strategy space. Van Essen’s mechanism is similar to Chen’s, and they both have
the advantage of simplicity. However, none of them is balanced out of equilibrium, and
our method for correcting imbalance by adding terms to the penalty function will not ap-
ply.'®To our knowledge, the mechanism in (12)—(15) is the first contractive mechanism
that is also budget balanced out of equilibrium. Although our example mechanism is
somewhat complex—especially with the budget-balancing adjustment—our impossibil-
ity result for one-dimensional mechanisms (Theorem 6) suggests that complexity cannot
be substantially improved.

Which contractive mechanism should be used in a given field application may well
depend on which issues the designer deems most relevant, and further laboratory ex-
periments may help to understand the relevant trade-offs. Our approach above also
shows how other contractive mechanisms can be constructed to satisfy whatever addi-

tional requirements one might wish to impose.

Contractive Mechanisms for the Walrasian Correspondence

The process of designing a contractive Walrasian mechanism is nearly identical to the
process of designing a contractive Lindahl mechanism, though the exact functional
forms obviously must differ. Again we employ the Implicit Function Theorem approach
and search for y;, g;, and g; functions satisfying the sufficiency conditions of Theorem 5
and the contraction conditions (10) and (11) for each 6 € ©.

15This is because the added terms in i’s penalty function would necessarily depend on i’s message, thereby
affecting the best responses
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The example mechanism we provide is two-dimensional with #; = R; x &, = R? for

each i. The outcome functions are defined by

1 0-1
16 i(rys_j)=|ri——— | —\siv1——=—ril,
w0 st b

1 60—-1 1
(17 qi(r_i,s_i)= % (Si+1 + Tﬁriu),
and

2
60—-1 1

(18) gi(r,S)Z(Si—TﬁjZ#’”j)
for each i.

Theorem 8. The mechanism defined by equations (16)-(18) fully Nash implements the

Walrasian correspondence. For § > B2, it is contractive on ©.

Since Y ; y; = 0, the mechanism is balanced in the non-numeraire good both in and out
of equilibrium. Out of equilibrium, however, the mechanism may not be balanced in the
numeraire. Our ‘trick’ of balancing the Lindahl mechanism does not apply here; it is
not known whether there exists a contractive Walrasian mechanism that is also budget

balanced out of equilibrium.

VI DISCUSSION

From a theoretical perspective these newly-constructed mechanisms have nearly all the
features one might ask; they implement Pareto optimal and individually rational allo-
cations for a wide range of economic environments, they are dynamically stable for a
large family of adaptive learning dynamics, and the individual message spaces are of
minimal dimension necessary for dynamic stability. The mechanism for public goods
environments also balances the budget both in and out of equilibrium.

Extending our results successfully to an environment with multiple, simultaneous
public goods decisions seems unlikely without strong assumptions about the strength
of complementarities between the various public goods. Even with additively separa-
ble preferences over the multiple public goods the problem is made difficult by the fact
that several public goods levels are simultaneously changing; requiring contractiveness
in each good separately is no longer sufficient for stability, and requiring contractive-
ness for all goods simultaneously becomes a strong condition as the number of goods is

increased. Thus, we conjecture that stable mechanisms may exist for small numbers
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of simultaneous public goods problems when complementarities are restricted, but the
limits of existence may not extend far beyond the one-good case studied here.

The theorems in this paper make heavy use of the rich type space assumption. Suffi-
ciently weakening this assumption opens the door for mechanisms to have g; depend on
r; or g; to be non-zero, which in turn will make dynamic stability an easier requirement
to satisfy. For example, with only two possible type profiles (each with a unique Lin-
dahl equilibrium) the Triple Tangency Property only needs to be satisfied at two points;
away from those two points the mechanism can be ‘bent’ arbitrarily to satisfy the desired
stability properties. As the type space grows this flexibility clearly diminishes.

The obvious next step for future research is to return to the lab with these newly-
constructed mechanisms to understand what additional requirements they should be
asked to satisfy. Perhaps bounds on mechanism complexity or the limits on the magni-
tude of off-equilibrium punishments will be identified as the next important factor for
the theory to incorporate. Eventually these mechanisms can be field-tested on a small
scale and perhaps the theory will be refined further as a result. Regardless of the ex-
act path the process takes, it is only through a continuing dialogue between theory and

experiments that practical mechanisms can be constructed for real-world application.

