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Abstract

Past experimental results suggest that dynamic stability is an important property of mech-
anisms in public goods settings. We show how to design mechanisms that not only implement
the Walrasian or Lindahl equilibrium allocations, but also induce contraction mappings for a
wide range of quasi-linear economies. We do this in three steps: First, we identify strong
necessary conditions on the functional form of any mechanism that implements Walrasian or
Lindahl equilibria. Second, we use these necessary conditions to identify impossibility results
for mechanisms with small strategy spaces. Finally, we show how to use additional dimensions
to construct contractive mechanisms.
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1 Introduction

To be written.

2 The Model

2.1 Economic Environments

Consider an economy that consists of n agents each endowed with a preference relation defined on a
two-dimensional commodity space. For each trader ¢ denote the individually feasible consumption
set by C; and the endowment vector by w; = (w;,wé). We require that w; € C; for each i. The
two-dimensional net trade vector of agent i is given by z; = (z;,y;) and the set of i’s individually
feasible net trades is Z; := C; — {w;}. Thus, we can describe i’s preferences over net trades by
a preference relation defined on Z;. We assume that, for all i € Z, if z € Z; and 2/ > z then
2/ € Z;. A net trade vector z = (21,...,2,) is said to be feasible if z; € Z; for each i and balanced
if 3,2 =0.

For simplicity we assume that each agent’s preferences over net trades are representable by a
utility function of the form wu;(x;, y;|0;), where 6; identifies i’s type and is drawn from some set of
admissible types ©;. Define ©® = x;0; to be the set of all admissible type profiles. We assume
throughout that wu; is strictly increasing in x; (the numéraire good) for all y; and 6;; when we
describe results on stability we further assume that u; is quasilinear in x;. We let p represent the
price of the second good, normalizing the numéraire price to one.

As specified, the model describes an exchange economy with purely private goods. But we
can easily reinterpret the model to allow the second good to be a purely public good by making
three changes: (1) every feasible net trade must be such that y; = y; for all agents ¢ and j, (2)
w; = wé for all ¢ and j, (3) there is a firm which produces y units of the public good from ¢(y)
units of the numéraire and aims to maximize profit (py —c(y)); for simplicity, we assume a constant
marginal cost of production: ¢(y) = ky for all y, with £ > 0, and (4) the balance condition becomes
ky+> ;2 =0.

A Walrasian equilibrium of a private goods economy is a net trade vector z* and a price p*
such that z* is balanced, feasible, and maximizes each agent 7’s utility among all feasible net trades
satisfying i’s budget constraint that x; + p*y; < 0.

A Lindahl equilibrium of a public goods economy is a net trade vector z* and a vector of
individual prices p* = (pj,...,p;) such that z* is balanced, feasible (which guarantees that y/ =
y; = y* for all 7 and j), maximizes each agent i’s utility among all feasible net trades satisfying
i’s budget constraint that x; + pJy; < 0, and, among all feasible net trades, maximizes the firm’s
profit of (3_; p})y — c(y).

Note that Lindahl equilibria are of the same dimensionality as Walrasian equilibria; the latter



requires 2n quantities but only one price while the former requires only n + 1 quantities but needs
n prices.

To avoid issues with boundary equilibria, we assume that C; = R?, so that all net trades are
individually feasible, and that wu; is strictly concave in y; for all 7 at all 6 € ©. These assumptions

force every Walrasian or Lindahl equilibrium to be an interior equilibrium.

2.2 Mechanisms & Implementation

A social choice correspondence f: © — Z maps type profiles into sets of allocations. For example,
f might identify all Pareto optimal net trades for each 6 (the Pareto correspondence), all net trades
z for which there is some price p such that (z,p) constitutes a Walrasian equilibrium at 6 (the
Walrasian correspondence), or, in a public goods setting, all net trades z for which there is some
price vector p such that (z,p) constitutes a Lindahl equilibrium at 6 (the Lindahl correspondence).

A mechanism T' = (M, h) is a message space M = x;M; and an outcome function h : M — Z
mapping each message profile m = (my,...,m,) into a net trade vector z. A Nash equilibrium
message profile of the mechanism I' at the type profile 6 is an m* € M such that, for each ¢ and
m; € M,

i (h(m*)[0;) > ui(h(mg, m”;)|0;),

where (m}, m* ;) represents the message vector where ¢ chooses m/ and each j # i chooses m;" We
write

Ui(m|0;) == u;(h(m)|6;)

to describe i’s preferences over strategies in the mechanism I' given environment #. Thus, at
each 6, I' induces a normal form game given by (Z, M, (U;(+10;));). The Nash correspondence
v : © - M identifies the set of pure-strategy Nash equilibrium message profiles for each induced
game (Z, M, (U;(:16;)):). A mechanism (M, h) is said to implement a social choice correspondence
f if, for all § € ©,

In the case of economic environments with two goods, the outcome function can equivalently
be written as a vector of 2n functions of the form z;(m) and y;(m) for each i € Z.
In the most general form, a mechanism for implementing Walrasian or Lindahl equilibria can
be specified by a mapping
M > m = (zi(m),yi(m));, € 2. (1)

When M; has dimensions that do not enter into y; we may, for notation’s sake, partition agent
i’s strategy space into M; = R; x S; with R; € R”i and S; € R¥i—/i, Letting R = x;R; and
S = x;85;, we have that y; : R = Rand z; : R xS — R.

Given any mechanism with functions y;(m), it is without loss of generality that we can express



7’s net trade of the numéraire as

zi(m) = —qi(m—)yi(m) — gi(m) (2)

so that the per-unit ‘price’ term ¢; does not depend on m; (and could be identically equal to zero)
and the ‘penalty’ term g¢;(m) is arbitrary. Thus, any mechanism can be equivalently described
by the mapping m — (yi(m), ¢ (m—;), gi(m))"_,. It is with this formulation with which we will

proceed.

3 Stability, Supermodularity, and Contractive Mechanisms

3.1 Instability in Games with Monotone Best-Responses

Consider the game (Z, M, (U;);) induced by some mechanism. If each M; is a subset of R* and if
each Uj; is twice differentiable everywhere then, following Milgrom and Roberts (1990), this game

is said to be supermodular if
1. 9%U;/0Omp,0my >0 foralli € T and k #1 € {1,...,K;},
2. 0?U;/OmipOmy >0 foralli £ j €T, ke {l,...,K;},and [ € {1,...,K;}, and
3. M, is a compact set in R%: for all i.

Milgrom and Roberts (1990) then prove that for every supermodular game there is a smallest
and largest Nash equilibrium, denoted here by m; and m;. Furthermore, if a learning dynamic is
‘adaptive’—roughly, if it selects undominated strategies against a not-too distant history of past
play—then that dynamic will converge to the interval [m},m]; if, in fact, the game has a unique
equilibrium, then this interval is degenerate and the unique equilibrium is globally stable under all
adaptive dynamics.

Almost all of the existing literature on stability in mechanism design for economic environments
has focused on supermodularity as a sufficient condition for global stability of a mechanism Chen
(2002); Mathevet (2007); Chen (2008). This is because its requirements are fairly easy to verify
and—more importantly—because existing experimental research seems to corroborate the strong
theoretical properties: If a mechanism induces a supermodular game, then subjects’ behavior in fact
converges to the equilibrium points, and in many mechanisms that are not supermodular subjects’
behavior does not converge (Chen and Plott, 1996; Chen and Tang, 1998; Healy, 2006, e.g.).

Unfortunately, there is a disconnect between the theoretical results on the dynamic stability of
supermodular games and the ways in which that theory has often been applied to mechanism design.

Specifically, the first two requirements of supermodularity listed above are always applied, but the



requirement that the strategy space be a closed interval has been regularly ignored.! Applying
Milgrom & Roberts’s results to such a game can lead to incorrect conclusions about a game’s
stability properties.

To illustrate, consider a simple two-player game with M; = [—100, 100] for ¢ € {1,2} and

1
Ui(mi,mj) = —5’171,22 + am;m;.

The unique best-response of agent i is simply the linear function
m; (m;) = am;.

If & > 0 then this game is clearly supermodular. If @ € (0,1) then the game also has a unique
Nash equilibrium at m§ = (0,0) and all adaptive dynamics converge to m*.

If @ > 1, however, then the game is still supermodular but now it has three Nash equilibria:
m* = (—100,100), m§ = (0,0), and m* = (100,100). Furthermore, the interior equilibrium is
unstable under most adaptive dynamics; a simple Cournot best-response process initiated away
from mg will converge monotonically to either m* or m*. This is consistent with the Milgrom &
Roberts stability result because the interval formed by the smallest and largest Nash equilibria is
the entire strategy space, and so the stability result is vacuous for this game.