APPENDIX
Proof of Theorem 1

The proof follows by induction. Pick a starting time ¢y. By definition of an ABR dynamic,
for each point in time ¢, there exists some later point in time #,.1 > ¢, such that for all
t = tne1, m(t) € B(B(B(H(ty,t)). For each n €{0,1,2,...} let .4, = H(t,,t,+1) be the
history of play from ¢, to ¢,1.

For any metric d on .4, any set .#' < ./, and any point m' € ./ the d-Hausdorff
distance between .#' and the singleton set {m'} is given by

ha( ', m")= sup d(m,m’).
med’

Therefore, for any set ' < M, hqg(M',m*) = hg(B(H"),m*). Thus,

Eha( My, m™) Ehq(B(AMy),m™)
haq(B(B( M), m™)
hq(B(B(B(Ap)),m™)

hq(Ai,m™),

i wv

v
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where the first inequality comes from the contraction property of  and the last inequal-
ity follows from the fact that .#; < B(B(B(.#4,))). Taking any n and n + 1, we can use a
similar argument to show that &h (A, m™*) = hg( My, 1,m™). Therefore, for all n,

énhd(‘/%(),m*) Z hd(‘/ﬂfwm*),

which implies that the sequence .4, converges to {m*}, and so any ABR dynamics con-
verges to m™.
Q.E.D.

Proof of Theorems 2 and 4

Theorem 2 follows from Theorem 4 so we only prove the latter here.

For any 6 € O let p;(0) be agent i’s price for good y; at the Walrasian or Lindahl
equilibrium for environment 6. For any m € v(©) let ¢(m) € © identify an environment
0 for which m is an equilibrium. Thus, p;(¢(m)) is the Walrasian or Lindahl price that
must be charged to agent i in the environment ¢(m). Pick any regular equilibrium point
m* =(r*,s*) in .4* and, for notational simplicity, let y* = y;(r*) and x} = x;(m*). The
proof then follows from three important observations that must be true at m™ for each
1€.%:

(1) Because m™ is a Nash equilibrium for some 6 € © the following first-order condi-
tion is satisfied for each 2 € {1,...,J;}:

Oui(x},y710:) Ayi(r?)  dui(x},y;16;)
ayi arik - axi

0x;(r*,s*)

drik

(19)

(2) If m™ maps to a Walrasian or Lindahl equilibrium for some 6 € ® then it must
be that the transfers collected by the mechanism equals the transfers of the

numéraire required by the Walrasian or Lindahl equilibrium:
(20) x;(r*,s") = —pi(p(r*,s"))y;(r").

(3) If m™ maps to a Walrasian or Lindahl equilibrium for some 6 € © then the Wal-
rasian or Lindahl price must equal the marginal rate of substitution of y; in
terms of x;:
ou;(x?,y’10;)/0y;
Ou;(x;,y’10;)/0x;

(21) =pi(p(r*,s™).
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Dividing both sides of (19) by du;/0x;, inserting equation (21), and rearranging gives

(22) 0ilrys™) _ o 57y 22D,
arik arik

for each i and %.

Since (r*,s*) is a regular equilibrium point, differential changes in r; accompanied by
the requisite change in s; lead to other points in .4 * at which the above equations hold.
Now take the total derivative of (20) with respect to r; (allowing for the adjustment in
$;); since s; maximizes x; the envelope theorem guarantees that dx;/dr;; = 0x;/0r;; and
so the total derivative is
@ 2 B Ll

yi(r®).

Comparing equations (22) and (23), it must be that either y;(r*) =0 or d p;(¢(r*,s*))/dr;;, =
0 for all %.
If y;(r*) #0 but dp;(¢p(r*,s*))/dr;r =0 for all k then, by (20),

gi(r*,s*)=[pi(p(r*,s" )N —qi(r*,s")] yi(r*)

and so g;(r*,s*) can be expressed as h;(r*,s*)y;(r*) for some function A; such that
dh;/dr;p, =0 for all k. But then x;(r*,s*) can be re-written as:

xi(r*,s") == [qi(r*,s") + hi(r*,s")] yi(r™).
Label the bracketed term as §;(r*,s*) and we have that
xi(r*,s%)=—q(r*,s")y;(r")
with dg/dr;; = 0, giving the result.

If y;(r*) = 0 then by equation (20) we have g;(r*,s*) = 0. It remains to show that
dqi(r*,s*)/dr;;, =0. Since dy;/dr;; is bounded away from zero any perturbation of r;p,
leads to y; # 0; by regularity of (r*,s*), small perturbations lead to other regular equi-
libria with y; # 0 at which dgq;/dr;;, = 0. Since q; is continuously differentiable it must

be that dq;(r*,s*)/dr;, =0 as well.
Q.E.D.

Proof of Theorems 3 and 5

Consider the case of Lindahl equilibrium. Under the maintained assumptions an alloca-
tion (x7,...,x,,y") is Lindahl equilibrium allocation at 0 if there exists some (p;); such
that
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(1) for each i, (x},y") € argmaxy, , u;(x;, y|0;) subject to x; = —p;y, and
(2) Xip; =

For the first part of the theorem, fix a Nash equilibrium m* = (r*,s*) of I' at 6 and let
p; =q;(m”* ) for each i. Then Condition 2 is satisfied by hypothesis. Condition 1 can be

rewritten as
(24) AANS argmfxui(_qi(mii)yyylgi)-
Since y is bijective in r; for each m _;, this is equivalent to

(ri,s;)eargmaxui(—q;(r";, s )y(ri,re;,s*),y(ri,r:;,s*.)0;).
ri,Si
Because g; = 0 and g; = 0 at any equilibrium point and u; is increasing in the first
argument, Condition 1 is also equivalent to
(r;,s;)eargmaxu;(—q;(r’;,s*)y(r;,r*, s*)—gi(r;,rt;,s;,s7,),y(ri,r2;,s7)16;).

ri,Si

But this is clearly satisfied since (r7,s}) is a best response to (r* ;,s*.). Thus,
(x1(m™),...,x,(m™), y(m™))

is a Lindahl equilibrium allocation at § with prices (p;(m*.));.

For the second part of the theorem, fix a Lindahl allocation (x*,y*) with prices (p});
such that message m' = (r',s’) maps to (x*,y*) and g;(m’ ;) = p? for each i; Assumption
4 guarantees that at least one such m’ exists.

Condition 1 for Lindahl equilibria is equivalent to equation (24); since s’ € o(r') this is
equivalent to

(rl,sl)eargr;la;xul( qir st )y(rir st ) —gi(ri,r’;,si,8 ), v(ri, v, 80 ))10)).

But this implies that (r},s) is a best response for each i, so (’,s') is a Nash equilibrium
of I' at 6.
The proof for Walrasian equilibria is identical, setting x = 0.
Q.E.D.

Proof of Theorem 6

We know that there cannot exist any one-dimensional mechanism that Nash implements
the Walrasian correspondence, contractive or not. For the public goods setting, suppose
by way of contradiction that the mechanism (y,(q;, g;);_;) Nash implements the Lindahl

correspondence and is contractive. By Theorem 4 we know that g; = 0 and so for any
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quasilinear environment
ui(xi, y10;) = vi(y10;) +x;
with v¥ <0 we have

Ui(ri,r—) =vi(y(r)0;) —qi(r_;)y(r).

Agent i’s best-response is given by p;(r_;) and satisfies the first-order condition
v (¥ (pi,r-)10;) = qi(r_;)

for all r_;. Take any r* and 0 for which r* is a Nash equilibrium at 6. By the Implicit

Function Theorem the slope of p; at r* with respect to each r; is

0p; _ 0qilor;— v;(y10;)0y/or

or;  ul(I6)dylor
For the mechanism to be contractive it is necessary (though not sufficient) that for all :
and j#1i
25) dy/or ; B dq/0r;

<
dylor;  v!(yl0;)dy/or;

Now select the agent j* such that |0y(r*)/6r | = 10y(r*)/or;| for all i. In order to satisfy
equation 25 it must be that 0y/0rj« and 0q;/0r j« have the opposite sign for all i and
that dq;/0r j # 0 for all i. Therefore, each 0q;/0r j has the same sign for all i # j* (and
0q j+/0r j = 0) so that }; 0q;/0r j« # 0. But since all r are Nash equilibria for some 6 and
the mechanism implements Lindahl allocations it must be that } ; ¢;(r_;) = x for all r
and, therefore, that }; dq;/0r j~ = 0; this is a contradiction.

Q.E.D.

Proof of Theorem 7

Step 1: We first show that the mechanism is contractive.

To show how to construct contractive mechanisms more generally, we begin the proof
using arbitrary y, q;, and g; functions; we insert the specific functions given in equa-
tions when necessary.