Now take the same game but extend each M; to equal the entire real line. This game now has
a unique Nash equilibrium at m for all & # 1 but is no longer supermodular for any a because
the strategy space is not compact. If a € (0,1) then the Cournot process will still converge to
the unique equilibrium from any initial point, and so the loss of supermodularity is irrelevant for
this particular dynamic. If o > 1, however, then mj is not even locally stable under the Cournot
process and generically the process will move monotonically away from the equilibrium point.

This example shows how requiring supermodularity of all games induced by a mechanism can
lead to serious problems. Existing mechanisms—including Chen’s 2002 ‘supermodular’ mechanism—
use unbounded strategy spaces; if the mechanism’s strategy space is not made compact then su-
permodularity alone cannot guarantee that simple adaptive dynamics like the Cournot process will
not diverge rapidly away from equilibrium. If the mechanism’s strategy space is arbitrarily capped
then this might create new Nash equilibria for certain environments whose outcomes surely will
not coincide with any Walrasian or Lindahl equilibrium.

Finally, we show that a mechanism exists that implements Lindahl allocations and is dynam-
ically unstable even though it satisfies all of the requirements for supermodularity except the

compact strategy space.

Example 1. Let M; = R! for each i and suppose the total number of agents (n) is even. Take

'In Bayesian environments, Mathevet (2007) considers direct supermodular mechanisms on compact type spaces,
so the third requirement is applied.
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Figure 1: Simulated best-response dynamics in an unstable ‘supermodular’ game.

any quasilinear public goods environment of the form v;(y|6) 4+ x; where v/ € (=B, —1/B) for some

B > 1 and let the constant marginal cost of the public good be x > 0. Consider the mechanism

given by
y(m)=>_"mi— Y m (3)
i=1 i=n/2+1
and

£E_ g amams i 1 <n/2
qi<m>={ P gy S (4)

It is easily verified that if v > B then 02U;(m;, m_;|0;)/0m;Om; > 0 for all i and j # i. One can
show that this mechanism also implements the Lindahl correspondence using a proof very similar
to that of Walker (1981). Calculating the total derivatives of the individual best-response functions

Bi(m_;), however, gives
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~
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which is at least n — 1 since v > max; v;-’ . Thus, a one-unit change in m; leads to a total shift of at
least (n — 1) units in m_;. Figure 1 shows a simulation of the best-response dynamics for the case
of n = 4, v;(y|0;) = —(1/2)(y — 2)? for each i, k = 4, and mechanism parameter v = 2. Clearly,

{m(t)} diverges exponentially and is unstable.



3.2 Contractive Games and Learning

Given the above difficulties, we follow a different tack, suggested first by Van Essen (2009). In the
example above, what distinguishes stability from instability—at least for the Cournot process—
is whether or not < 1. This coincides with whether or not the best-response functions form a
contraction mapping in M. In general, if a game’s best-response function is a contraction mapping,
then its equilibrium will be unique. We also show below that a wide range of learning dynamics
will also converge to the unique equilibrium from any starting point. Therefore, in our quest for
stability, we focus on guaranteeing that a mechanism induces games whose best-response functions

define contraction mappings.

Definition 1. If (M,d) is a metric space then a (single-valued) function 8 : M — M is a d-

contraction mapping if there is some constant £ € (0,1) such that for all m,m’ € M,

d(B(m), B(m)) < £d(m,m’).
When the metric d is understood we simply refer to § as a contraction mapping.

Definition 2. Let (M,d) be a complete metric space. A mechanism I"' = (M, h) with outcome
function h : M — Z is contractive on O if for every 0 € © the induced game (Z, M, (u;(h(-)]6;)):)

has a single-valued best-response function 3 : M — M that is a contraction mapping.

Contractiveness is a strong property to require of a mechanism; by the Banach fixed point
theorem it guarantees the existence of a single-valued mapping i : © — M such that p(6) is the
unique Nash equilibrium of the game induced by I' for each # € ©. As the proof of Banach’s
theorem illustrates, the Cournot best-response dynamic is globally stable and converges to () for
each 6. If this myopic dynamic process is an accurate description of how humans play repeated
instances of a mechanism then the contraction property guarantees convergence to the equilibrium
point; if the mechanism I' also implements some social choice function f in Nash equilibrium then
in the limit agents will converge to outcome realizations in f(6) regardless of 6.

The experimental literature on learning dynamics suggests that the adaptive processes that
best describe human behavior are more complex and subtle than the simple Cournot best-response
dynamic. Milgrom and Roberts (1990) show that the family of adaptive dynamics that are globally
stable under a supermodular game is quite large; almost all well-known dynamics are included in
the family they describe. We provide an analogue of this result for contractive games: there is a
family of adaptive dynamics that contains the family described by Milgrom and Roberts (1990) such
that every dynamic in this family is globally stable in any game with a contractive best response
function. In other words, we find a larger set of dynamics that are globally stable under contractive
games than those known to be stable under supermodular games; therefore, there is no loss in the

scope of the stability results when moving from supermodular games to contractive games.



To discuss dynamics formally, consider a game (possibly induced by a mechanism at some type
profile #) with a contractive best-response function 5 : M — M where (M, d) is a complete metric
space and m* € M is the unique fixed point of §. Following Milgrom and Roberts (1990), denote
any dynamic process by {m(t)} with m(t) € M where the ‘time’ ¢ belongs to some linearly ordered
index set 7 that may be finite or infinite. Let H(¢,t) = {m(s) : t’ < s < t} denote the history of
play from time ¢’ up to (but not including) ¢. For any r > 0let By(r|m*) = {m € M : d(m,m*) <r}
be the closed ball with center m* and radius r. For any bounded set M’ C M define

By(M') = ({Ba(rlm*) : M’ € By(r|m*)}

to be the smallest closed (and, therefore, compact) ball centered at m* that includes M’. When
d is understood we drop the subscript. Since the image of a compact set under a contraction

correspondence is compact, we can give the following definition.

Definition 3. A learning dynamic {m(t)} is an adaptive best-response dynamic (ABR dynamic)
if (vt € T)(3t > ') (vt > 1), m(t) € B(B(B(H(t,1)))).

To understand this definition, recall that B(H (t',t)) is the smallest compact ball centered at m*
that contains the history of play from ¢’ up to (but not including) t. B(5(B(H(t',t)))) is the smallest
compact ball centered at m™* that contains all best responses to B(H (t,t)). The requirement that
m(t) € B(B(B(H(t',t)))) means that strategies at date ¢ are either a best response to some point in
B(H(t',t)) or are at least in the compact ball centered at m* that contains B(H (¢',t)). Thus, m(t)
takes H(t',t), forms a ‘belief’ that opponents will play some strategy in B(H (t,t)), and chooses
any strategy that is either a best response to this belief or is at lest no farther from equilibrium
than any best response to this belief. The quantifiers then say that for any date ¢’ there is some
later date £ after which each player only considers the history of play from t' to the current point
in time; in other words, after ¢ the dynamic ignores the history of play prior to ¢

The family of ABR dynamics allows for pure best response play, dynamics that best respond
to some weighted average of past play, dynamics with bounded memory, and even dynamics that
put some weight on the equilibrium of the game. This class of dynamics is quite large, indeed; if d
is the £s.-norm then for any

There is a wide class of learning dynamics that converge to the equilibrium in contractive
games. These dynamics look at everything in a radius including past play, and allow for ’averaging’
among any such profiles. This definition encompasses Cournot dynamics, and many processes with

bounded memory.

Theorem 1. If a game generates a contractive best-response function then any adaptive best-

response dynamic converges to a unique Nash equilibrium.



4 Necessary Conditions for Nash Implementation

Our ultimate goal is to describe a procedure for designing mechanisms that Nash implement Wal-
rasian or Lindahl equilibria and have desirable stability properties. To do this we first identify
what all mechanisms that Nash implement Walrasian or Lindahl equilibria must look like. Then,
given this necessary condition on the form of the mechanism, we can show how to modify any such
mechanism to guarantee the required stability properties. In this section we focus on the necessary

condition; stability is covered in the following section.

4.1 One-Dimensional Mechanisms

In this subsection we restrict attention to mechanisms whose strategy spaces are one-dimensional,
meaning that M; = R! for each i € Z. It is well-known that such mechanisms

Our proofs rely heavily on differentiability arguments, so we restrict attention to those mech-
anisms whose messages whose outcome functions are twice continuously differentiable in every

agent’s message.

Assumption 1 (Differentiability). For each agent i the message space M; equals R! and, for each

message vector m € M the functions x; and y; are twice continuously differentiable in m; at m.

Consider now an agent ¢ who believes the other agents will submit a message vector m_;. Given
a twice continuously differentiable mechanism (y;, , ¢;, g;)i, agent i is able to trace out a continuously
differentiable manifold of (z;,y;) pairs that he can unilaterally achieve by varying m;, holding fixed
m—_;. lIdentifying an agent’s best-response message m; in response to m_; is then equivalent to
identifying the point on this manifold that maximizes i’s utility.