In a two-dimensional mechanism agent i’s utility function at 0 defined over strategy

profiles (r,s) is given by

Ui(r,sl0:) =vi(y(r)0;) - qi(r-;,s-) y(r) - gi(r,s).
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Henceforth we drop the dependence on 6 for notational brevity. For each i and (r_;,s_;)
define p;(r_;,s;) € Z; and o;(r_;,s_;) € % to be i’s best-response messages. Using the
Implicit Function Theorem, we solve for the slope of each p; and o; by differentiating

the identities
oU; (pi,04,7—i,S—i) _au; (pi,oi,r_i,s-;)
or; B 0s;
with respect to each r; and s;. The resulting system of equations (for each i and j) is

0

given by
Ui 0% [op: opi PU;  U;
6rL2. Or;0s; Orj 0sj| _ _ |Orirj Oris;j
PU;  PU; dg; do; | ~ ?2U; U |
8s;0r; 63? or; 0s; Os;rj  0s;S;

which has a unique solution if the left-most matrix is invertible. In that case the inverse

is given by
-11 ®U; 0%U;
(02Ui U, ( U, )2) or Tonos;
2 2 P o%U; ’u; |-
or; 0s; Or;0s; “oras o
and so invertibility requires that for each i and j,
?2U; \* | 6%U; 32U,
# .
Or;0s; or? 0s?

Letting y(r) be linear (so that y(r) =) ; a;r; for some (ay,...,a,) > 0), the relevant
second derivatives for solving this system are

*U; =v’~’(y(r))a-a-—a-%— g
Oriarj ! P lal”j ariarj’
0%U; 0%g;
or;0s; B Or;0s;’
d°U; dqi  0%gi
ori0s; - i@sj- B orids;’
277. 2 5.
aa:?]l _ v;/(y(r))alz_ 0 ;g;’
0%U; 0%g;
0s;0r - _asiarj’
0*U;  0°g;
63? T 63? ’
and
0%U; 0%g;

0s;0s B _asiGSJ'
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Note that if 62 gi/dr? >0 and 62gi/03? > 0 then the utility function is strictly concave, so
the best-response is always unique.
With these partial derivatives, the invertibility conditions become

( o%g )2 _ 0%g; o%g;

or;0s; 6rl2 63?

—v] (y(r) #

20%g;
i as§

and the slopes of the best-response functions are given by

2 2 2 2 2 2 2 2
dp;  Op; o\—1 [ 0°U; 9°U; _ 9°U; 0°U; 0“U; 0“U; _ 9°U; 9°U;
F;. KJL . 02Ui 02Ui 62Ui or;0s; Osirj 08? 6rirj or;0s; 6si8j 63[2, 6risj~
% % or: 9s2 \or;0s; ?U; 0°U; _ 9°U; 9°U;  9°U; 0%U; _ 6°U; 0%U;
rj Sj l l

Or;0s; Or;r; artz, Os;rj Or;0s; Or;s; ar? 0s;s;

We now insert our particular y, q;, and g; functions. Specifically, let
y(ry=>r;,
i

Kk 1 n-1 1
qi(r—i,s—))=—+<(ri-1—rix1)+6—5— (Si—l - —ri+1),
n o n n

and
1 1 2 5 1 )2
gi(r,s)= B (Si - ;ri+1) *3 (Si—l - ;ri) ,
which gives a best response function of o; (r_;,s_;) = r;;1/n. Clearly, at any best response
point (and, hence, any equilibrium point), g;(r,s) = 0. Also, we can calculate the slopes
of o; directly: do;/0r; 1 =1/n,00;/0r; =0 for j#i+1, and 00;/0s; =0 for all j.

The non-zero second partial derivatives of g; are

0%g; :6i,
Or? n2

0*gi _ s

ariasi_l n
0%gi 1,
as?
and
gi 1
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(all other second-partial derivatives of g; are identically zero). The non-zero derivatives

of g; are
aqi _ 1
ari_l B (5,
0q; 1 n—1
6ri+1 o n3 ’
and
0q;  n-1
asi_l - n2 '

To calculate the slopes of p; we need to appeal to the general Implicit Function Theo-

rem argument above. The invertibility condition reduces to
vy (y(r)) # %
n
which holds for positive § since v/ <0.
Plugging the derivatives of ¢; and g; into the slope formulas above gives
dp; Vi) -5
ori_1 () +6%"

opi Vi) + ko

oriv1  —vl(y(r)+6%

2

and
0p; v] (y(r)

orj  —v!(y(r)+6%

forall j¢{i—1,i+1};and
op; 6n_12
Osi-1 —v!(y(r)+6%
and 0p;/0s; =0 for all j #i—1. As a check, one can use the Implicit Function Theorem
method to verify that do;/0r;,1 = 1/n, d0i/0s;41 = 0, and d0;/0r; = do;/ds; = 0 for all

J #1+1, as was derived directly above.