Our next assumption explicitly rules out cases where agent ¢’s manifold becomes arbitrarily flat
in (x;,y;)-space by requiring dy;/0m; to be uniformly bounded away from zero. To the authors’

knowledge this does not rule out any existing mechanisms; most use linear function such as y;(m) =
Zj mj .

Assumption 2 (Responsive y;). For each i there exists some &; > 0 such that for all m € M,
|0y;(m)/Om;| > e.

Under assumption 2’ each agent i’s manifold can now be thought of as the graph of a single-

valued mapping from y; into x;. We denote this mapping by
Xi(ilm—s) == 2 (y; "  (yslm—s), m_s),

where y,” Y(y;lm_;) identifies the unique m; such that y;(m;, m_;) = y;. We let y; be the input into
this function to highlight the fact that agent ¢, through his choice of m; can choose any level of y;

since the function y;(-,m_;) is bijective for all m_; by assumption 2’.
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Figure 2: The mapping x;(y;|m—;) and the effective price P;(m) at m*.

We show an example of x;(y;|m—_;) in figure 2. At the point m = m* the outcome (z;(m*), y;(m™*))
is realized by agent i. As ¢ differentially changes his message m;, he differentially changes his al-
location (x;,y;) along the graph of x;. In this example, if dy;/Om; > 0 then an increase in m;
leads to an increase in y; but a decrease in x;; thus, the agent is effectively trading off units of
these two goods at a rate determined by the downward slope of x;(y;(m*)|m* ;). This downward
slope—which we label P;(m*)—serves as the effective price of y; charged by the mechanism at m*.

Specifically, the effective price of y; at m is given by

Ox;(m)/Om;

 Ayi(m)/Om; (5)

Pi(m) =

The effective price in a mechanism serves the same role locally as prices in a Walrasian or Lindahl

equilibrium. To see this, write agent i’s utility at #; in the game induced by some mechanism
(Mi, 24, yi)ieT as

Ui(m|0;) := ui(xi(m), yi(m)]0;). (6)

Since the message space is open, at any Nash equilibrium point m* it must be that the first order

condition
Ou;(zi(m*), yi(m*)|0;) Oxi(m*) _ Ouy(zi(m™), yi(m*)|6;) Oyi(m*)

O om; 0yi om;

is satisfied; but this is equivalent to

Qui(zi,yilti) /Oy o,
Oui(ws, yil0;) ) Oxs fitm, "

10
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Figure 3: (A) The Triple Tangency Property, and (B) a ‘bad’ Nash equilibrium.

so that the marginal rate of substitution between y; and x; equals the effective price of the mech-
anism at m™*. If this mechanism implements a Walrasian or Lindahl equilibrium, then the ratio of
marginal utilities must also equal the Walrasian or Lindahl price. Thus, the effective prices at the
equilibrium message profile m* must match the Walrasian or Lindahl price for each environment

0. This leads to the following observation:

Observation (The Triple Tangency Property). At any Nash equilibrium point each agent’s
indifference curve in (z;,y;)-space must be tangent to both the mechanism’s outcome manifold

Xi(:jm* ;) and the Walrasian or Lindahl equilibrium’s price hyperplane.

The Triple Tangency Property is illustrated in panel (A) of figure 3; for type 6; the point z; is
both a Nash equilibrium outcome and a Walrasian allocation at equilibrium price p. Similarly, 2.
is a Nash equilibrium point and a Walrasian allocation (at price p') for type 6.

Now consider panel (B) if figure 3. If the type space is sufficiently ‘rich’—meaning that every
outcome z is a Nash equilibrium outcome for some environment—then there will exist some 0” € ©
such that the point 2/’ is also a Nash equilibrium outcome; however, this must be a ‘bad’ equilibrium
because it cannot possibly be a Walrasian equilibrium for this environment. This mechanism
therefore cannot fully implement the Walrasian correspondence when 6" is an admissible type
profile.

If the type space is rich then every point z; along y; can be made into a Nash equilibrium
outcome by selecting an appropriate type profile. If this is the case then any mechanism that Nash
implements the Walrasian or Lindahl correspondence must have a linear x; function for each ¢ that
extends through w;; if it does not then a ‘bad’ equilibrium outcome such as 2/ can be found. We

now make this richness assumption explicit.

Assumption 3 (Rich Type Space). v(0) = M.

11



The exact restrictions assumption 3 places on the set © depends crucially on the shape of the mechanism (or,
conversely, the assumed size of © crucially affects the assumptions made on the shape of the mechanism).
To better understand assumption 3, we proceed by identifying two separate assumptions on © and on the

mechanism that together imply assumption 3.

Assumption 3a (Quadratic Utilities). For each vector (a;, 3;)"; € (R44+ X R)" there is some 6 € © such
that for each i,
wi(wi, yi|0;) = (_aiy? + @yi) + ;.

Assumption 3b (Weak Holder Continuity). For all m € M and i € Z there exists some finite v;(m) > 0

such that for all m!,

it m—) = wim)] < a(m) max {ly(mf, ms) = g m) 2 s mlym:) — ya(m)] 2 }

To interpret Assumption 3b, first consider changes in m,; that lead to large changes in y;. In this case
the squared term in the maximand applies, and so the assumption places quadratic upper and lower bounds
on the change in x;. For changes in m; that lead to small changes in y; the upper and lower bounds are
square-root bounds. In either case the requirement is strictly weaker than requiring that x; be Holder
continuous of degree 2 or that x; be Lipschitz continuous. The bounds on x; imposed by this assumption

are demonstrated in figure 4.

x,(m)+7,(m)
x,(m)

X,(m)-y,(m)

v@)1  y(m) y(m)+l

Figure 4: The bounds on y;(y;|m—_;) imposed by assumption 3b.

Under assumption 3a we can define O as the subset of © containing all preferences of this form; formally,
let

Oy :={0 €O : (Vi € I) ui(wi,yilti) = (—aiy; + Biyi) + i } - (8)

We now verify that these two assumptions imply assumption 3.

12



Proposition 1. Assumptions 1, 2, 3a and 3b imply assumption 3.

The above argument sketches the proof of our first result:

Theorem 2. Under assumptions 1, 2, and 3, if a mechanism I' Nash implements the Walrasian or

Lindahl correspondence with M; = R! for each i then for every i € Z and every m € M,
zi(m) = —qi(m—;)y;(m) (9)

so that ¢; does not depend on m; and g;(m) = 0.

Theorem 2 gives a strong but intuitive result: If a mechanism is to Nash implement the Wal-
rasian or Lindahl correspondence, then each agent’s message-choosing problem in the mechanism
(taking others’ messages as fixed) must be identical to the quantity-choosing problem in an ex-
change economy; in both cases agents select an optimal quantity of y; (either by choosing m; in the
mechanism or by choosing y; directly) taking as given the per-unit price ¢;. Conversely, if an agent
has the ability to change both his chosen quantity and his per-unit price then such a mechanism
cannot always implement Walrasian or Lindahl allocations.

For the case of public goods economies, compare theorem 2 with the mechanisms of Groves
and Ledyard (1977), Walker (1981), and Tian (1990). All three are one-dimensional mechanisms,
but the Groves-Ledyard mechanism has a non-trivial penalty function while the latter two do not.
Consequently, Walker’s and Tian’s mechanisms Nash implement the Lindahl correspondence while
the Groves-Ledyard only selects Pareto optimal public goods levels but fails to charge Lindahl
prices, leading to violations of the individual rationality constraint (see Hurwicz, 1979).

For private goods economies theorem 2 is in fact excessively strong. If no agent is allowed to
affect their own per-unit price, if all agents must have the same price at every equilibrium message,
and if every message is an equilibrium message for some type profile, then the only admissible
price function ¢; is a constant function that depends on mo agents’ reports. But clearly such a
mechanism cannot fully implement the Walrasian correspondence on a rich type space, and so we
arrive at a contradiction: There cannot exist a one-dimensional mechanism that Nash implements
the Walrasian correspondence. This result is not new; Reichelstein and Reiter (1988) develop lower
bounds on the dimensionality of the message space that preclude one-dimensional mechanisms.
They also recognize that any mechanism that Nash implements the Walrasian correspondence

must induce ‘price-taking’ behavior, but this is infeasible with only one dimension per agent.

Corollary 1 (See also Reichelstein and Reiter, 1988). Under assumptions 1-3 there does not exist

a one-dimensional mechanism that Nash implements the Walrasian correspondence.

13



4.2 Higher-Dimensional Mechanisms

When the strategy space of each agent has multiple dimensions, we can further break apart a
mechanism by distinguishing those strategy space dimensions that affect the quantity of the non-
numeraire good from those that do not. Specifically, we let M; = R; xS;, where, for each i, R; C R”:
represents those dimensions k € {1,...,J;} for which there is some message vector m = (r, s) such
that Oy;(r,s)/0rix # 0. The set S; C R¥i=/i represents those dimensions k € {1,..., K; — J;} for
which 0y; /s, = 0.

With the partitioning of the strategy spaces into R; and S; we can modify equation 2 slightly

and write any mechanism’s numéraire outcome function as

xi(r,8) = —q;(r, 8)yi(r) — gi(r, s). (10)

Unlike equation 2, this formulation allows the ‘price’ term ¢; to depend on agent i’s message. We
will show, however, that along the equilibrium set of announcements agent ¢ cannot affect ¢;, even
though he may be able to affect ¢; at points off the equilibrium set.

We now reformulate our previous assumptions for the case of multiple dimensions.

Assumption 1’ (Differentiability). For each agent i and each message vector m € M the functions

x; and y; are twice continuously differentiable in every dimension at m.

Assumption 2’ (Responsive y;). For each i there exists some g; > 0 such that for all » € R and
all dimensions k € {1,...,J;}, |0yi(r)/0ry| > €.

As for assumption 3 with extra dimensions, it becomes overly restrictive to assume that v(6) =
M because the dimensionality of v(0) may be strictly less than that of M. As a simple example,
take any mechanism with one-dimensional message spaces in which agents send m; € R! and the
outcome is given by (Z;(m), y;(m)) for each i. Assume that this mechanism implements some social
choice correspondence f(6). Now consider a new mechanism in which agents send two-dimensional
messages of the form m; = (4, s;) and the outcomes are given by ;(r) and Z;(r) — |s;|. Clearly,
if m* is a Nash equilibrium of the original mechanism at type profile § then (m*,0) is a Nash
equilibrium of the new mechanism at 6 and so this new mechanism also implements f; however,
the equilibrium set v(©) is restricted to lie in R x {0}" and thus cannot equal M.

More generally, take any mechanism (z;(r, s),y;(r)); and note that because s only enters into
the determination of the numeraire, and utility is strictly increasing in the numeraire, then the
mechanism designer can predict those values of s that will be chosen in response to each r without
any further information about the shape of agents’ preferences. This is done by noting that each
agent ¢ must choose

s; € oi(r,s_;) = arg max z;(r, s}, s_;)
S;-ESZ'
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and so—ruling out mixed strategies—the mechanism designer can predict that in equilibrium agents
will select
seo(r):={s"eS: Viel)s]ecor,s )}

If o(r') is empty for some 7’ then there cannot be an equilibrium of the form (+’, s) for any s € S.
The above argument shows that v(©) C {(r,s) € R x S : s € o(r)}. There is one additional
restriction on v(©) that can be made without knowing agents’ preferences: For each agent i and

dimension k € {1,...,J;} define the effective price along dimension k at message (r, s) by

Ox;(r, s)/O0rk

Pur(rss) i= ==5 0 Jara,

and note that by the same first-order argument as in the one-dimensional case, it must be that
Pix(r, s) equals i’s marginal rate of substitution between y; and x; at any equilibrium point (7, s).
Therefore, if a point (17, s') is such that Py (r/,s") # Py (r',s") then (17, s') € v(0©). Intuitively, this
would represent a situation where agent ¢ could, by changing different dimensions of r;, trade off
x; for y; at two different effective prices. But then it cannot be that (17, s’) is a local maximizer of
a smooth utility function since it cannot be that both P;; and P;; define supporting hyperplanes
for i’s convex upper contour set at (x;(r', s’),y; (1, s')).

Given these two restrictions, we now define

M= {meM:(VieI)(Vk,le{l,...,J;}) Pg(m)= Py(m)} (11)
N{m = (r,s) e M:s€o(r)}

to be the set of ‘candidate equilibrium’ points in M. The natural extension of our rich type space
assumption (assumption 3) is that every candidate equilibrium is in fact an equilibrium for some

environment.

Assumption 3’. v(©) = M*.

As in the one-dimensional case, assumption 3’ places joint restrictions on the type space and the mechanism.
To separate these restrictions we can replace assumption 3’ with assumption 3a (Quadratic Utilities, given

above) and

Assumption 3’b (Weak Holder Continuity). For all » € R, all s € o(r), and all i € Z there exists some
finite ;(r) > 0 such that for all 7, € R; and s} € o;(r}, r_;, 5_:),

2 1/2
|$L'i(7‘£, T'—i, 827 S—i) - xi(rv S)' < %(T) max {'yl(riv r—i) - yz(rﬂ ) |yi(r£= r—i) - yz(rﬂ / }
Sufficiency of these two assumptions is then given by the following proposition.

Proposition 1°. Assumptions 1’, 2°, 3a, and 3’b imply assumption 3’.
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Finally, we provide a definition of regular candidate equilibrium points for which our theorem

will apply.

Definition 4. A candidate equilibrium (r*,s*) € M™* is reqular if for each i there is some open
set RY containing r} and a differentiable function ¢; : R x S_; — & such that ¢;(r*,s*,) = s and
(rhr* . si(rl s*.), 8% ;) € M* for all v} € RY.

A candidate equilibrium (r*, s*) is regular if differential deviations in r; are accompanied by a
differential change in s; and the deviation does not lead to a strategy profile outside of the candidate
equilibrium set. An example of a non-regular equilibrium would be one for which differential changes
in 7; lead to points at which o(r) is empty, or at which P, # P;; for some dimensions k and {. We
refer to ¢; as i’s adjustment function.

We now prove a higher-dimensional analog to theorem 2.
Theorem 3. Suppose a mechanism I' = (M;, x;, y;)iez Nash implements the Lindahl or Walrasian
correspondences and satisfies assumptions 1’, 2°, and 3’. Writing the mechanism as
:L'i(r) S) = _Qi(rv s)yl(r) - gi(rv 8)7
it must be the case that for every regular point (r*,s*) € M* with adjustment functions (g;);,

in(T*7 Si (T*7 S*_i)a Siz)

=0 Viel kel ..., J;
drik; 1 bl {7 bl }

and
gi(r*,s*) = 0.

Thus, higher dimensional mechanisms may allow agents to affect their own prices and face non-
trivial penalty functions, but the penalty function must equal zero on the equilibrium set and each
agent’s price must not change as the agent unilaterally changes r; and adjusts s; appropriately.
At off-equilibrium or non-regular equilibrium points, however, we derive no restrictions on the
shape of the mechanism. It is this freedom that allows us to introduce global stability properties
into a mechanism. Intuitively, one should be able to take a mechanism satisfying the restrictions of
theorem 3 and adjust the mechanism on M\ M* so that any adaptive dynamic process that wanders

off of M* will eventually return back to the appropriate point in M*, restoring the equilibrium.

5 Contractive Mechanisms

From this point forward we make the following assumption:
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Assumption 4. For all types 6 € O all agents i have quasilinear preferences of the form v;(y;|60;)+x;
where v) > 0 and there is some B > 0 such that v/ € (=B, —1/B).

We now show that there cannot exist a mechanism with one-dimensional strategy spaces (M; =
R! for each i) that Nash implements the Lindahl or Walrasian correspondence under our maintained

assumptions.

Theorem 4. Under assumptions 1-4 there does not exist a mechanism with M; = R! for each i

that is both contractive and Nash implements the Lindahl or Walrasian correspondence.

Note that proof for the Walrasian correspondence is trivial since there does not exist any one-
dimensional mechanism that implements the Walrasian allocations.

Inspection of the proof reveals that Theorem 4 holds true even if v/ can take any value in
(—00,0); the bounds on v;i” from Assumption 4 are needed in the sequel to generate higher-
dimensional mechanisms that are contractive. One can show that if v/ is allowed to be arbitrarily
negative or arbitrarily close to zero then no mechanism that Nash implements the Lindahl or Wal-
rasian correspondences can be contractive. The intuition is straightforward: If v/ is extremely neg-
ative then preferences for the public good dominate the incentive effects created by the mechanism
and the resulting public goods provision game becomes dynamically unstable. If v/ is arbitrarily
close to zero then small changes in r; that affect ¢; lead to arbitrarily large shifts in ¢’s demand
for y; (because linear preferences have discontinuous demand functions), causing arbitrarily large

shifts in the optimal choice of r;.

5.1 The Lindahl Correspondence

This above impossibility result for single-dimensional mechanisms forces us to consider higher-
dimensional mechanisms when seeking contractive implementation of the Lindahl correspondence.
We now present a two-dimensional mechanism that Nash implements the Lindahl correspondence
and is contractive on ©.