Using Lemma 1 and the column-sum matrix norm, a sufficient condition for this

)<1
<1

mechanism to be contractive is that

2|

J#

OUJ'
ari

00 ;
Pj 4
ari

and
opj|,
0s i

50‘j
0Si

2|

J#i
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As 6 grows large we have that dp;/0r;,1 converges to (n—1)/n, dp;/0r; converges to
zero for all j # i+ 1, 0p;/ds;_1 converges to one, and 0p;/ds; converges to zero for all
J #1—1. Therefore,

0p; 00 0p;— 00;_

hmZ( Pils J):lim(‘ Pl +' L 1)
6_'°Oj;éi or; or; 0—o0 or; or;

3 n—l‘ 1

| n n

=1

and
0p; 00 ; 0p;
1im2(ﬂ + —’):hm‘—p”l
=1.

If we can verify that both of these sums approach one from below then for large but
finite values of 6 the mechanism will be contractive.

For the first condition we know that |0g;_1/0r;| = 1/n for all §, so it suffices to check
that |6pi_1/6ri| converges to |(n —1)/n| from below. This is true if

o) () + £+ 52t

n

n—1 ‘
—v! (y(r)+ 6n—12
for large but finite 6. By rearranging this reduces to
1

n-1 n-
< - - U;/_l(y(r))+6?.

1 n-—
U;’_l(y(r)) + 5 +0 n3

If 6 is large (specifically, if either

(B+\/B2—4”n—_31)n3

0> 2(n-1)

or B2 < 4(n—1)/n3) then the term inside the absolute value becomes positive and the

expression reduces to
1 2n-1

o
Since v ; is negative and bounded away from zero this inequality is satisfied for large

v, 1 (y(r)).

enough 6 (specifically, for 6 > n/(2B(n — 1)), but this is implied by the previous lower

bound on § whenever B =4 (n —1)/n3).
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For the second condition we check that 6p;;1/0s; converges to one from below but does
not equal one for finite §; but this is true for all 6 > 0 since
1
0pi+1 _ 0.2
0si vl (Y(r)+6%

and v, ; is negative and bounded away from zero.

Thus, for large 6 the best response mapping is a contraction mapping. A bit of algebra
confirms that 6 = Bn? is sufficient to satisfy the contraction requirements above.
Step 2: We now prove that the mechanism Nash implements the Lindahl correspon-
dence.

To see that a unique Lindahl equilibrium exists for all 6, note that the three necessary

and sufficient conditions for any Lindahl equilibrium are:

(1) Given p; and y*, it must be that x7 = —p7y* for all 7;
(2) This implies that that dv;(y*)/dy = p; for each i; and
(3) Linearity of the firm’s profit function then implies that }°; dv;(y*)/dy = ¥; p} = k.

Using these conditions we can derive the unique equilibrium in three steps:

(1) Since v;’ € (—B,—-1/B) for each i there is one unique y* satisfying the third neces-
sary condition;

(2) Given the unique y*, there is one unique p; for each i satisfying the second
condition; and

(3) Given y* and p? there is one unique x; for each i satisfying the first condition.

Since the mechanism is contractive it also has a unique Nash equilibrium (r*,s™)
for every 6. Now take the equilibrium message (r*,s*) and let p} = q;(r*,,s* ). Then
x;(r*,s*) = -p; y(r*) for each i, satisfying the first condition. Furthermore, the first-
order condition for maximization in r; at an equilibrium point imply that
Oyir™) _ ., 0yir") | 0gi(r*,0(r"))

ari Pi ari ari ’
but since 0y;(r)/0r; # 0 and dg;/0r; = 0 at the equilibrium point implies that v}(y(r*)) =

v (y(r*))

p;, satisfying the second condition. Finally, it is easy to check that }; q;(r* ,s*.) =« at
the equilibrium point since s7 =77, ,/n and so the third condition is satisfied. Thus, the
unique equilibrium point is equal to the unique Lindahl allocation.

Q.E.D.
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Proof of Theorem 8

Step 1: We first show that the mechanism is contractive.

Agent i’s utility over strategies in this mechanism is given by:

2
1 6-1 1 6-1 1
Ui(r,3|9):Ui(yi(r,s—i)|9)_%(3i+1+TEri+1)yi(r,s—i)_(Si_TE ’“j) .