Let M; = R; x S; for each i with R; = S; = R!, choose 6§ > 0, and set

y(r) =3 r, (12)

7

K n—1 1
qi(m—;,s—;) = <E + 71— Ti+1) + 57(82‘—1 - ;7%4—1), (13)
and 1 1 1) 1
gi(r, S) = §(SZ — Eri+1)2 + 5(82'_1 — ET‘Z')2. (14)

Theorem 5. For large § the mechanism defined by equations 12-14 fully Nash implements the

Lindahl correspondence and is contractive on ©.

17



5.2 The Walrasian correspondence

At this time it is not known whether or not there exists a contractive mechanism that Nash imple-
ments the Walrasian correspondence; instead we present a two-dimensional contractive mechanism
that Nash implements the e-Walrasian correspondence.

Let M; = R; x S, for each i with R; = S; = R! and set

) n+1
yilry s—i) = (rie1 = rig1) = — <8z’+1 - Ti) (15)
(s_) = 1 Z . 16
QZS—Z)_n_l"S] ( )
JF#i
n+1
gi(r,s) = (si = 0—5 > o) (17)
J

Since ), y; = 0, it is balanced in the second good. Out of equilibrium, however, the designer

may collect or pay out extra cash.

Theorem 6. The mechanism defined by equations 15-17 fully Nash implements the e-Walrasian
correspondence and, under assumption 4, there is some 6 > 0 such that the mechanism is contractive
on O.

6 Game-Theoretic Foundation for Walrasian Equilibria

General equilibrium theory has long been criticized for providing poor justifications of the Walrasian
equilibrium. There is no plausible theory of how economies attain competitive equilibrium (see
Kirman, 1989), and some researchers also question the rationality postulate on the agents (Simon,
1978, e.g.).

Our paper provides mechanisms that help guide boundedly rational agents to play equilibrium
profiles whose outcomes are Walrasian allocations. So, we offer a game-theoretic explanation of
how competitive equilibrium can emerge using mechanisms that differ from the standard (though
vaguely-defined) competitive mechanism. Our explanation uses as its foundations the literature on
bounded rationality and learning (Fudenberg and Levine, 1998). While viewing the economy as a
non-cooperative game is not new (Shapley and Shubik, 1977; Chatterji and Ghosal, 2004; Gul and
Stacchetti, 1999; and Milgrom and Strulovici, 2009), there have been few studies concerned with
bounded rationality and convergence in competitive economies (see Crockett et al., 2008, for one
exception).

Our contribution stems from the limits of Walrasian tatonnement, which is the first well-defined
dynamics to formalize a market equilibration process. Despite its intuitive appeal—operating

through excess demand—it lacks certain foundational components. For example, the forces at work
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behind the price adjustment and the behavioral assumptions on the agents are unclear. Moreover,
many economies may not be able to attain a competitive equilibrium via such a process; although
we focus on quasilinear economies where stability and uniqueness are guaranteed when preferences
for the non-numéraire good are strictly convex and monotonic (see Brown and Calsamiglia, 2007
or Hildenbrand, 1983), we do not require monotonicity and so the known stability results do not
apply. Without monotonicity, stability—even existence—is not guaranteed; e.g., goods may not
be gross substitutes even though there are no income effects. Furthermore, equilibrium uniqueness
only means that there is a unique price ratio for which excess demands are null; this price ratio
could correspond to several Walrasian allocations. A dynamic adjustment process can help in this

situation to determine to which allocations consumers will converge.

A  Proofs

Theorem 1

Proof. The proof follows by induction. Pick a starting time to. By definition of an ABR dynamic,
for each point in time ¢, there exists some later point in time t¢,41 > t, such that for all t > ¢,,11,
m(t) € B(B(B(H (tn,t)))). For each n € {0,1,2,...} let M,, = H(t,,t,+1) be the history of play
from t,, to tp41.

For any metric d on M, any set M’ C M, and any point m’ € M the d-Hausdorff distance
between M’ and the singleton set {m'} is given by

hag(M';m') = sup d(m,m’).
meM’

Therefore, for any set M’ C M, hg(M',m*) = hy(B(M’), m*). Thus,

Ehg(Mo,m*) = &hg(B(My),m*)
> ha(B(B(Mo)), m")
= ha(B(B(B(My))),m")
> hg(My,m"),

where the first inequality comes from the contraction property of 3 and the last inequality follows
from the fact that M; C B(B(B(My))). Taking any n and n + 1, we can use a similar argument
to show that £hg(M,,, m*) > hg(M;4+1,m*). Therefore, for all n,

" hg(Mo, m*) > hg(My,m"),

which implies that the sequence M,, converges to {m*}, and so any ABR dynamics converges to
m*. O
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Propositions 1 and 1’

Proposition 1 follows from proposition 1’, so we only prove the latter. Further, proposition 1’ can
be weakened to allow for mechanisms that fail the Holder continuity requirement (assumption 3’b),
which would happen if the x; functions use polynomials of order more than twice as large as the y;

functions. This is done by replacing assumptions 3’b and 3a with the following.

Assumption 5 (Weak Holder Continuity). Associated with the mechanism I' is some p € {1,2,...}
such that for all » € R, all s € o(r), and all ¢ € 7 there exists some finite ;(r) > 0 such that for

all ¥} € R; and s, € 0;(r},r_i,5_;),
|zi(rf, r—i, 85, 5-) — mi(r, 8)| < %(r) maX{‘yz’(ﬁ,T—z’) —yi(0)|” |wirf,r—) — yz’(T)|1/p} ;

Assumption 6 (Rich Type Space). Let p € {2,4,6,...} be the smallest even value of p satisfying
assumption 5. For each vector (o, 3;)"; € (Ry4 x R)" there is some 6 € © such that for each 7,

Ui($iayi|9i) = <—Oéiyf —I—ﬁiyi) + x;.

When p = 2, assumptions 5 and 6 are identical to assumptions 3’b and 3a, respectively. As p
increases assumption 5 becomes strictly weaker. Technically, assumption 6 becomes neither stronger
or weaker as p changes, but in practical terms a higher p requires preferences that are more ‘exotic’
(using higher-order polynomials) and may therefore be viewed as less desirable.

Given these modified assumptions, we can now prove a generalization of proposition 1’ for any

p > 1; again, the case of p = 2 reduces to the original statement of proposition 1’.

Proposition 1°. Take any mechanism I' = (M;, x;,y;)icr satisfying assumptions 1’, 2’ and 5 for
some p € {1,2,3,...} and any type space O satisfying assumption 6. If p < 2 then every m € M*
is a Nash equilibrium of T" for some 6 € ©. If p > 2 then every m € M™* such that y;(r) # 0 for all

i is a Nash equilibrium of I' for some 6 € ©.

Proof of Proposition 1°. Let p be the smallest even number weakly greater than p. Define M™* by
M = {(r, s) € M* 1 (Vi € T) yy(r)P=2 £ o} .

Note that if p € {1,2} then p = 2 and M* = M** (using the convention that 0° = 1). Proposition
1’ can then be proven by showing that M** C v(©). This is done by constructing a mapping
¢: M™ — 0O, (where ©5 C © by assumption 3a) such that m € v(¢(m)) for all m € M**. Thus,

M Cv(p(M™)) =v(6;) S v(8),

giving the result.
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Specifically, consider the mapping ¢ : M** — ©; such that ¢;(m*) = (a;(m™), B;(m*)) € Ry xR
for each m* € M*™* and
wi (i, yili(m”)) = vi(ys|di(m*)) + x4,

where ( .
vi(ailei(m®)) = —Q’Ti”)yf T B (")

and, for a given value of «;(m*) (to be determined later in the proof), §;(m*) is given by
Bi(r*, s*) = a;(r", s*)yf_l(r) + P (r*, s") (18)

(recall that Py is the effective price function defined in equation ?? and does not depend on k since
m* e M*™).

We now fix an arbitrary m* = (r*,s*) € M* and show that m] is a best-response to m*;
for each ¢ in environment ¢(m*) = (a;(m™*), B;(m*));er. This is done in two steps; first we verify
that m; is a local optimum in response to m?*; for each 7 and then we show m; can be made a
global optimum by increasing «;(m*) sufficiently (allowing 3;(m*) to adjust appropriately as a;(m*)
changes).

Given ¢;(m”*), i’s objective is to choose (r;, s;) to maximize

a,;(m* .\ " « . %
- Z(ﬁ )yi(ri,r_,-)p—i-ﬁi(m Vyi(ra, m25) + @i(rs, si, vy, s55). (19)

For local optimality, the first-order conditions for each s;; are already satisfied at m* by the con-
struction of M** (see equation 11). As for r, agent i’s first-order condition for utility maximization
at (r*,s*) with respect to each r is

5 Ay (r) N ox;i(r, s)

—a; (¥, s*)yf_l(r) + Bi(r*, s¥) Oroe oo =0.

But the construction of 3; (equation 18) guarantees that this is satisfied at (r,s) = (r*, s*) for any
a;(r*, s*), so the first-order conditions are satisfied for all m* € M**.