J#i
To find i’s best-response function, we compute the first-order conditions:

M ’(y-(-))%—i(s- Eir )%_
or; NN i+l + e Tl or
oU;(r,sl0) 51 1
lT = Si— 5 i Ly#li=0
So,
6 (1 4, 1 5-1 1
pilr—isi) = ﬁ(ﬂzrﬂ%mﬁv; 1(%(Si+1+—6 —n 1ri+1)|9))
Jj#i —
0ir-i,s) = G Xt

The sufficient conditions for the mechanism to be contractive are then

0pi(r—;,s-;) 0pi(r—;,s-;)
(26) Z OPAT—i,S—i) +Z OPAT—i,8-i)| _
Ferl B 08
5 . NN = 1
— + Vo O nl) gy Yo Il oq
25_1 ]751,14-1 n_l n_l vg('lg) U;’('|9)
and
0oi(r—i,s—; 0oi(r—i,s—; 6-1 1
on  p[Eed) s et L

The second condition is satisfied since 6 > 0.
For the first condition, recall that v!'(-|0) € (-B,~1/B), so if § > B2 then

1 1.6-1 1 1
Vo 0 n-1 NG
+ 0,and 1+ > 0.
-1 ucle) T Ie)
Therefore, the left-hand side of (26) is equal to

A46-1 L
o n—2+ 1 + 5 0 n-1 +1+ Ve ,
26-1\n-1 n-1  v/(|0) v (-10)
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5 A146-11 L

Ve 6 n-l Ve
2+ +

251( v!C10)  vl(10 ))

or

This quantity is less than

1
5 = _
N
20-1 B 6 n-1
which is less than one if § > (B(n — 1)/n)>.
A sufficient requirement for both conditions is therefore that § > B2.
Step 2: We now prove that this mechanism Nash implements the Walrasian correspon-

dence.

Take a Nash equilibrium (r*,s*) for 8 € ®. Then, from the previous step, we know

*

-1_1
s = T_l 2j#ir;- As aresult,

st ) 1 (6-1 1 L, 0-1 1, 16— i
\r -,S_. = r. _ 7. e ——— ——
RV A n-144,7 6 n-1""§ 5 n-1/3

for all i € .#, and

(28) xi(r*,8")=-Q"yi(r*,s").

By definition of Nash equilibrium, u;(r*,s*) = u;(r;,r*.,s*) for all r;. That is,

(29) vi(yi(r*,s")10) - Q" y;(r*,s*) = vi(yi(ri,rfi,s*)l(?)—Q*yi(ri,rfi,S*)

for all r;. Since y; is a surjection from R onto R (in r;), (29) implies

(30) vi(yi(r*,sMI0)-Q yi(r’,s") 2 vi(y:10) - Q" y;

for all y;. Finally, we verify that allocation [y;(r*,s*),x;(r*,s*)]; is balanced. By defini-
tion,

Y yi(r*,s*) Yirf =g Nl —Listy + S - DYir;

60-1 1
~Xisiat T =D

5-1_1 5-1_1
Y g Yt + Grag(n - DYr;

= 0.
Since x;(r*,s*) = —Q" y;i(r*,s), X.;x7(r*,s*) = 0. It follows from balancedness, (28), and

(30) that allocation [y;(r*,s*),x;(r*,s*)]; is a Walrasian allocation. To complete the proof,
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start with the Walrasian allocation [Y;*, X "]; of some environment 6. From step 1, the
mechanism is contractive, hence a Nash equilibrium exists. From the previous argu-
ment, this Nash equilibrium must correspond to a Walrasian allocation, which is neces-
sarily [Yi*,X;]i.

Q.E.D.
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[The Following Section Would Appear as an Online Appendix]

The Rich Type Space Assumptions

In this subsection, we break Assumption 3’ into two separate (but linked) assumptions
that together imply Assumption 3’; in the case of one-dimensional mechanisms these
assumptions imply Assumption 3.

Assumption 6. There exists some p € {2,4,6,...} such that
(A) all p-th order preferences are admissible:
Op :={0€0:(Vi) Aai, i) € Riy xR) s.b. uilx;,¥i10;) = (—aiy! + Biyi) +xi} <O,

and
(B) for all re Z, all s€ o(r), and all i € .# there exists some finite y;(r) > 0 such that
for all 7, € Z; and s, € ;(r),,r_;,5-;),

|oci (P, r_i, 85, 5-3) —xi(r,s)| < Yi(r)maX{Iyi(rQ,r-i)—yi(r) i Iyi(rQ,r_i)—yi(r)Il/p},

Assumption 6A simply requires that all polynomial (quasilinear) preferences of order
p be permitted in the type space. To interpret Assumption 6B, let p = 2 and consider
changes in m; that lead to large changes in y;. In this case, the squared term in the
maximand applies, and so the assumption places quadratic upper and lower bounds on
the change in x;. For changes in m;, that lead to small changes in y; the upper and lower
bounds are square-root bounds. In either case, the requirement is strictly weaker than
requiring that y; be Holder continuous of degree p or that y; be Lipschitz continuous.
The bounds on y; imposed by this assumption are demonstrated in figure IV. Note that
as p increases Assumption 6B becomes strictly weaker though Assumption 6A requires
more ‘exotic’ preferences in the economy.

X,(m)+y,(m) ¢

x(m)t

1,y |m)
x.(m)-y,(m) r

yi(ml)—l yi('m) yi(rrll)+1

FI1GURE IV. The bounds on y;(y;|m_;) imposed by Assumption 6B for p = 2.
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Given these modified assumptions, we can now prove that Assumption 3’ (or Assump-
tion 3) holds.

Proposition 2. Take any mechanism I' = (.4, x;,yi)ic.s and p satisfying Assumptions
1’, 2’ and 6B and any type space O satisfying Assumption 6A. If p <2 then Assumption
3’ is satisfied: v(®) =.4". If p > 2 then {(r,s) e 4™ : y;(r) # 0 Vi} < v(O).

Proof of Proposition 2:
Define .4 ** by
M =A(r,8) e M” yi(r)P2 £0 vi}.
Note that if p € {1,2} then .4 * = ./ ** (using the convention that 0° = 1). We know that
v(®) € ./ *; Proposition 2 can then be proven by showing that .#** < v(0©). This is done
by constructing a mapping ¢ : 4** — 0O, such that m € v(¢(m)) for all m € .4**. Thus,

MF SPM*) = V(O,) S V(O),

giving the result.
Specifically, consider the mapping ¢ : 4 ** — O, such that ¢;(m*) = (a;(m*), B;(m™)) €
R, xR for each m* € 4** and
wi(xi, yilpi(m™)) = vi(yilp;(m™)) + x4,
where

a;(m”)
i yp

vi(y;ilpi(m™)) = — P+ Bi(m™)y;

and, for a given value of a;(m™) (to be determined later in the proof), 8;(m™) is given by
(31) Bi(r,s") = ai(r*,s")y! T () + Py (¥, s7)

(recall that P;;, is the effective price function defined in equation (3) and does not depend
on k since m* € 4*").

We now fix an arbitrary m* = (r*,s*) € 4" and show that m_ is a best-response to
m? ; for each i in environment ¢p(m™) = (a;(m*), f;(m*));e;. This is done in two steps; first
we verify that m? is a local optimum in response to m*, for each i and then we show
m? can be made a global optimum by increasing a;(m”*) sufficiently, allowing ;(m™) to
adjust appropriately as a;(m*) changes.

Given ¢;(m™), i’s objective is to choose (r;,s;) to maximize

32) _ai(m®)

yi(ri, 72 )P+ Bi(m™)yi(ri,r™ ) +xi(ri,si,r7,8%)).

For local optimality, the first-order conditions for each s;; are already satisfied at m* by
the construction of .Z** (see equation 8). As for r;z, agent i’s first-order condition for
utility maximization at (r*,s*) with respect to each r;; is

0yi(r) N 0x;(r,s)

—ai(r*,s*)yp_l(r)+ Bi(r*,s™)
i orir, orip

=0.

But the construction of 3; (equation 31) guarantees that this is satisfied at (r,s) = (r*,s™)
for any a;(r*,s*), so the first-order conditions are satisfied for all m* € .4 **.
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To describe the second-order conditions for local optimality, we show that the matrix
of second-partial derivatives of i’s objective function will be negative definite for suffi-
ciently large a;(m*). Shortening notation, let X,. and Xg be the column vectors of partial
derivatives of x; with respect to r; and s;, respectively, and let X, X5, and Xgg repre-
sent the matrices of cross-partial derivatives of x;. Similarly define Y, and Y., as the
partial and cross-partial derivatives of y;, respectively. Using this notation, the matrix
of second partial derivatives of the objective function (32) (after inserting the definition
of B;(m*) from equation 31) is given by the K; x K; matrix