To describe the second-order conditions for local optimality, we show that the matrix of second-
partial derivatives of i’s objective function will be negative definite for sufficiently large «;(m*).
Shortening notation, let X, and Xg be the column vectors of partial derivatives of x; with respect to
r; and s;, respectively, and let X, Xy, and Xgg represent the matrices of cross-partial derivatives
of ;. Similarly define Y, and Y,, as the partial and cross-partial derivatives of y;, respectively.

Using this notation, the matrix of second partial derivatives of the objective function (19) (after
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inserting the definition of 3;(m*) from equation 18) is given by the K; x K; matrix

where again P;;(m*) does not depend on k since m* € M**. Now take any direction (dy,ds) # 0
of deviation from m}. Since m* € M** implies s* € o(r*), we know that any deviation with d, =0
will not yield strictly higher utility, hence (0,ds)T - Hj - (0,ds) < 0. For any direction (dy,ds) with
d, # 0 we have

(dr,ds)” - H;i - (dp,ds) = —as(m*)(p— Dyi(r™)?2de” (Yr - Ye") dy + Ki(m")
= —ai(m)(p— Dy 2 (de"Y)” + Ki(m?)

where
Ki(m*) = dp " [Pie(m*) Yo + Xop] dyp + 2d, T Xpodg + ds T Xgods.

Since z; and y; are continuously differentiable and dy;/0r; is bounded away from zero, K;(m*) is

finite for all m*. Because y;(r*)?~2 # 0, oy can be chosen to be any function satisfying

ailm*) > Kom*) (6~ Dy ?) (7Y
for all m* € M**, so that (d,,ds)T - Hj - (d,,ds) < 0. Thus, m; is a local best-response to m*; for
large enough a;(m*).

We now construct ¢;(m*) by increasing a;(m*) until m is a global best-response to m* ;. Since
m; is a local best-response, there is some neighborhood N;(m*) of m} on which m} maximizes i’s
utility given a;(m*). Although increasing «; may change the neighborhood around m* on which
m; is a local best-response, the neighborhood can only increase in size as «; is increased. Thus, we
ignore this dependence of NV;(m*) on «; and show that any m) & N;(m*) yields a lower payoff than
m; when q; is sufficiently large.

To proceed, pick any m/ and m!/ such that m} € (m}, m!/) C N;(m*) and, to shorten notation, let
yi = ui(r), op = (™), y; = yi(ri, rly), o = xi(mg, m2,), ' = yi(ry,r2,), and 27 = @;(mj, m2,).

To show that u;(z}, y) — wi(x},y) > 0 for some o, we expand this expression to get

/3_1 *P 14 *P et 5\ 7 * * *
| (P57 Sl ) = ()7 ()] Py o ) = (- a0),
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which, by assumption 5, is true if

p—1

I[)_1 *P 1, o\ 5 - L . .
: K p yiu;yf) () (ygp>p] + Pir(m”) (95 — i) = (20)

R 1
yim*)pmax { |y = il |y — wil? }

(the extra p before the maximizing operator is needed for a later step). But the term in square
brackets is the difference between the weighted arithmetic mean and the weighted geometric mean
of the two points y: ? and ygﬁ ; by the AM-GM inequality this difference is positive. Thus, there
is some finite o at which inequality (20) is true. Similarly, there is some finite o/ at which the
expression u;(x},yr) — u;(z],y/) > 0 is true. Let o;(m*) = max{c/, o/} and now fix ¢;(m*) =
(ai(m*), Bi(m™)).

Suppose that y, < y/ (the proof for the case where y

/
)

" <y is symmetric) and pick any y; > y!.
Suppose that

p—1 1

ai(m”) Kﬁ; Lyt + %yiﬁ) - (yfﬁ)T (y”)p] + P (m”) (v — i) (21)

s 1
—%(m*)pmaX{!yf —yil? ly; —yi\ﬁ} >0,

which is true for y; = y/ (see inequality (20)). Then the derivative of the left-hand side of this
inequality is positive, implying that the inequality is true for all y; > y/; to see this, take the
derivative of the left-hand side and multiply by (y; — y}) > 0 to get either

* * xp—1 % * p—1 * * *)\ A *\
aim®) [0 =y o — il Pm ) — ) = (m )y — ) (22)

or
* *P *P— p x, p— ®Y [,k o L x\1/p
ai(m) [y? =y i+ = iyl + P (= i) — il )5 v —yYr(23)

In either case, the expression is greater than the left-hand side of (21) because

%P *p—1 D % p—1 /3_1 *P 15 *p et 5\ 5
[y/’—yi” vi+ Y — vy } > [(Tyi“r;yf) - (w”) ’ (%")p

reduces to .
p

(55 ) = ()7 ()
ﬁ 7 ﬁ 7 — 7 7 ?

which is just the AM-GM inequality again. Thus, both (22) and (23) are positive. By continuity,

(21) is positive for all y; > v/ and so deviations resulting in y; > y.’ are not profitable. A symmetric

argument shows that deviations to y; < ¥y, are also not profitable. Since we already know that

deviations resulting in y; € (y;,y!) are unprofitable, the proof is complete. O

23



Theorems 2 and 3

Theorem 2 follows from theorem 3 so we only prove the latter here.

Proof of theorem 3. For any 6 € © let p;(#) be agent i’s price for good y; at the Walrasian or
Lindahl equilibrium for environment 6. For any m € v(©) let ¢(m) € © identify an environment
0 for which m is an equilibrium. Thus, p;(¢(m)) is the Walrasian or Lindahl price that must be
charged to agent 7 in the environment ¢(m). Pick any regular equilibrium point m* = (r*, s*) in
M* and, for notational simplicity, let yf = y;(r*) and =} = z;(m*). The proof then follows from

three important observations that must be true at m* for each ¢ € 7:

1. Because m* is a Nash equilibrium for some 6 € O the following first-order condition is satisfied
for each k € {1,...,J;}:

Qui(x}, yi'|0:) Oyi(ry) _ Ouilay, yil6i) {_awi(r*,S*)}

Y; or;. Ox; orik (24)

2. If m* maps to a Walrasian or Lindahl equilibrium for some 6 € © then it must be that the
transfers collected by the mechanism equals the transfers of the numéraire required by the

Walrasian or Lindahl equilibrium:
zi(r*,8%) = —pi(o(r*, s))yi(r*). (25)

3. If m* maps to a Walrasian or Lindahl equilibrium for some 6 € © then the Walrasian or

Lindahl price must equal the marginal rate of substitution of y; in terms of z;:

Ouslel 000y .
uitar,yr0) o~ el 8. (26)

Dividing both sides of (24) by du;/dz;, inserting equation (26), and rearranging gives

Ox;(r*, s*)

aTik

= —pi(o(r", s"))

(27)

for each i and k.

Since (r*, s*) is a regular equilibrium point, differential changes in r; accompanied by the req-
uisite change in s; lead to other points in M* at which the above equations hold. Now take the
total derivative of (25) with respect to r; (allowing for the adjustment in s;); since s; maximizes z;

the envelope theorem guarantees that dx;/dr;, = 0x;/0ry, and so the total derivative is

Ox;(r*, s*)

aTik

Ayi(r*)  dpi(¢(r*,s))

8Tik dTik Yi (T ) (28)

= —pi(o(r", s7))
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Comparing equations (27) and (28), it must be that either y;(r*) = 0 or dp;(¢(r*, s*))/drix =0
for all k.
If y;(r*) # 0 but dp;(p(r*, s*))/dry. = 0 for all k then, by (25),

gi(r,8%) = [pi(¢(r*, 7)) = qi(r™, s7)] wi(r")

and so g;(r*,s*) can be expressed as h;(r*, s*)y;(r*) for some function h; such that dh;/dry; = 0

for all k. But then x;(r*, s*) can be re-written as:
zi(r,8") = = [ai(r™, 8") + hi(r7, s7)] i (r").
Label the bracketed term as ¢;(r*, s*) and we have that
xi(r*,s%) = —qi(r*, ")y (r*)

with dg/dry, = 0, giving the result.

If y;(r*) = 0 then by equation (25) we have g;(r*, s*) = 0. It remains to show that dg;(r*, s*)/dry, =
0. Since dy;/dr; is bounded away from zero any perturbation of r;; leads to y; # 0; by regularity
of (r*,s*), small perturbations lead to other regular equilibria with y; # 0 at which dg;/dr;;x = 0.
Since ¢; is continuously differentiable it must be that dg;(r*, s*)/dri = 0 as well. O

Lemma 1

Lemma 1. A continuously-differentiable function f : R™ — R™ is a contraction mapping (with
constant §) if there exists £ € (0,1) such that > ;_, ‘afi—(m) < ¢ <1 for all z € R" and all

oxy,

i =1,...,n. This property is also necessary for f to be a contraction mapping in the sup-norm.