—ai(m*)(p = 1)y (r*)P2 (Y - Yo ') + Pis(m*) ¥ + Xop | Xis

where again P;p(m™) does not depend on % since m* € .4**. Now take any direction
(dy,ds) # O of deviation from m?. Since m* € .4** implies s* € o(r*), we know that any

deviation with d, = 0 will not yield strictly higher utility, hence (0,ds)T - H; - (0,ds) < 0.
For any direction (d,,ds) with d, # 0 we have

@d,.d)T H;-(d,,dy) = —ai(m*)(p—1)yi(r*)p_2drT(Yr-YrT)dr+Ki(m*)

—a;(m*)(p - Dy;(r*)P~2 (drTYr)z +K;(m")
where

Ki(m*)=de" [Pip(m*)Yoer + Xpr | dy + 2d, " Xpedg + ds - Xsds.
Since x; and y; are continuously differentiable and dy;/0r; is bounded away from zero,
K;(m*) is finite for all m*. Because y;(r*)’"2 # 0, a; can be chosen to be any function
satisfying

— -2
ai(m™)> Ki(m™) (o - Dy 2) " (1Yo

for all m* € .#**, so that (dy,ds)T -H; - (dy,ds) < 0. Thus, m? is a local best-response to
m? for large enough a;(m™).

We now construct ¢;(m™) by increasing a;(m*) until m; is a global best-response to
m* .. Since m} is a local best-response, there is some neighborhood .A4;(m*) of m’ on
which m? maximizes i’s utility given a;(m™). Although increasing @; may change the
neighborhood around m* on which m} is a local best-response, the neighborhood can
only increase in size as a; is increased. Thus, we ignore this dependence of A;(m*) on
a; and show that any m| ¢ A;(m”) yields a lower payoff than m} when q; is sufficiently
large.

To proceed, pick any m’ and m such that m; € (m),m/) c A4;(m*) and, to shorten
notation, let y = y;(r*), x* =x;(m”), y. = y;(r',r* ), x\ = x;(m’;,m* ), y! = y;(+/,r* ), and
x! = x;(m,m*)).

To show that u;(x},y")—u;(x},y;) = 0 for some a’, we expand this expression to get

- p-1 1
(20720 )= 6307 O |+ Patm) 07 -50) = (=),

!/
a;
! Iy 0
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which, by Assumption B, is true if
(=2 L) -6 1

(33) a;
p p

+Pip(m™) (y] —yi) =

Yi(m*)pmaX{ny - yilP, 1y} —yél%}

(the extra p before the maximizing operator is needed for a later step). But the term
in square brackets is the difference between the weighted arithmetic mean and the
weighted geometric mean of the two points y;p and ygp ; by the AM-GM inequality this
difference is positive. Thus, there is some finite @ at which inequality (33) is true.
Similarly, there is some finite @ at which the expression u;(x},y’)—u;(x},y!) 2 0 is
true. Let a;(m*) =max{a},a} and now fix ¢;(m*) = (a;(m™), B;(m™)).

Suppose that y. <y (the proof for the case where y!' < y! is symmetric) and pick any
y; 2 y!. Suppose that

p—1 . 1 P
(Tyip+;yf)—(yip) 7 ()

1
—Yi(m*)pmaX{ny —-yil? 1y} —yilp} =0,

o=

(34) a;(m™) +Pip(m™) (v - yi)

which is true for y; = y! (see inequality (33)). Then the derivative of the left-hand side
of this inequality is positive, implying that the inequality is true for all y; = y!; to see
this, take the derivative of the left-hand side and multiply by (y; —y;) > 0 to get either

(35)  a;(m") [yfp —y Py 4P —yfyf_l] +Pip(m™ )y} - yi) = vim*)p(y; — y})F

or

l

* * *0— * - * * * 1 *
(36)  ai(m )[yip—y.f’ Lyt oyl —yryf 1]+Pik(m Nyt = yi)—yilm );(yi—yi e,

In either case, the expression is greater than the left-hand side of (34) because
p-1 ., 1 = SN
[

*p

-1 -1
[yfp—yi yi+yl—yiy} ]2

reduces to

p-1 ., 1 = SN
(Tyip+5yf)2(yip) 7 (@)
which is just the AM-GM inequality again. Thus, both (35) and (36) are positive. By

continuity, (34) is positive for all y; = y! and so deviations resulting in y; = y; are not
profitable. A symmetric argument shows that deviations to y; < y. are also not prof-
itable. Since we already know that deviations resulting in y; € (y},y!) are unprofitable,

the proof is complete.
Q.E.D.