Proof. First, we establish sufficiency. Take any z, 2" € R, and let w = 2’ —z. Define g(t) = f;(z+ut)
for t € R, and note

J(t) = Z Ofi(x + Ut)uk.

X
k=1 Oz,
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Then,
fi(@') = fi(x)] = |g(1) — g(0)]|

/ 8fza:+ut) wpdt
0

(s

1
< /§max\x§€—xk\dt
0 k

IN

8fl a:—i—ut)‘

dt
max |ug]

= &d(z,2’).

Since this inequality holds for all ¢ = 1,...,n, it implies d(f(2), f(z)) = max; |fi(2") — fi(z)] <
&d(x,2"). Second, we prove necessity. Suppose that for each ¢ € (0,1), there exists * € R™ such
that >, ‘afl(w ‘ > {. Since f is continuously-differentiable, >}, ‘afi(m,)

/ .
I o | > & for all 2/ in a

neighborhood U of z*. For € > 0, define z2¢ as zj, = x} + sgn{afl(w )}e for each k = 1,.
Choose € > 0 such that x¢ € U. Letting u = z¢ — x*, we have

fi(a!) = fila™)| = Sy dt

e

> fe=E&d(x, ).

/ 8f2:13—|—ut)
0

8fl x+ut)‘6dt

Therefore, for each & € (0,1), there exist 2* and 2’ such that d(f(z'), f(z*)) > &d(2/, "), that is,

the function is not a contraction mapping. O

Theorem 4

Proof of Theorem 4. We know that there cannot exist any one-dimensional mechanism that Nash
implements the Walrasian correspondence, contractive or not. For the public goods setting, sup-
pose by way of contradiction that the mechanism (y,(g;,¢;)? ;) Nash implements the Lindahl
correspondence and is contractive. By Theorem 3 we know that ¢g; = 0 and so for any quasilinear
environment

wi(zi, yl6i) = vi(y|0;) + z;
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with v/ € [-M,0) we have
Ui(ri,r—i) = vi(y(r)|0:) — qi(r—)y(r).
Agent i’s best-response is given by p;(r_;) and satisfies the first-order condition
Vi (y(pisr—i)10:) = qi(r—i)

for all r_;. Take any r* and @ for which r* is a Nash equilibrium at #. By the Implicit Function

Theorem the slope of p; at r* with respect to each r; is shown to be

Ipi _ 0q;/0rj — i (y|6s) Oy/Or;
orj v (y]0;) Dy /Or; .

For the mechanism to be contractive it is necessary (though not sufficient) that for all ¢ and j # ¢

dy/or; B 0q;/0r;
dyjor: I yl)oyjor| - (29)

Now select the agent j* such that [Oy(r*)/0rj<| > |0y(r*)/0r;| for all i. In order to satisfy equation
29 it must be that dy/0r;« and Jg;/0r;« have the opposite sign for all ¢ and that dg;/0r;- # 0
for all i. Therefore, each dg;/0r;j- has the same sign for all i # j* (and dg;j«/0rj< = 0) so that
>°,0q;/0rj« # 0. But since all r are Nash equilibria for some 6 and the mechanism implements
Lindahl allocations it must be that ) . ¢;(r—;) = & for all r and, therefore, that . dg;/0rj« = 0;
this is a contradiction.

O

Theorem 5

Proof of theorem 5. Step 1: Proving the contraction property
To show how to construct contractive mechanisms more generally, we begin the proof using
arbitrary v, ¢;, and g; functions; we insert the specific functions given in equations when necessary.
In a two-dimensional mechanism agent 7’s utility function at 6 defined over strategy profiles

(r,s) is given by

Ui (1,5|05) = vi (y () 10:) — qi (r—i, 8-3) y (r) — g (1,5) .

Henceforth we drop the dependence on 6 for notational brevity. For each ¢ and (r_;,s_;) define

pi(r—i,s;) € R; and o; (r—;, s—;) € S; to be i’s best-response messages. Using the Implicit Function
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Theorem, we solve for the slope of each p; and o; by differentiating the identities

oU; (pi,oisr—iys—i) _ OU; (pi, 04,74, 5—4)

or; 0Os; !

with respect to each r; and s;. The resulting system of equations (for each ¢ and j) is given by

82 Ui 82 Ui api 8pi 62 Ui 82 Ui

87‘2.2 or;0s; 87‘]‘ aS]‘ _ 8rirj 87‘7;8]‘

92U, 0%U; do;  Oo; 92U, o%U; |
0s;0r; 8322 or;  0s; Os;rj  0s;s;

which has a unique solution if the left-most matrix is invertible. In that case the inverse is given
by

2 -1 92U, . 02U
<82UZ‘ 82Ui < 62UZ‘ > > 85?1 8n~8;i
2 2 e 92U, 92U; )

or; Os; or;0s; — o 5

and so invertibility requires that for each 7 and j,

92U, 2#82Ui82U2-
ori0s; or? 9s?’

Letting y(r) be linear (so that y(r) = >, ayr; for some (aq,...,ap) > 0), the relevant second

derivatives for solving this system are

62UZ‘ " 8(]2' 82gi
87’2'87’]' — Y (y(r))aiaj - aia—T‘j - arlﬁrj’
82Ui N 82.%
87‘1'881' n _aTi8$i7
o’U; g 0%y
8Ti68j - aSj B aT‘iaSj7
2 2
T = el - 25,
PU; Dy
8Si87’j N _asiﬁr]—’
82Ui N a2gi
d9s;  0s7
and
82Ui 82.%'

8Si8$j - _asi(‘)sj '
Note that if 92g;/0r? > 0 and 9%g;/ds? > 0 then the utility function is strictly concave, so the

best-response is always unique.
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With these partial derivatives, the invertibility conditions become

( 9gi )2 _ 9%g; 9%g;

or;0s; or2 9s?

o (y (7)) # e
i G2

and the slopes of the best-response functions are given by

Or;0s; 0s;r; 8512 Orirj  Or;0s; 0s;s; 8512 or;s;
9*U; 9*U; 92U, 9*U; Q*U; 9*U; 92U, 9%U;
Or;0s; Or;r; 87«2.2 Os;rj  Or;0s; Oris; 87«2.2 0555

o ] (puiun (U
90; Doy 87‘2-2 83? or;0s;

>2> -1 62Ui 62Ui o 62Ui 82Ui 82U1‘ 82U1‘ o 62Ui 82U1‘
8rj aS]‘

We now insert our particular y, ¢;, and g; functions. Specifically, let

y(r) = Zm

ko1 n—1 1
i (r—i,s—i) = n + 3 (ri-1 —riy1) +6 ) Sim1 = DTl |

(r.5) 1 1 2+ ) 12
i (r,8) == 8i— =1 — | si—1— =1
9: \1, 2 ) n i+1 2 i—1 n 7 )

which gives a best response function of o; (r_;,s_;) = r;+1/n. Clearly, at any best response point

and

(and, hence, any equilibrium point), g; (r,s) = 0. Also, we can calculate the slopes of o; directly:
00;/0riy1 = 1/n, 0o;/0r; =0 for j #i+ 1, and do;/0s; = 0 for all j.

The non-zero second partial derivatives of g; are

8291' 1
or? TR
8291' —_5 1
87‘1'882'_1 n’
&gi
0s?

7

=1,

and
Pg 1
asi(‘)riﬂ n

(all other second-partial derivatives of g; are identically zero). The non-zero derivatives of ¢; are

8qi N 1
8Ti—l N S’
Oa _ 1 s 1
Oriv1 0 nd ’
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and

E?q,- n—1

=4 .

0si_1 n?

To calculate the slopes of p; we need to appeal to the general Implicit Function Theorem

argument above. The invertibility condition reduces to

n?’

which holds for positive ¢ since v < 0.

Plugging the derivatives of ¢; and g; into the formulas above gives

op W) -3
ori-1 =o' (y(r)) + 5#7
Opi v (y(r) + 5 + 0851
Orivi =/ (y(r) + 677
and "
o ()
orj = (y(r)) + 075

for all j ¢ {i — 1,7+ 1}; and
api 5%
Osi—1 = (y(r)) + 5L

and dp;/0s; = 0 for all j # i — 1. As a check, one can use the Implicit Function Theorem method
to verify that do;/0ri;1 = 1/n, 00;/0s;41 = 0, and Jo;/0r; = 00;/0s; = 0 for all j # i+ 1, as was
derived directly above.

As 6 grows large we have that 0p;/0r;i;1 converges to (n — 1) /n, Op;/Or; converges to zero for

all j # i+1, dp;/0s;—1 converges to one, and dp;/0s; converges to zero for all j # i — 1. Therefore,

. op; Jdo; . 0pi—1 o1
1 J J — 1 (A 1
61{20 Z 87’2' + Z 87’2' 61{20 <‘ 87’2' + 87‘@-

JFi JF
n—1 ‘ 1
= + =
n n
=1
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and

_ Opit1
d—00 83,-

+ Y| 52

J#i

=1.

If we can verify that both of these sums approach one from below then for large but finite values
of § the mechanism will be contractive.

For the first condition we know that |do;_1/0r;| = 1/n for all §, so it suffices to check that
|0pi—1/0r;| converges to |(n — 1) /n| from below. This is true if

@g@w»+§+wgl< n—w
—vf 1 (y(r)) + 05z n
for large but finite §. By rearranging this reduces to
1 n—1 n—1 n—1
v (y(r)) + 3 + 57 <- ” v (y(r)) +0 3

If § is large (specifically, if

(B+\/BQ—4%)n3

0> 2(n—1)

(30)

or if B2 < 4(n — 1) /n?) then the term inside the absolute value becomes positive, so that we have

1 n—1 n—1 n—1
v )+ 5075 <~ () + 0

o 1 2 1
/”L_
< =Tl ().

Since v/’ ; is bounded away from zero this inequality is satisfied for large enough ¢ (specifically,
for 6 > n/(2B(n—1)), but this is implied by the previous lower bound on § whenever B >
4(n—1)/n3).

For the second condition we check that dp;11/0s; converges to one from below but does not

equal one for finite J; but this is true for all § > 0 since

Opiy1 Jom
0s; —vf 4 (y(r)) + 5L

and v, is negative and bounded away from zero.

Thus, for § large enough to satisfy inequality (30) and § > n/ (2B (n — 1)) the best response
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mapping is a contraction mapping.
Step 2: Proving that the mechanism implements Lindahl allocations.
To see that a unique Lindahl equilibrium exists for all #, note that the three necessary and

sufficient conditions for any Lindahl equilibrium are:

1. Given p; and y*, it must be that =] = —p;y* for all 4;

2. This implies that that dv;(y*)/dy = p; for each i; and

3. Linearity of the firm’s profit function then implies that ), Ov;(y*)/0y = >, pf = k.
Using these conditions we can derive the unique equilibrium in three steps:

1. Since v! € (—B,—1/B) for each ¢ there is one unique y* satisfying the third necessary

condition;
2. Given the unique y*, there is one unique p; for each ¢ satisfying the second condition; and
3. Given y* and p; there is one unique z] for each 7 satisfying the first condition.

Since the mechanism is contractive it also has a unique Nash equilibrium (r*, s*) for every 0.

Now take the equilibrium message (r*, s*) and let p! = ¢;(r*,, s*,). Then z;(r*, s*) = —ply(r*) for
each 7, satisfying the first condition. Furthermore, the first-order condition for maximization in r;

at an equilibrium point imply that

oy Oy(r” L Oy (r* 0gi(r*,o(r*
() 2800 ) | Do),

but since dy;(r)/0r; # 0 and 0g;/0r; = 0 at the equilibrium point implies that v} (y(r*)) = pf, sat-

* *

isfying the second condition. Finally, it is easy to check that ). ¢;(r*;,s*;) = & at the equilibrium

point since s§ = 7, ;/n and so the third condition is satisfied. Thus, the unique equilibrium point
is equal to the unique Lindahl allocation. O

Theorem 77

Proof. 1t is enough to show that the Walrasian correspondence cannot be implemented by a contrac-
tive mechanism in the case where there is one private good and one numeraire good. We establish
the result for a two-dimensional mechanism, arguing then that additional dimensions would not

help. By way of contradiction, consider any mechanism I' such that
1. Each agent i’s message space is M; = R; x §; where R; = S; =R, and
2. The outcome function is (y;(r, s—;), zi(r, s))iez where:
zi(8,7) = —qi(r—i, 5-i)yi(r, 5-i) — gi(7, 8),
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for some functions ¢; and g;,

and assume that this mechanism is contractive and implements the Walrasian correspondence.

Agent ¢’s utility function in the mechanism is given by:
ui(m) = vi(yi(r, s-i)) — @i(r—i, s—i)yi(r, s—i) — gi(r, s).

Recall that

(1 5-3) = ong o i)
SiGSi

and
or):={s*eS: (VieI)s €oirs;)}

doi(r)

o, < 1 for all r that satisfy the first-order
conditions. Since o;(r—;,s—;) = 0i(pi(r—i, $—i),r—i, S—;) is a contraction mapping, it follows from
Lemma 1 that

Step 1. We demonstrate that o;(r) satisfies 37,

do; do; 0pi Opi

aO'i
— — — — 1. 31
Z aT‘j + Z aSj ‘ 87’2' Z 87’]' + Z aSj < ( )
J#i J#i J#i Jj#i
Without knowing ¢, hence without knowing p;(-) and its exact slope (besides 3 7_; gf; >0 gfj <
1), (31) requires
’d’O'i(T,S_Z’) - 80’2'(7’,8_2') (‘?ai(r, S—i)
—_— = —_— ——— | <1 32
|d|(r, s—;) jzz:l ar; i %;Z Js; - (82)

for all (r,s) € M*. Now we proceed by induction to prove the claim. Pick any ¢ and k in Z, and
define

O-i(rvs—ik) = O'i(T, O’k(T, Ui(ras—ik)as—ik)as—ik)

for all (r,s) € M*. Note

n

’d’O'i(T,S_ik) .
|l (r, s —ir) 2

J=1

n

D

J=1

80’2'
87‘]’

80’2'
885

Jdoy,

Oox 9oy,
87’]'

>

(4 k

9

aO'i
ask

dop.
8Si

’d’O'i (7’, S—ik)
——
|d|(r, s—ik) 2

(4 k

which is an equation of the form a = aa + [ where a + 5 < 1. Consequently, % < 1. Now
take j # i, k, and define

oi(ry s—ijr) == 0i(r,05(r, 0i(r, S_ijk), S—ijk)s S—ijk)-

A similar argument shows that o;(r, s_;j;) is a contraction mapping in r. Proceeding inductively

leads to the conclusion that o_;(r) is contractive.
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Step 2. Theorem 3 implies that for all (r,s) € M*, 8g1 TS) = 0. As a result, the first-order

conditions (w.r.t. each r;) at s_; = o_;(r) are given by:

I ) 8?42'_ ' ' ' 0y;
0 s = s 2 2L

By strict convexity of preferences (so v; '(-) exists),

Yi(pi(r—i)sr—i,o—i(pi(r—s),r—:)) = v (qi(pi(r—), =i o—i(pi(r—), 7-i)))- (33)

By definition, p;(r—;) = pi(r—i,0—i(pi(r—;),r—;)). Since p;(r_;, s—;) is assumed to be a contraction
mapping, so is p;(r—;) by step 1 (indeed, it is essentially a composition of contraction mappings).

From (33), and taking the derivative w.r.t. r;, we obtain

%3/% yi Z yi <50k pi n %) _ dg;/dr;

Or; Or;j 87*] Os \ Or; Orj ~ Or; vl (+)
So,
i i i 1
3 8p Z dq / drj B Z gy % - | < 1.
il o i Sk O3 | | Gry + Lkti 3oy o
which implies
8yl Oy; Doy, dqz / drj 8yl Oy; Doy,
Z ‘ ask 87‘1' ZZ Z &Sk 87" ' (34)
=1 ki i=1 j#i 2 J

Note that we can replace the price function ¢; with dg;, for any 4 > 0, and the mechanism remains

walrasian. So, the contraction property (34) is equivalent to

8y, Qy; Ooy, - 0Y; y; Doy,
Z Z@skﬁ—m ~ ZZ aerr;,aska_rj'

i=1 i=1 j£i
- yi 0y; 0oy,

S +Y (35)
=1 iz 87‘]' ot ask 87‘]'

In words, (35) says that contraction requires functions y; to be overall more sensitive to r; than ;.

To satisfy the balance requirement of the Walrasian correspondence,

n
Z yi(n S) =0,
i=1
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for all (r,s) € M*, because v(0) = M* by Theorem 3. This implies

- =0,

for all r and j = 1,...,n, that is,

¢ 9y dy; Doy, _
P (873 Z sy, 87‘3)

Equivalently,
8y] 8y] 80k 8y2 Qy; Doy,
or; Z 0sy, 87‘ ; Z Jsy Orj |
But then,
= |dy; dy; Doy, . E?yz dy; doy,
]z::l 87‘]' g;j ask 87’]' jzz:l gﬁ; Z ask 87‘]'
8yz 8yi Ooy,
<y 2|5 Z ol (36)
&Sk 873
J=1i#j
which — when evaluated at (p;(r—;),7—;)— is in contradiction with (35). O

Theorem 6

Proof of theorem 6. [TO BE WRITTEN] O
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